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J^HE first object of the author of the following treatise has been to 
make the transition from arithmetic to algebra as gradual as possible. 
The book, therefore, commences with practical questions in simple 
equations, such as the learner might readily solve without die aid of 
algebra. This requires the explanation of only the signs plus and 
minus, the mode of expressing multiplication and division, and the 
sign of equality ^ together with the use of a letter to express the un- 
known quantity. These may be understood by any one who has a 
tolerable knowledge of arithmetic. All of them, except the use of the 
letter, have been explained in arithmetic. To reduce such an equation 
requires only the application of the ordinary rules of arithmetic ; aad 
these are appbed so simply, that scarcely any one cam mistake them, 
if left entirely to himself. One or two questions are solyed first with 
little explanation in order to gire the learner an idea of what is want- 
ed, and he is then left to solve several by himself. 

The most simple combinations are given first, then those which are 
more difiicult. The learner is expected to derive most of his know- 
ledge by solving the examples himself ; therefore care has been taken 
to make the explanations as few and as brief as is colinstent with 
giving an idea of what is required. 

In fact, explanations rather embarrass than aid the learner, because 
he ia apt to trust too much to them, and neglect to epaploy his owfi 
powers ; and because the explanation is frequently not made in the 
way, that would naturally suggest itself to him, if he were left to ex- 
amine the subject by himself. The best mode, therefore, seems to be, 
toigive examples so simple as to require little or no explanation, and 
let the learner reason for himself, taking care to make them more dif- 
ficult as he proceeds. This method, besides giving the learner confi- 
dence, by making him rely on his own powers, is much more interest- 
ing to him, because he seems to himself to be constantly making new 
discoveries. Indeed, an apt scholar will frequently make original ex- 
planations much more simple than would have been given by the 
author. 
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This mode has also th« advantage of exercising the learner in rea- 
soning, instead of making him a listener, while the author reasons be- 
fore himt. 

The examples in the first fifty pages involve nearly all the o|)era- 
tions, that are ever required in simple numerical equations, with ona 
and two unknown quantities. 

In the ninth article, the learner is taught to generalize particular 
eases, and to form rules. Here he is first taught to represent known 
quantities by letters, and at the same time the purpose of it. The 
transition from particular cases to general principles is made as gra- 
dual as possible. At first only a part of the question is generalized, 
and afterwards the whole of it. 

When the learner understands the purpose of representing known 
quantities as well as unknown, by letters or general symbols, he is 
considered as fairly introduced to the subject of algebra, and ready 
to commence where the subject is usually commenced in other trea- 
tises. Accordingly^ he is taught the fundamental rules, Us api^ied to 
literal quantities. Much of this however is only a recapitulation in 
a general foruEi, of what he has previously learnt, in a particular form* 

After this, various subjects are taken up and discussed. There is 
nothing peculiar in the arrangement or in the manner of treating 
them. The author has used his own language, and explained as* 
Heemed to him best, without reference to an^ other' wc^*' A large 
number of examples introduce and ilhistrate every p>inciple« and^atf" 
far as seemed practicable, the subjects are taught by example ratfe^ 
than by explanation. * 

The demonstration of the Binomial Theoreni is entirely original, so 
far as regards the rule for finding the coefilcients. The rule itself is 
the same that has always been used. The manner of treating and 
demonstrating the principle of summing 9erit$ by dt^rience, is also 

originaL^ 

Proportions have been discarded ki algebra as well as in arithmetic. 
The author intended to give, in an appendix, some directions for using 
proportions, to assist those who might have occasion to read other 
treatises on mathematics. But this volume was already too large to 
admit it. It is believed, however, that few will find any difficulty in 
this resiiect. If they do, one hour's study of some treatise which ex- 
ylains proportions will remove it. 

^^''e Boaton Joarnal of Philo^oph/ and the Arts, No. 5, for Uaj, 180S. 



In order to study this work to advantage, the learner should solve 
every qnestion in course, and do it (^gfe&ratea%. If he finds a ques- 
tion which he can solve as easily without the aid of algebra as with 
it, he may he assured, this is what the author expected. If he first 
solves a question, which involves no difficulty, he will understand 
perfectly what he is about, and he will thereby be enabled toencoun* 
ter those which are difficult. 

When the learner is directed to turn back and do in a new way, 
something he has done before, let him not fail to do it, for it will be 
■ecessary to his future progress ; and it will be much better to trace 
the new principle in what he has done before, than to have a new ex- 
ample for it. 

The author has heard it objected to his arithmetics by some, that 
Uiey are too easy. Perhaps the same objection will be made to this 
treatise on algebra. But in both cases, if they ore too easy, it is the 
fiuilt of the subject, and not of the book. For in the First Lessons, 
diere is no explanation ; and in the Sequel there is probably less than 
in any other books, which explain at all. As easy however as they 
are, the author believes that whoever undertakes to teach them, will 
find the intellects of his scholars more exercised in studying them, 
&an in studying the most difficult treatise he can put into their 
hands. When the learner feels, that the subject is above his capacity, 
he dares not attempt any thing himself, but trusts implicitly to the 
author ; but when he finds it level with his capacity, he really en^ 
gages in it. But here there is something more. The learner is re* 
quired to perfonn a part himself. He finds a regular part assigned 
to him, and if the teacher does his duty, the learner must give a great 
many explanations which he does not find in the book. 
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The operations explained in Arithmetic are sufficient for 
the solution of all questions in numbers, that ever occur ; but 
it is to be observed, that in every question there are two dis- 
tinct things to be attended to ; first, to discover, by a course 
of reasoning, what operations are necessary ; and, tsecondly, to 
perfonn those operations. The first of these, to a certain ex- 
tent, is more easily leanlt tb£m the siecond; but, after the 
method of performing the operktlotis is understood, all the dif- 
ficulty in tolving abstnlse and coniplicated questions consists 
in discoverii^ how the operations are to be ^plied. 

It is dfteii difficult, and sometimes absolutelv impossible to 
discover, by the ordinary modes of reasoning, now the fimda- 
mental operations are to be applied to the solution of questions. 
It is oiir piirposiS, in this treatiisi^; to show how this difficulty 
may be obviated. 

It has been shown in Arithmetic, that ordinary calculations 
are very much; facilitated by a set 6f arbitrary signs, called 
fgurts ; it will now be shown that the reasoning, previous to 
calculation, may receive as great assistance from another set 
of arbitrary signs. 

Some of the signs have already been explained in Arithme* 
tic ; they will here be briefly recapitulated. 

(=) T\i^o horizontal lines iare used to express the words 
•* are equal io,^^ or any other similar expression. 

(-f-) A cross, one line being horizontal and the other per- ' 
pendicular, signifies '^ added toJ*^ It may be read and^ more^ 
plusy or any similar expression ; thus, 7 -{- 5 == 12, is read 7 
and 5 are 12, or 5 added to 7 m etpud to 12, or 7 plus 5 is equal 
to 12. Plus is a Latin word signifying more. 

( — ) A horizontal line, signifies subtracted from. It is some- 
times read less or minus. Jmnus is Latin, signifying less. Thus 
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14 — 6 :^ ^T JJItyjid ^ subtracted from 14, or 14 less 6, or 14 
minus 6 is equal lo 8. 

Observe that the signs -|- and — affect the numbers which 
they stand immediately before, and no others. Thus 
14_6 + 8=:16; andl4 + 8 — 6 = 165 
and8 — 6 + 14 = 16; and, in fine, — 6 + 8 + 14 = 16. In 
all these cases the 6 only is to be subtracted, and it is the 
same, whether it be first subtracted from one of the numbers, 
and then the rest be added, or whether all the others be added 
and that be subtracted at last. 

( X ) (.) An inclined cross, or a point, is used to express 
multiplication ; thus, 5 X 3 = 15, or 5. 3=1 5. 

(-T-) A horizontal line, with a point above and another be- 
low it, is used to express division. Thus 15 -h 3 = 5, is read 

15 divided by 3 is equal to 5. 

But division is more frequently expressed in the form of a 
fi^ction (Arith. Art. XVI. Part II.), the divisor being made tlie 
denominator, and the dividend the numerator. Thus y = 5, 
is read 15 divided by 3 is equal to 5, or one third of 15, is 5, 
or 15 contdns 3, 5 tmies. 

Example. 6x 9 + 15 — 3 = 7.8—^ + 14. 
This is read,^ 9 times 6 and 15 less 3 are equal to 8 times 7 less 

16 divided by 4, and 14. 

To find the value of each side ; 9 times 6 are 54 and 15 are 
69, less 3 are 66. Then 8 times 7 are 56, less 16 divided by 
4, or 4 are 52, and 14 more are 66. 

In questions proposed for solution, it is always required to 
find one or more quantities which are unknown ; these, when 
found, are the answer to the question. It will be found ex- 
tremely usefiil to have signs to express these unknown quanti- 
ties, because it will enable us to keep the object more steadily 
and distinctly in view. We shall also be able to represent 
certain operations upon them by the aid of signs, which will 
greatly assist us in arriving at the result. 

Algebraic signs are in met nothing else than an abridgment 
of common language, by which a long process of reasoning is 
[n*esented at once in a single view. 

^The signs generally used to express the unknown quantities 
above mentioned are some of the last letters of the alphabet, as 

Xj f/y Zi <&c» 
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1. 1. Two men, A and B, trade in company ,*and gain 267 
dollars, of which B has twice as much as A. What is the share 
of each? 

In this example the tmknown quantities are the particular 
shares of A and B. 

Let X represent the number of dollars in A's share, then 2x 
will represent the number of dollars in B's share. Now these 
added together must make the number of dollars in both their 
shares, that is, 267 dollars. 

a: -|- 2a? = 267 
Putting all the a?'s together, , Sx=z 267 

If 3 JT are 267, 1 cr is i of 267 in the same manner as if 3 
oxen were worth $267, 1 .ox would be worth | of it. 

a? = 89 = A's share. 
2a;=:178 = B'sshare. 

2. Four men, A, B, C, and D, found a purse of money con- 
taining $325, but not agreeing about the division of it, each 
took as much as he could get ; A got a certain siun, B got 5 
times as much ; C, 7 times as much ; and D, as much as B and 
C both. How many dollars did each get ? 

Let X represent the number of dollars that A got ; then B 
got 5 a?, C 7 a?, and D (5 a? + 7 a?) = 12 a?. These, added toge- 
ther, must make $325, the whole number to be divided. 

a? + 5 a? -j- 7a? 4- 12a?=: 325 
Patting all the a?'s together, 25 a? = 325 

a; = 13 = A's share. 
5a? = 65=B's " 
7a?= 91=C's « 
12a?=I56 = D's « 

JVbfe, AH examples of this kind in algebra admit of proofi 
In this case the work is proved by adding together the several 
shares. If they are equal to the whole sum, 325, the work is 
right. As the answers are not given in this work, it will be 
well for the learner always to prove his results. 

In the same manner perform the following examples. 

■ < • 

3. Said A to B, my horse and saddle together are worth 
$130, but the horse is worth 9 times as much as the saddte. 
What is the value of each } 0f^ 

4. Three men. A, B, and C, trade in company, A ptits in a 
certain sum, B puts in 3 times as much, and C puts in as much 
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as A and B both ; they gain $656. What is each man's share 
of the gain? 

5. A gentleman, meeting 4 poor persons, distributed 60 
cents among them, giving the second twice, the third three 
times, and the fourm four times as much as the first. How 
many cents did he give to each ? 

6. A gentleman left 11000 crowns to be divided between 
his widow, two sons, and three daughters. He intended that 
the widow should receive twice the share of a son, and that 
each son should receive twice the share of a daughter. Re- 
quired the share of each. 

Let X represent the share of a daughter, then 2x will repre- 
sent the share of a son, &c. 

7. Four gentlemen entered into a speculation, for which 
they subscribed $4755, of which B paid 3 times as much as A, 
and C paid as much as A and B, and D paid as much as B and 
C. What did each pay ? 

8. A man bought some oxen, some cows, and some sheep 
for $1400 ; there were an equal number of each sort. For 
the oxen he gave $42 apiece, for the cows $20, and for the 
sheep $8 apiece. How many were there of each sort ? 

In this example the unknown quantity is the number of each 
sort, but the number of each sort being the same, one charac- 
ter will express it. 
Let X denote the number of each sort. 
Then x oxen, at $42 apiece, will come to A2x dolls., and m 
cows, at $20 apiece, will come to 2Qx dolls., and x sheep, at 
$8 apiece, will come to 82: dolls. These added together must 
make the whole price. 

42aj+20a? + 8a?=1400 
Putting the a?'s together, . . 70 a? = 1400 
Dividing by 70, . •. . . . a? = 20 

Ans. 20 of each sort 

9. A man sold some calves and some sheep for $374, the 
calves at $5, and the sheep at $7 apiece ; there were three 
times .as many calves as sheep. How many were there of 
eich.^ 

Let 0^ denote the number of sheep ; then 3 9 will denote the 
number of calvesw 



I. Equaiwns. IS 

Then x sheep, at $7 apiece, will come iolx dolls., and 3 « 
caWes, at $5 apiece, will come to 5 times 3 x dolls., that is, 
IdxdoUs. 
These added together must make the whole {Hice. 

7x+ 15x1=374 
Putting the x's together, 22 jc = 374 
Dividing by 22, a? = 1 7 = number of sheep. 

3x= 61= ** calves. 

The learner must have remarked by this time, that when a 
question is proposed, the first thing to be done, is to find, by 
means of the unknown quantity, an expression which shall be 
equal to a given quantity, and then fi^om that, by arithmetical 
operations, to deduce the value of the unknown quantity. 

Hiis expression of equality between two quantities, is called 
an equation. In the last example, 7 x-^ I5x=z 374 is an equa- 
Am. 

The quantity or quantities on the left of the sign = are called 
the Jirst member ^ diose on the right, the second member of the 
equation. (7 x-f- 15 a:) is the first member of the above equa- 
tion, and 374 is the second member. 

Quantities connected by the signs -|- and — are called term$. 
7 X and 15 a? are terms in the above equation. 

The figure written before a letter showing how many times 
the letter is to be taken, is called the coeffineni of that letter. 
In the quantities 7x, 15 x, 22 a: ; 7, 15, 22, are coeflicients of x. 

The process of forming an equation by the conditions of a 
question, is called putting the question info an equation. 

The process by which the value of the unknown quantity is 
founds after the question is put into an equation, is called so^"- 
ing or redtuing the equation. 

No rules can be given for putting questions into equations } 
this must be learned by practice ; but rules may be found hi 
solving most of the equations that ever occur. * 

After the preceding questions were put into equation, tlis 
first thing was to reduce all the terms containing the uaknown 
quantity to one term, which was done hj adding the coeiii- 
cients. As 7 a? -f 15 a? are 22 r. Then, smce 22x=i 374, 1 « 
must be equal to ^^ ^^ ^'7'^* 'I'hat is, 

When the unknown quantity in one member is reduced to one 
iBnn, and stands squal to a knovm Quantity in the ether its uk/mi u 
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fauni by diindiTig the knaum quaniUy by the coeffieimt of the un- 
knotm quantity. 

10. A man bought some oranges, some lemons, and some 
pears, for 156 cents ; the oranges at 6 cents each, the lemon& 
at 4 cents, and the pears at 3 cents ; there was an equal nun 
ber of each sort. Required the number of each. 

11. In fencing the side of a field, the length of which was 
450 yards, two workmen were employed ; one fenced 9 yards, 
and the other 6 yards per day. How many days did they 
work ? 

12. Three men built 780 rods of fence ; the first built 9 
rods per day, the second 7, and the third 5 ; the second work- 
ed three times as many days as the first, and the third, twice as 
many days as the second. How many days did each work ? 

13. A man bought some oxen, some cows, and some calves 
for ^348 ; the oxen at $SS each, the cows at $18, and the 
calves at $4, There were three times as many cows as oxen, 
and twice as many calves as cows. How many were there of 
each sort f 

14. A merchant bought a quantity of flour for $132 ; for one 
naif of it he gave $5 per barrel, and for the other half $7 
How many barrels were there in the whole ? 

Let X denote one half the number of barrels. 

> 

15. From two towns, which are 187 miles apart, two travel- 
lers set out at the same time with an intention of meeting; one 
of them travels at the rate of 8, the other of 9 miles each day 
In how many days will they meet ? 

11. 1. A cask of wine was sold for $45, which was only | 
of what it cost. Required the cost. 
Let 0? denote the cost. 

Three fourths; of a? may be written | a? or — • The latter is 
preferable 
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.45 


lx_ 
4 
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x = 


60 
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If I of a: comes to 45 then — must come to J of 45, or 

4 

15, and x will be 4 times 15 or 6C 

A better method. 

^=45 
4 

3a?s:45x4=180 
J? = 60 

Observe, that — is^the same as 4 of 3 j?. Now if 1 of 3 jt 

4 ^ 

is 45, 3a? itself must be 4 times 45, or 180; So? being 180, w 

must be | of 180, which is 60. 

2. A man, being asked his age, answered, that if its half 
and its third were added to it the sum woidd be 88. What 
was his age ? 

Let X denote his age then, 

^2^3 

Reducing the terms to a com- ) 6 a? ,3 a? ,2 a? gg 

mon denominator, ) "6~ i6 "6 

Adding tkem together, i^=88 

6 

Jof 11 a? being 88, 11 a: will be 6 times 88, 11 a? = 528 * 

Dividing by 11, a? = 48 

yr Ans, 48 years. 

r 3. If f of a hogshead of wine cost $65 ; what will a hogs- 
hefbd cost at that rate ? 

4. There is a pole | and | under water, and 5 feet out of 
water ; what is the length of the pole? 

Let X denote the whole lenis^th. Then— 4--^ 4- 5 must be 

® 2^3^ 

equal to the whole length. Hence, 



Reducing to a common denominate, 



2^3^ 



6a? 3a? , 2a? , - 
6 6^6^ 



V , 






16 Algebra. U. 

Adding together, T^ ¥ "^ ^ 

Since the two members are equal, if ~^ be subtracted fixmi 

6 

bothy they will still be equal ; hence, 

and 0:=: 30 Ans. 30 feet. 

Proof. One half of 30 is 15, and one third of thirty is 10. 
Now 30 =16 + 10 + 6. 

There is another mode of reducing the above equation which 
in most cases is to be preferred. It is the same in principle. 

If both members of an equation be multiplied by the sam« 
number they evidently will still be equal. 

In the equation, 

2^3^ 
First multiply both members by % the denominator of one • 
the fractions, and it becomes, 

2cc = qp+^*+10. 

Next multiply both members by 3, the denominator of tin 
other fraction, and it becomes, 

6a? = 3x + 3ap-f-30 
or6a?=5a?-|-30. 
Subtracting 5 x from both members, 

07 = 30 as before. 

5. In an orchard of fruit trees | of them bear apples, | of 
them pears, | of them plums, 7 bear peaches, and 3 bear dier- 
ries ; these are all the trees in the orchard. How many are 
there ? 

6. A fanner, beine asked how many sheep he had, answer- 
ed, he had them in four pastures ; in tbe first he had ^ of them, 
in the second j^, in the third ^, and in the fourth he had 24 
sheep. How many had he in the whole ? 

7* A person having spen^ I and | of his money, had $26 1 
left. How much money had he at first ? 

8. A man driving his geese to market, was met by another, 
who €aid good morrow, maister, with your hundred geese ; said 
he, I inive not a hundred, but if I had as many more, and half 
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as many more, and two ceese and a half, I should have a hun- 
dred. How many had he ? 

9. A and B having found a bag of money, difmuted about 
the division of it. A B^d that | and | and \ of the money 
made $ 1 30, and if B could tell how much money there was, he 
should have it all, otherwise none of it. How much money 
was there in the bagJ* ^ 

10. Upon meaeuring the corn produced in a iield, being 96 
bushels, it appeared that it had yielded only one third part 
more than was sown. How much was sown .' 

1 1 . A man sold 96 loads of bay to two persons ; to the first 
i, and to the second j of what his stack contained. How ma- 
oy loads did the stack contain at lirst ? 

12. A and B talking of their ages, A says to B^ 
of my age be added to my age, and 2 years n 
be twice my age. What was his age r 

13. What sum of money is that whose |, |, i. 
together amount to £9 ? 

14. The account of a certdn school is as foHoi(^ * ^ 
boys lemi geometry, } leun grammar, yV learn ar^ 
jV learn spelling, and 9 learn to read! What is the l 
of scbolara in t& school ? ' 

15. There is a fish whose head weighs lb. his ttul weighs 
as much as his head and half his body, and his body waghsfis 
much as his head and toil both. What is the weight (^Jhe 
fishf 

Kepiesent the weight of the body by * , 

16. There is a fish whose Hbad is 4 inches long, the tail is 
twice the. length of the head, added to J of the length of the 
body, and the body is as long as the head and tail botn. What 
is the whole length of Uie Ben ^ 

IT. A and B talking of their ages, A says to B, your age is 
twice and three fifths of my sge, and the sum of our ages is 54. 
What is the age of each ? 

18. A man divided $40 between two persons ; to tiie first he 
gave a certain sum, and to the second only | as much> How 
much (tid he give to each .'' 

I^ X denote the diare of the first, —will denote the 3hx« 
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#f tlie second. These added together tiiust make jt40. 

« + ?-^ = 40 
^ 6 

Multiplying by 6, bx + 3x = 200 

Adding together, 8 a: = 200 

Dividing by 8, cr = 25 r= share of the first. 

?5=: 15 = " second. 

19. Three persons are to share $290 in the following man- 
lier : the second is to have two thirds, and the third three fourths 
as much y^h o first. What is the share of each ? 

20. "^H^i^wishes to mix 100 bushels of provender, con«> 
$istinga:]i^^^{^rley, and oats, so that it may contain | as 
much barle;Ul^oats, and | as much rye as barley. How much 
of each inust tlrere*be in the mixture ? 

21 . ;giv ide 40 apples between two boys in the proportion of 

The proportion 3 to 2 signifies that the second will have f 
as many as the first. 

22. A gentleman gave to 3 persons £98. The second re-r 
eeived five-eiehths of the sum given to the first, and the third 
•ne-fiflh of what the second had. What did each receive } 

, 23. A prize of $1280 was divided between two persons, in 
the proportion of 9 to 7. What w«s the share of each ? 

24. Three men tradifig in company, put in money in the fol- 
lowing proportion ; the first 3 dollars as often as the second 7, 
and the third 5. They gain $960. What is each man's share 
ol the gain i 

Observe, the second put in \ of what the first put in, and the 
third put in f • 

25. Three men traded together ; the first put in $tOO, the 
second $450, and the third $950. They gained $420. What 
was the share of each f 

Observ^^ the second pttt in 4f { = 4| = ^ of what the first 
KHitiai&c 



':% 



r 



(11. Equations. 19 

III. 1. Two men, A and B, hired a pasture together for 
.^55, and A was to pay $13 more than B. What did each 
pay? 

Suppose B paid x dollars ; A was to pay 13 dollars more ; 
therefore he paid x + 13. These put together must make th^ 
whole 55 dollars. 

a?-f a?+13 = 55 
Putting the x^s together, 

2a? + 13 = 55 
It appears that 20? is not so much as 55 by 13, therefore tak« 
ing 13 from 55, 

2a? = 55 — 13 
2a? = 42 
Dividing by 2, j? = 21 = Fs share. 

B's share is $21, and A's, being 13 more, is $34, 
a: + 13= 21 + 13 = 34 = A's share. 
Proof. 34 -j- 21 = 55 the whole sum. 

2. A man bought a horse and chaise for $300 ; the horse 
cost $28 more than the chaise. What was the price of each ? 

3. A man bequeathed his estate of $12000 to his son and 
daughter ; the son was to have $2350 more than the daughter^ 
What was the share of each f 

4. A father who has three sons, leaves th^n 16000 crowns. 
The will specifies that the eldest shall have 2000 crowns more 
than the second, and that the second shall have 1000 more 
than the youngest. What is the share of each f 

Let X denote the number of crowns in the share of the 
youngest, then x + 1000 will denote the share of the second^ 
and a: + 1 000 + 2000 will denote the share of the eldest. 
These added together must make the whole sum. 

x^ X + 1000 + X+ 1000 + 2000 = 16000 
Putting together the a?'s and the numbers, 

3 a? +4000 = 16000 
It appears that 3 a? is not so muQh as 16000 by 4000, therefore 
subtMctkig 4000 from 16000, 

I ; . 3 a? = 16000—4000 

^ 3a? = 12000 
Dividing by 3, a? = 400O't=i share of the youngest. 

The share of the youngest is 40OO crowns; add to Siis 1000, 
it makes 5000, the share of the second, 

a: + 1000 = 5000 = share of the second 
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Add 2000 more, it makes 7000, the share of the eldest, 
X -f- 1000 4- 2000 = 7000 = share of the eldest. 
Proof. The several shares added make 16000 crowns which 
is the whole estnl* 



.«iVy • 



5. A draper bought three pieces of cloth, which together mea- 
sured 159 yards ; the second piece was 15 yards longer than 
the first, and the third was 24 yards longer than the second. 
What was the length of each ? 

6. A gentleman bequeathed an estate of $65000 to his wife, 
two sons, and three daughters. The wife was to have $2000 
less than the elder son, and $3000 more than the younger son ; 
and the portion of each of the daughters was $3500 less than 
that of the younger son. Required the share of each. 

The 1st example may be performed differently. Let a? de- 
note the number of dollar^ paid by A ; B paid $13 less, there- 
fore a? — 13 will represent the number of dollars paid by B. 
These added together must make the whole. 

x + a?— 13 = 55 
Putting the a?'s together, 2a? — 13 = 55^ 
It appears that 2 a? is more than 55 by 13, therefore add 13 to 
55 to malce 2 a?, 

2 a; = 55 +13 

2 a- = 68 

Dividing by 2, a: = 34 = A's share. 

fliis gives A's share $34, from which subtract $13, and it gives 

I? 8 share $21, as before, 

a: — 13 = 21 = B's share. 

In the same manner perform the 2d and 3d. The 4th may 
be solved in a similar manner. 

Let the elder son's share be represented by a?. Tlie second 
son's share, bein^ $2000 less^jiviU be x — 2000. The young- 
er son's share, bemg $1000 less still, will hex-^ 2000 — 1000 
These added together must make the whole sum. 

cc -f ^—2000 4- a-— 2000 — 1000 = 16000 
Putting the a:'s together and the numbers together, 

3 a-— 5000=316000. 

It appears that 3 x is more than 16000 by 5000, therefore add 
5000 to 16000, 

3 a: =16000 -1-6000 

sSa; =21000 



Dividing by 3, 




.jTS^ 


7000 




• 
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■ 
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The elder son's share is $7000, as before. Ttie others may 
be easily found from this. 

Again, let x denote the second son's share. The elder son's, 
being $2000 more, will be « + 2000. The younger son's, 
being $^1000 less, will be v — 1000. These sidded together 
must make the whole. 

a -j- 2000 + a? + jc — 1000 = 16000 
Putting the x's together and the numbers together, 

3ic+ 1000 =16000 

3af= 16000 — 1000 
2x=: 1600O 
a:;= 5000 
The second son's share is $5000, as before. From this the 
rest are easily fouiid. 
Perform the dth and 6th in a similar way. 

7. At a certain election 943 men voted, and the candidate 
chosen had a majority of 65. How many voted for each ? 

8. A person employed 4 workmen ; to the first of whom he 
gave 2 shillings more than to the second ; to the second 3 shil- 
lings more than to the third ; and to the third 4 more than to 
tlie tburtli. Their wages amounted to 32 shillings. What did 
each receive f , 

9. A cask, which held 146 gallons, was filled with a mixture 
of brandy, wine, and water. In it there were 15 gallons of 
wine more than there were of brandy, and as much water as 
both wine and brandy. What quantity was there of each ? 

Observe, that after the question is put into equation, the pur- 
pose is to make x stand alone in one member of the equation, 
equal to a known quantity in the other member, then the value 
of X is found. In the preceding examples in this Art. x has 
been found only in the first member, but connected with known 
quantities by the signs -j- and — . In the solution oftJiese equa- 
tions t/ie first thing ivas to unite all the x's into one tertn^ and all the 
known quantities into another. TAen, if the number which stood 
on the same side with x, had the sign -j- before i^, that number was 
jndftractcd from the other member of the elation ; but if it had the 
iiirn — 'before itj itvHU added to the other member. Then the second 
member was divided by tlie coefficient of x, and the answer was ob- 
tained. 

10. A and B began to trade with equal stocks. In the first 
year A gained a sum equal to twice his stock and £21 over^ 
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B gained a sum equal to his stock and £153 over. Now tlie 
amount of both their gains was equal to 5 times the stock of 
either. What was the stock ? 

Let X denote the stock. Then A's gain was 2 a? -J- 27, and 
B's was a: + 153. These added together must make 5 times 
the stock, that is, 5 x. 

5j?=2a?+27 + a? + 153 
Uniting the a?'s in 2d member, and the numbers 

5a? = 35?-[-180 
Subtracting 3 x from both sides, 

2a? = 180 
a?= 90 

11. A young man being asked his age, answered that if 
the age of his father, which was 44 years, were added to twice 
his own, the sum would be four times his own age. What was 
his age ? 

12. A man meeting some beggars, gave each of them 4 
pence, and had 16 pence left ; if he had given them 6 pence 
apiece, he would have wanted 12 pence tnore for that pur- 
pose. How many beggars were there, and how much mo- 
ney nad he i ^ 

Let X represent the number of beggars. 

13. A man has six sons, each of whom is 4 years older than 
his next younger brother ; and the eldest is three times as old 
as the youngest. Required their ages. 

14. Three persons. A, B, and C, make a joint contribution, 
which in the whole amounts to £76, of which A contri- 
butes a certain sum, B contributes as much as A and £10 
more, and C as much as A and fiboth. Required their several 
contributions. 

15. A boy, being sent to market to buy a certain quantity 
of meat, found that if he bought beef, which was 4 pence per 
pound, he would lay out all the money he was entrusted with ; 
but if he bought mutton, which was 3J pence per pound, 
he would have 2 shillings left. How much meat was he sent 
for ? 

16. A man lying at the point of death left all his estate to 
his three sons, to be divided as follows 4 to A he gave one half 

"Sr the whole wanting $500 ; to B one third ; and to C the rest, 
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which was $100 less than the share of B. What was the whole 
estate, and what was each son's share ? 
Let X represent the whole estate. * 

A's share will be ^ — 600 

2 

B's share . . — 

3 

C's share . . -1—100 

These together will be equal to the whole estate, which was 
represented by w. 

£._ 500 +^+— — 100 = X 
2 3^3 

Uniting a?'s and numbers in the first membe 

!f— 600=^ 
6 6 

— is greater than ~ by 600, therefore 
6 6 

l5=^+G00 
6 6 . 

•^ :600 



6 

X = 3600 
The whole estate is $3600; the shares are $1300, $1200, 
and $1100, respectively. 

17. A father intends by his will, that his three sons shall 
share his property in the following manner ; the eldest is to re- 
ceive 1000 crowns less than half the whole fortune ; the 
second is to receive 800 crowns less than i of the whole ; and 
the third is to receive 600 crowns less than \ of the whole. 
Required the amount of the whole fortune, and the share of 
each. 

18. A father leaves four sons, who share his property in the 
followmg manner ; the first takes 3000 livres less than one half 
the fortune ; the second, 1000 li^TCS less than one third of tlie 
whole ; the third, exactly one fourth ; and the fourth takes 600 
livres more than one fiflh of the whole. What was the whole 
fortune, and what did each receive ? 
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19. In a mixture of copper, tin, and lead } 16 lb. less than 
one half of the whole was copper ; 12 lb. less than one third 
of the whole was tin, and 4 lb. more than one fourth of the 
whole was lead. What quantity of each was there in the mix- 
ture ? 

20. A general having lost a battle, found that he had only 
3600 men more than one half of his anny left, fit for action ; 
600 more than one eighth of them being wounded, and the rest, 
which amounted to one fifth of the whole army, either slain or 
taken prisoners. Of how msmy men did his army consist be* 
fore the battle f 

21. Seven eighths of a certain number exceeds four fifths of 
it by 6. What is tliat number ? 

22. A and B talking of their ages, A says to B, one third of 
my age exceeds its fourth by 6 years. What was his age ? 

23. A sum of money is to be divided between two persons, 
A and B, so that as often as A takes £9, B takes £4. Now it 
happens that A receives £15 more than B. What is the share 
>f each f 

24. In a mixture of wine and cider, 25 gallons more than 
half the whole was wine, and 5 gallons less than one third of 
the whole was cidqr. How many gallons were there of each ? 

IV. 1. A man having some calves and some sheep, and be- 
mg asked how many he had of each sort, answered, that he had 
20 more sheep than calves, and that three times the number of 
sheep was equal to seven times the number of calves. How 
many were there of each f 

Let X denote the number of calves. 
Then a? + 20 will denote the number of sheep. 
7 times the number of calves is 7 a? ; 3 times the number of 
sheep is 3 JT -|- 60 ; for it is evident that to take 3 times x -|- 20| 
it is necessary to multiply both terms by 3. 
By the conditions these must be equal, 

7x=iSx+60. 
Subtracting 2x fi^om both members, 

4a: =60 
ar = 15 = niunber of calves, 
a? -f- 20 = 35 = number of sheep. 

mins. 15 calves, and 35 sheep. 
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2. Two men talking of iheir ages, the first says, your ase is 
iS years more than imme, and twice your age is equal to mree 
times mine. Required the age of each. 

3. Three men, A, B, and C, make a joint contribution, which 
in the whole amounts to £216. A contributes a certain sum, 
B twice as much as A and £12 more, and C three times 
as much as B and £12 more. Required their several con- 
tributions. « . . 

4. A man bought 7 oxen and 11 cows for ^591. For thej 
oxen he gave $15 atpiece more than for the cows. How much 
did he give apiece for each ? 

Let X denote! the price of a cow. 
Then the price of an ox will be a: -f* 1^- 
11 cows at T dollars apiece will come to 11 d? dollars. 
If one ox cost a? -|- 15 dollars, 7 oxen witt cost 7 times x -f- 
15, which is 7*+ 105. 

The price of the oxen and of the cows added together will 
make $591, the whole price. 

llx + 7jr+105 = 591 
Uniting «'s, 18a?+105=591 ^ - 

Subtracting 105 from both membenss 

18 a? = 486 
Dividing by 18y > ' a? = 27 = price of cows. 

a? -f- 15 = 42-= price of oxen. 

5. A man bought 20 pears and 7 oranges for 95 cents. For 
the oranges he gave 2 cents apiece more than for the pears. 
What did he give apiece for each ? 

G. A man bought 20 oranges and 25 lemons for $1.95. For 
the oranges he gave 3 cents apiece more than for the lemons. 
What did he give apiece for each ? 

7. Two persons engage at play, A has 76 guineas, and B 52, 
before they be^in. After a certain number of, games lost and 
won between them, A rises with three times as many guineas 
as B. How many gpineas did A win of B ? 

Let X denote the nimiber of guineas that A won of R 
Then A, having.^ined x guineas, will have 76 + x 
B, having lost x gjuineas, will have, only r62i — x 
A ha^now three times as many as B, that is, 3 times 52; — x, 
which is 156 — 3x. It is evident that both 52 and x must ;h|& 
multiplied by 3,: because 52 is a number too large by x, th6re* 
fore 3 times 52 will be too, large by 3 a?, . ' ti> 
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76 + a?= 166 — 3aj 

a?= 166 — 3a? — 76 
x + Sx = 166 — 76 
4a: = 166—76 
4a? = 80 
0?= 20 

Am. 20 guineas 
Proof If A won 20 guineas of B, A will have 96 and B 32 
3 times 32 are 96. 

This equation is rather more difficult to solve than any of the 
preceding. In the first place I subtract 76 firom both mem- 
bers, so as to remove it from the first member. Then to get 
3 a: out of the second member, which is there subtracted, I ^d 
3 0? to both members ; then the a;'s are all in the first member, 
and the known numbers in the other. 

N. B. Any term which has the sign +> eitlfer expressed or 
understood, may be removed item one member to the other by 
giving it the sign — ; for this is the same as subtracting it from 
both sides. Thus a; -|- 3 = 10 ; x is not so much as 10 by 3, 
we therefore say a? = 10 — 3. Again, 6a?=il8 + 3a?. Now 
5x is more than 18 by 3a?,there£>re wemay say 6a? — 3a;=: 
18. 

Any term which has the sign •"— before it may be removed 
from one member to the other by giving it the sign +. This 
i^ equivalent to adding the number to both sides. Thus 5 x 
/'^-^ 5 == I'7- In this it appears that 6a? is more than 17 by 3 ; 
"^therefore we say 6 a? = 17 -|- 3. Again^ 6 a? = ^ — 3 a?. Here 
it spears that bx \s not so much as 32 by 3 a? ; therefore we 
say 6 a? -|- 3 0? = 32. This is called transposition. 

Hence it appears thai any term may be transposed from one men^ 
her to the other ^ cart being taken to change the sign. 

In the last example, 76 was transposed Scorn the first member 
to the second, and the sign changed fi-om -|- to — ; and 3 x 
U^ tnmsposed bom the second member to the first, and the 
sign changed firom — to +. This has been done in many of 
the preceding examples. 

When a nuwher^ consisting of two ot more terms^ is to be mvlti- 
pUedj aU the terms must be multiplied^ and their signs preserved. In 
the last example^ 62 — x^ muittplied by 3, gave a product 166 — 

B» A person kought two casks of wine, one of which held 
eiflctly iht^ times as much as the other. From each he drew 
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4 gallons, and then there were four times as many gallons re- 
maining in the larger as in the smaller. How many gallons 
were there in each at first ? 

LfCt X denote the number of ^lons in the less at first. 

Then the number of gallons m the greater will be 3 ^. 

Taking 4 gallons firom each, the less will be a? — 4 

And the greater .... 3a? — 4 

The greater is now 4 times as large as the less } 4 times x 
— 4 is 4x — 16. 

4a?— 16 = 3ap— 4 

By transposing 16, 4a; = 3aj+16 — ^ • 

By transposing 3 a?, 4 a? — 3a?= 16 — 4 

Uniting teims, a; = 12 =r less. 

3 a? = 36 = greater. 
Ans. Less 12 gallons, greater 36 gallons. 

Proqfi 36 is three times 12 according to the conditions. 
I^e 4 firom each, then one contains 32 and the other 8. 32 is 
4 times 8. * 

9. A man when he was married was three times as old as his 
wife ; after they had lived together 15 years, he was but twice ' 
as old. How old was each when they were married f 

10. A farmer has two flocks of sheep, each containing the 
same number. From one of these he sidls 39, and fi'om the 
other 93 ; and finds just twice as many remmning in the one as 
in the other. How.many did each flock originally contain f - 

11. A courier, who travels 60 miles per day, had been de- ' 
spatched 5 days, when a second was sent to overtake him ; in 
order to which, he must go 75 miles per day ; in what time will 
he overtake the former f 

12. A and B engaged in trade, A with £240, and B witli 
£96. A lost twice as much as B ; and upon settling their ac- 
counts it appeared that A had three times as much remaining 
as B. How much did ^ich lose f 

Let X denote B's loss, then 96 — x will denote what he had 
remaining. 2 x will denote A's loss, and 240 — 2 a? what he 
had remaining, &c. 

13. Two persons began to play with equal sums of money ; 
the first lost .14 shillings, and the other won 14 shillings, and. 
then the second had twice as many shillings as the first. What 
sum had each at first ? 
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14. Says A to B, I have 5 times as much money as you; yes, 
says B, but if you will give loe $17, I shall have 7 times as 
much as you. How much had each i 

15. Two men, A and B, commenced trade ; A had $500 
less than 3 times as much money as B ; A lost j^ldOO, and B 
gained $900, then B had twice as much as A. How much had 
each at first ? 

16. Fr(»n each of 15 coins an artist filed the value of 2 shil- 
lings, and then offered them in payment for their original value ; 
but being detected, the whole were found to be worth no more 
than $14ft. What was their original value ? 

17. A boy had 41 apples, which he wished to divide between 
three companions, as follows ; to Uie second he wished to give 
twice as many as to the first, and three apples more ; and to 
the third he wished to give three times as many as to the 
second, and 2 apples more. How many must he give to 

each ? 

■ 

18. A person buys 12 pieces of cloth for 149 cjrowns : 2 are 
vhite, 3 are blacky and 7 are blue. A piece of the black costs 
J, crowns niore than a piece of the white, and a piece of the 
blue costs 3 crrowns more than a piece of the black. Required 
the price of each kind. 

See example 4th of this Art. 

19. A* man bought 6 barrels of flour and 4 firkins of butter ; 
he gave $2. more mr a firkin of butter, than for a barrel of flour ; 
and the butter and flour both cost Uie same sum. What did 
he give for each ? 

20. A grocer sold his brandy for 25 cents a gallon more than 
his wine, and 37 gallons of his wine came to as much as 32 
galloTis of his brandy. What was each per gallon i 

22. A man bought 7 oxen and 36 cows ; he gave $18 e^piece 
more for the oxen than for the cows, and the cows came to 
three times as much as the oxen wanting $3. What was the 
price of each .^ 

22. A man sold 20 oranges, some at 4 cents apiece, and some 
at 5 cents apiece, and, the whole amounted to 90 cents.' How 
many were tnere of each sort ? 

If he had sold 13 at 5 cents apiece, then the number ^Id at 
4 cents apiece would be 20- 13, or 7. 
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111 the same manner, if he sold ,r oranges at 5 cents apiece, 
then he sold 20 — a? oranges at 4 cents apiece, x oranges at 
5 cents apiece would come to 6 a? cents, and 20 — x oranges at 
4 cents apiece would come to 4 times 20 — x cents, which is 
80 — 4x. cents. 
These added together must make 90 cents, therefore 

6 a; + 80 — 4a? = 90 
By transposing 80 and uniting terms, .i? = 10 at 5 cents. 

Ans. 10 of each sort. 

23. A man dying left an estate of ^2500 to be divided be* 
tween his two sons, in such a manner, that twice the elder son's 
share should be equal to three times the share of the second. 
Required the share of each. 

Let X denote the younger son's share. 
Then 2500 — x will denote the elder son's share. 
Twice the elder son's share is 6000 — 2 a?. 
By the conditions, 3 a? = 5000 — 2 x 
By transposition, 5 a? = 5000 
Dividing by 5, x = 1000 

2500—1000 = 1500 

Ans. Elder son $1500, younger son $1000. 

24. Two robbers, after plundering a house, found they had 
35 guineas between them ; and that if one of them had 4 gui- 
neas more, he would have twice as many as the other. How 
many had each ? 

25. A man sold 45 barrels of flour for $279 ; some at $5 
and some at $8 per barrel. How many barrels were there 
of each sort i 

26. A man sold some oxen and some cows for $330 ; the 
whole number was 15. He sold the cows for $17 apiece, 
and the oxen for $32 apiece. How many were there of 
each sort ? 

27. After A had lost 10 guineas to B, he wanted only 8 
guineas in order to have as much money as B ; and togeUier 
they had 60 guineas. What money had each at first i 

Let X be the number of guineas A had. 
Then 60 —-a?- will be the number B had. 
A lost 10 to B, therefore A's is diminished by 10, and B*8 
increased by 10, which makes A's x — 10, and B's 70 -—df. 

3* 
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By the icpklditioiis, «— 10 -f 8 =: 7b — « 
Transposing and uniting, 2 a? = 72 

a: cz 36 = what A had. 
60 r-T36 = 24 = what B had. 

28.. Divide the number 197 into two such parts,that four 
times thefgr^tc^may exceed five times the less by ^0. 

29. T4\^o workmen were employed together for 60 days, at 
6 shillings ^r day elach. A spent 6 pence a day less tnan B 
did, and atf-tAe end of the 50 days he found he had saved twice 
as much as B, and the expense for two days over. What did 
each spend^per day?. 

Let X denote what A spent per day (in pence). 

Then 60 — x (5s. being 60d.) will be what he saved pei 
day. 

B saved 6d. less than A. 

Therefore 54 — x will be what B saved per day. 

Multipl)ring both ty 50, the number of days, 

A saved 3000 — 50 x, and B saved 2700 — 50 a:. 

By the conditions A saved 2 x more than twice wliat B 
saved. 

Therefore 3000 — 50 j = 5400 — 1 00 a: + 2 jp 

Transposing and uniting, 48 a? = 2400 

,r = 50 = what A spent. 
50 + 6 = 56 = what B spent. 

V. 1. Two persons talking of their ages, A said be was 
25 years older than B, and that one half of his age was equal 
to three times that of B wanting 35 years. What was the age 
of each. '^ 

Let X denote the age of B.. 

Then the age of A will be a: + 25. 

i of X 4- 25 is expressed "LZL-^ 

Hence we have 3 a: — 35 = X 

2 

Multiplying by 2, C JP — 70 = a? + 25 

By transposing x and 70, ^ * — a? = 25+ 70 

Uniting terms, 5 a: = 95 

dividing by 6, a? = 19 = B's age. 

a: + 25 = 44 =r A's age 
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JSToie. Since J of a? + 25 is 3 a? — 35, jt' -|* 3^ niuat be twice 
3 a: — 35. 

2. Two men talking of their horses, A says to B, my horse 
is worth $25 more than yours, and | <^ the value of my 
horse is equal to | of the value of yours. What is the value 
of each ? 

Let X denote the value of B's horse. 

Then the value of A's will be a? +25. 

1 of X + 25 is ^ + ^^ 1 is 3 times as much, that is ^^ + '^^ 

5 5 

Sx_Sx + 75 



By the conditions, 



4 5 



Multiplying by 5, li^ = 3 a? + 75 

4 

Multiplying by 4, 15 x = 12 a: + 300 

3a? = 300 

a? = 100 

' " .,' jJn*. A's $125, B's $100. 

Proof. The first condition is evidently answered. Witli 

regard to the second, | of 125 is 75, and | of 100 is 75. 

3. Two men talking of their ages, one says, my a^e is now 
I of yours, but in twenty years from this time, if we live, it will 
be I of yours. Required the age of each. 

Suppose the age of the elder x. 

Then the younger will be — . 

In 20 years the age of the elder will be a? -{- 20, and of the 

younger _-f20. 
4 

By the conditions l£±i£=^ + 20 

Multiplying by 5, 4 a; + 80 = 1^+ 100 

4 

Multiplying by 4, 16 a? + 320 = 15 a? + 400 
'^'J^^'JS^^^' j 16x-15:c = 400-320 

x=i 80 = age of elder. 

3a? 

_ = 60 = age of youngen 
4 
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4. A man being asked .the value of his horse and chaise, 
answered, that the chaise was worth $50 more than.. the 
horse, and that one half of the value of the horse was equal to 
one third of the value of the chaise. Required the value of 
each. 

5. Two persons talking of their ages, the first says, | of my 
age is equal to^f of yours ; and the difference of our ages is 10 
years. What are their ages ? 

6. There are two towns situated at unequal distances from 
Boston, and on the same road. They are 30 miles apart, f 
of the distance of the second from Boston is equal to J of 
the distance of the first. What is the distance of each from 
Boston ? 

7. A man being asked the value of his horse and saddle, an- 
swered,' that his horse was worth $114 more than his saddle, 
and that | of the value of his horse was 7 tinies the value of 
his saddle. What was the value of each ? 

8. A hare is 40 rods before a greyhound, but she can run 
only f as fast as the greyhound. How far will each of them 
run before the greyhound will overtake the hare ? 

9. A gentlemai^.paid 4 labourers $136 ; to the first he paid 
3 times as much as to the second wanting $A ; to the third one 
half as much as the first, and $6 more ; and to the fourth 4 
times as much as to the third, and $5 more. How much did he 
pay to each i 

10. A man bought some cider at $4 per barrel, and some 
beer at $7. There were 6 barrels more of the cider than of 
the beer ; and | of the price of the beer was equal to J of the 
price of the cider. Required the number of barrels of each. 

11. Two men commenced trade together ; the first put in 
£40 more than the second, and the stock of the fii-st was to that 
of the second as 14 to 5. What was the stock of each i 

14 to 5 signifies the second is tt of the first. 

12. A man's age when he was married was to that of his 
wife as 3 to 2 ; su^ when they had lived together 4 years, his 
age was to hers as 7 to 5. What were their ages when ti^y 
were married i 

13. A and B began trade wkh equal sums of money. In the 
first year A gained £40, and B lost £40 ; but in the second^ 
A lost (me third of what he then li^ad, and B gained a sum less 



f. 
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by £40 than twice the sum A had k>st ; when it appeared that 
B had twice as much money as A. What money did each be- 
gin with ? 

Let X be the number of pounds each had at first. Then x 
f 40 will be the sum A had at the end of the first year ; and 
X — 40 the sum B had. 

The second year A lost i of what he then had, consequently 

he saved f ; his sum will then be ^ ' — • 
'• 3 

B gained twice as much as A lost wanting £40 ; his will be 

X — 404- J — 40. 

^ 3 

B had now twice as much as A, 

l£±i^ = T- 40 + ^±±82- 40. 
3 ^3 

Multiplying by 3, 

4 a; + 160 ^, 3^ T-J20 + 2 a? + 80— 130. 
Transposing and uniting, .. 

— a: = — 320. 
Transposing again, 320 = a?, , 

Ans. £320. 
JfoU. In this example the result had the isign — in both 
members, but by transposing it has the sign +. It would 
have been the same thing if the signs had been changed with- 
out transposing. The result would have come out right if the 
first member had beei;i made the second, and the second first, 
in the first equation. 

14. A person playing at cards, cut the pack in^siich a man- 
ner, that I of what he cut off were equal to | of the remainder. 
How many didJie cut off ? 

1 5. Divide ^83 between twg men, so that 4 of what the first 
receives, shall be equal to yV of what the second receives. 
What will be the share of each ? ' . -, ^ ^ 

16. A man sold 20 bushels of grain, rye and wheat ; the rye 
at 5s. and the wheat at'7s. per bushel ; | of the rye came to 
as much as 4 of the wheat. How much was there of each ? 

17. What number is that fit)m which if 5 be subtracted twt> 
tlurds of the remainder will be 40 ? 

18. A man has a lease for 99 years ; and being asked how 
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much of it was already expired, answered, that two thirds of 
the time past was equal to four fifths of the time to come. Re- 
quired the time past, and the time to come. 

19. It is required to divide.the number 50 into two such 
parts, that three fourths of qne.part added to five sixths of the 
other may make 40. 

20. Twowoilknien received equal sums for their work ; but 
if one of them had jfceivfed 18 dollars more, and the other 3 
dollars less, then | of the w!agetf of the latter would have been 
equal to J of the wages of the former. How much did each 
receive ? 

21. A certain man, when he married, found that his age was 
to that of his wife as 7 to 5 ; if they had been married 8 years 
sooner, his age would have been to hers as 3 to 2. What were 
their ^es at the time of their marriage f 

yi. 1. Divide the number 68 into two such parts, that the 
difference beiwe^i'the greater and 84, may be equal to three 
times the excess of 40 above the less. 

Let X = the less. 

Then 68 — a; = the greater* 

68 — '30 mssX be subtracted from 84. Observe that 68 — x 
is not so great as 68 by x. Therefore if I subtract 68 firom 84, 
I shall subtract too much by the qu^itity a?, and I must add x 
to obtaift tli6 true result. 

Then we have 84 — 68 + a? for Ihfe diflference between 84 
and 66 r — a?. 

The excess of 40 above the less is 40 — a?, and 3 times this 
is 120 — 30?. 

By the conditions, 84 — 68 + a? = 120 — 3a? 

Transposing and imiting, 4 a? = 104 

Dividing by 4, a? = 26 =i(ess. 

68«— 26 = 42 = greater. 

J^ote. In this question 68 — x was subtracted from 84. In- • 
stead of a?, now puf its value, 68 — 26. Now 68 — 26 z= 42, 
that is, the number to be subtracted from 84 is 42, and the an- 
swer must be 42. When 68 is subtracted firom 84, the result 
is 16, which is too small by 26, tlie value of a?; to this it is ne- 
cessary to add 26, and it makes 42, the true result, 84 — 68 -f 
26 = 42, This shows that we did right in adding a? after sub- 
tracting 68. This will always be found true. Therefore, 
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tcheti any of the quantities to be subtracted have the sign — btfore 
them^ they must be changed to -}- in subiractingy and those which 
Aare^ + must be changed to — . 

2. A gentleman hired a labourer for 20 days on condition 
that, for every day he worked, he should receive 78., but for 
every day he was idle, he should forfeit 3s. At the end of the 
time agreed on he received 80 shillings. How many days did 
he work, and how many days was he idle ? 

Let X = the number of days he worked. 
Then 20 — x =: the number of days he was idle. 
xj^^, at 7s. a day, would come to 7 x shillings. 
^^ at 3s. per day, would be 60 — Sx shillings. This 
mifMOSken out of 7 ^. ' 

By tlufjabove rule GO — 3 a:, subtracted from 7 a:, leaves 1x 
— 60 -|- hx ; for 60 is too much to be subtracted by 3 a?. 
By the conations, 

7aj— 60 + 3a:=:80. 
Transposing and uniting, 

10 a: =140. 
Dividing by 10, a? = 14 = days he worked. 

,20 — x=. 6 = days he was idle. 

3. Two men, A and B, commenced trade ; A had twice as 
much money as B ; A gained $50, and B lost $90, then the 
difference between A's andB's money was equal to three times 
what B then had. How much did each commence with i 

4. Two men, A and B, played together ; when they com- 
menced they had $20 between them, after a certain number 
of games, A had won $6, then the excess of A's money above 
B's was equal to | of B's money. How much had each when 
they commenced ? 

5. Divide the number 54 into two such parts that the less 
subtracted from the greater, shall be equal to the greater sub- 
tracted from three times the less. What are the parts i^ 

6. It is required to divide the number 204 into two such 
parts, that | of the less being subtracted from the greater, the 
remainder will be equal to | of the greater subtracted ^3i 
four times the less. • 

Let X = greater part. 

Then 1204 — a?.= the less part. 



36 Aigtbra. XI. 

}ofiheIesffisl2in^. 
By the conditions, 

5 7 

Multiplying by 5, 

5 a; _ 408 + 2 a? =r 4080— 20 a? ——. 

Multiplying by 7, 

35a?_2856 + 14a?=:28560— 140a:— 15x. , 
Transposing and uniting, ^ 

20407= 31416 V 

a: = 164 
204— a? =50 
Let X denote the less number, and soke the question ajzain. 
Note. Observe, that after multiplying by 5 in the above 
example, the signs of both terms of the numerator were chang- 
ed, that of 408 to — , and that of 2 a; to -[- ; this wad done be- 
cause it was not required to subtract so much as 408 by 2 x. 
The change of si^s could not be made before multiplying by 
6, because the sign — before the fraction showed that the 
whole fraction was to be subtracted. If the signs of the frac- 
tion had been changed at first, it would have been necessary 
to put the sign -f- iSfore the fraction. This requiies particu- 
lar attention, because it is of great importance, and there is 
danger of forgetting it. 

7. A man bought a horse and chaise for {J341. Now if | of 
the price of the horse be subtracted fi'om twice the price of the 
chaise, the remainder will be tbe same as if f of the price of 
the chaise be subtracted bom three times the price of the horse. 
Required the price of each. 

8. Two men, A and B, were playing at cards \ when they 
began, A had only | as much money as B. A won of B jt23 ; 
then i of B's money, subtracted from A's, would leave one 
half of what A had at first. How much had each when they 
began f 

9. A man ha^ a horse and chaise. The horse is worth $44 
less than the chaise. If 4 of the value of the horse be sub- 
triicted from the value of die chaise, the remainder will be the 
sattie 89 if from the value of the horse you subtract | of the e^- 

' ^' ■'''"■ '^ ■' '■ ' "■ 
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cess of the value of the horse above 84 dollars. What is the 
value of the horse f 

" ■» 

Vn. The examples in this article are intended to exercise 

the learner in putting questions into equation. The^ require i , 

no operations which have not already been explamed. It 

was remarked, that no rule could be given for putting cpies- 

tions into equation, but there is a precept which may be very 

wefiil. V 

Take the unknown fuantiiy, and perform the same operations on 

it^ thai it would be necessary to perform on the answer to see ^ it 

ms right. When this is ^kme the question is in equation. 

1. A and B, being at play, severally cut packs of cards so as 
to take off more than they left. Now it happened that A cut 
off twice as many as B left, and B cut off seven times as many 
as A left. How were the cards cut ? 

Let 07 = the liumber B left. 

Then 2 a; = the number A cut off. 

52— 0? = the number B cut off. 

52 — 2 0? = the number A left. 
By the conditions, 7 times 52-^2 x are equal to 52 — x.' 

364— 14a?=52 — a?. 

Take the numbers of the answer and endeavour to prove that 
they are right, and you will see that you take the same course 
as above. 

2. A man, at a card party, betted Ss. to 2 on every deal. 
After twenty deals he had won 5 shillings. At how mtoy deals 
fid he win r 

Let 07 =: the number of deals he won. 

Then 20 — « = Uie number of deals he lost. 

Every time he won, he won 2 shillings ; that will be 2 :x 
shillings. 

Every loss was 3 shillings ; that will be 3 times 20 — a?, or 
60-307. 

The loss must be taken from the gain, and he will have 5 
.shillings left. 

2o? — 604-3o? = &. 

3.* What two numbers are to each, other as 2 to 3 ; td each 
l.rfwhtcb) if 4 be added, the sums will be as 5 to 7. 

4 



38 Jllgebra. TIL 

Let « = the first number. 

Then — = the second. 
2 

Adding 4 to each, they become a? + 4, and -)- 4. 

2 

The first is now 4 of the second, or the second is J of the 

first. 

7a? + 28 3a? , - 

! = — + 4. 

5 2^ 

4. A sum of money was divided between two persons, A and 
B, so that the share of A was to that of B as 5 to 3. Now A's 
Bhare exceeded f of the whole sum by $50. What was the 
share of each person ? 

Let X = A's share. 

Then — = B's share. 

6 

a? + — = whole sum. 
^ 5 

i of a? + ^-f is L^+i^, or ^±+1- 
^ ^5 945 9^3 

By the conditions, 

a? = ^+± + 50. 
9^3^ 

5. The joint stock of two partners, whose particular shares 
difiered by 4&<lollars, was to the lesser as 4M to 5. Required 
the shares. 9 

6. Four men bought an ox for $43, and agreed that those, 
who had the hind quarters, should pay ^ cent per pound more 
than those, who had the fore quarters. A and B had the hind 
quarters, C and D the fore quarters. A's quarter weighed 158 
lb., B's 163 lb., C's 167 lb., and D's 166 lb. What was 
each per lb., and what did each man pay f 

7. A certain person has two silver cups, and only one cover 
for both. The first cup weighs 12 oz. If &e first cup be co- 
vered it weighs twice as much as the o&er cup, but if the se- 
)eond b^ covered it weighs three times as much as the firit. 
Wfa€[t is ^ weight of the cover, and of the second cup f 
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Let X = weight of the cover. 

Then 12 + a? = weight of the first cup covered. 

And 6 + — = weight of the second cup, &c. 

8. Some persons agreed to give 6d. each to a waterman for 
canying them firom London to Gravesend ; but with this con- 
dition, that for every other person taken in by the way, three 
pence should be abated in their joint fare. Now the waterman 
took in three more than a fourth part of the number of the first 
passengers, in consideration of which he took of them but 5d. 
each. How many persons were there at first f 

Let X = the number of passengers at first. 

Then — -4- 3 = the number taken in, &c. 
4 

9. Four places are situated in the order of the four letters, 
A,B, C, D. The distance from A to D is 134 miles, the dis- 
tance from A to B is to the distance from C to D, as 3 to 2, and 
one fourth of the distance from A to B, added to half the dis- 
tance from C to D, is three times the distance firom B to C. 
What are the respective distances ? 

10. A field of wheat and oats, which contained 20 acres, 
was put out to a labourer to reap for $20 ; the wheat at $1.20 
and the oats $0.95 per acre. Now the labourer falling ill reap- 
ed only the wheat. How much money ought he to receive ac- 
cording to the bargain f 

11. Three men, A, B, and C, entered into partnership ; A 
paid in as much as B and one third of C ; B paid as much as 
C and one third of A j and C paid in $10 and one third of A. 
What did each pay in ? 

Let a; = the sum A contributed. 

Then £-+10= " C " 
3 ^ 

and ^ + 10 -f 5- = « B « &c. 

3 ^ ^ 3 

12. A gentleman gave in charity £46 ; a part of it in equal 
porti<ms to 6 poor men, and the rest in equal portions to 7 poor 
women. Now the share of a man and a woman together 
umounted to £8. What was given to the men, and'what to 
the women ? 
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Let X = the sum a man received. 

Then 8 — j? = the sum a woman received, ^^c. 

13. Suppose that for every 10 sheep a farmer kept, he should 
plough an acre of land, and should be allowed an acre of pas- 
ture for every 4 sheep. How many sheep may that person 
keep who fiirms 700 acres i 

Let X = the whole number of sheep. 

The number of acres ploughed will be yV of the number of 
sheep ; and the number of acres of the pasture will be i of the 
number of sheep ; both these added together must be the whole 
number of acres, &c. 

14. A, B, and C make a joint stock ; A puts in $70 more 
than B, and $90 less than C ; and the sum of the shares of A 
and B is J of the sum of the shares of B and C. What did 
each put in i 

Let a? = the sum that B put in, <&c. 

15. Divide the number 85 into two such parts that if the 
greater be increased by 7 and the less be diminished by 8, they 
will be to each other in the proportion of 5 to 2. 

16. It is required to divide the number 67 into two such parts 
that the difference between the greater and 75 may be to the 
excess of the less over 12 in the proportion of 8 to 3, 

17. A man bought 12 lemons and a pound of sugar for 56 
cents, afterwards he bought 18 lemons and a pound of sugar at 
the same rate for 74 cents. What was the price of the sugar, 
and of a lemon? 

Let « = the price of the sugar* 

Then 56 — a? == the price of 12 lemons. 

And — IZ_ = the price of 1 lemon. 

In the same manner, 
74—^ 



18 



= the price of a lemon. 



Hence ^Zlf = !±r:f,&c. 

12 18 ' 

18. A man bought 5 oranges and 7 lemons for 58 cents ; af- 
terwards he l>ought 13 oranges and 6 lemons at the same rate 
for 102 cents. What was the price of an orange, and of a 
lemon ? 



VIL Equations. 41 

Let X := the price of an orange. 

58 — 5 X 
Then = the price of a lemon by the first condi- 

don, Slc. 

19. A footman, who contracted for $72 a year and a livery 
suit, was turned away at the end of 7 months, and received 
only $32 and the livery. What was the value of the livery ? 

20. A landlord let his farm for £10 a year in money and a 
certain number of bushels of com. When com sold at 10s. a 
bushel, he received at the rate of 10s. an acre for his land ; but 
when it sold for 13s. 6d. a bushel, he received 13s. an acre* 
How many bushels of corn did he receive f 

Let X =. the number of bushels. 

Then 10 a: + 200 = the year's rent in shillings ; 

— ^.r* z= j: -j- 20 = the number of acres. 

10 ' 

27 j: 4- 400 = the year's rent at the second rate in six- 
pences. 

07 r -4- 400 * 

"" ' ^ — = the number of acres, which must be equal to 

4to'0 

the other, &c. 

21. A man commenced trade with a certain sum of money, 
which he improved so well, that at the year's end he found he 
had doubled his first stock wanting $1000 ; and so he went on 
every year doubling the last year's stock wanting $1000 ; at 
the end of the third year he found that he had just three times 
as. much money as he conmienced with. What was his first 
stock ? 

22. A man, having a certain sum of money, went to a tavern, 
where he borrowed as much money as he then had, and then 
spent a shilling ; with the remainder he went to another tavern, 
where he borrowed as much as he then had, and then spent a 
shilling, and so he went to a third and a fourth tavern, borrow* 
ing and spending as before ; after which he had nothing left. 
How much money had he at first f 

23. It is required to divide the number 60 into two such 
parts, that one seventh of the one may be equal to one eightn 
of the other. 

4* 
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34. It is required to divide the number 85 into two such 
parts that | of the one added to 4 of the other may make 60. 

25. It is required to divide the number 100 into two such 
parts, that if one third of one part be subtracted from one 
fourth of the other, the remainder may be 11. 

26. It is required to divide the number 48 into two such 
parts, that one part may be three times as much above 20, as 
the other wants of 20. 

27. A man distributed 20 shillings among 20 oeo^le, giving 
6 pence apiece to some, and 16 pence apiece to ttie rest. What 
number of persons were there of each kind ? 

28. A man paid £100 with 208 pieces of money, a part gui- 
neas at 21s. each, and a part crowns at 5s. each. How many 
pieces were there of each sort? 

29. A countryman had two flocks of sheep, the smaller 
consisting entirely of ewes, each of which brought him 2 
lambs. On counting them he found that the number of 
lambs was equal to the difference between the two flocks. If 
all his sheep had been ewos, and brought forth three Iambs 
apiece, his stock would have been 432. Required the number 
in each flock. 

Let X = the number in the less. 

Then 2 1? = the number of lambs. 

3 cr = the number in the larger* 

4 X = the number in both, &c. 

30. When the price of a bushel of barley wanted but 3d. to 
bo to the price of a bushel of oats as 8 to 5, four bushels of bar- 
ley and 7s. 6d. in money were given for nine bushels of oats. 
What was the price of a bushel of each ? 

Let 0? = the price of a bushel of oats in pence. 

Then — — 3 = the price of a bushel of barley, &c. 

31. A market-woman bou^t a certain number of eggs at 
the rate of 2 for a cent, and as many at 3 for a cent, and sold 
them out at the rate of 5 for two cchts ; after which she ob- 
served, tiiat she had lost four cents by fhiemi How many eggs 
of each sort had she f 
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Let X = the number of each sort 

Then — =: the price of x eggs at 2 for a cent. 

And — = the price of x eggs at 3 for a cent. 

lliese added together make what the eggs cost. 

The, whole number is 2 cr ; these at & for two cents come to 

— cents. 
5 - 

By the conditions, £.+ ^ = If + 4. 

32. A cistern has two fountains to fill it ; the first will fill it 
alone in 7 hours, and the second in 5 hours. In what time will 
the cistern be filled, if both run together ? 

Let X =z the number of hours required to fill it. 
The first would fill } of it in an hour, and the second would 
fill I of it in an hour. 
lk>th together then would fill 4 + i ii^ &n ^uf 9 ^^^ ^^ ^ 

hours both would fill — + — of it. But by the conditions it 

7 6 ^ 

was to be filled in x hours. 

Therefore, — -f-£. = 1 cistern. 

7 5 

« 

33. A gentleman, having a piece of work to do, hired two 
men and a boy to do it ; one man could do it alone in 5 days, 
the other could do it alone in 8 days, and tlie boy could do it 
alone in 10 days. How long would it take the three together 
to do it f 

34. A cistern, into which the water nms by two cocks, A 
and B, will be filled by them both running together in 12 hours ; 
and by the cock A alone in 20 hours, in miat time will it be 
filled by the cock B alone ? 

Let X = the time in which B will fill it alone. Both will 
fill j^j of it in an hour, A alone ^V ^^ *t> ^^^ ^ will fill VV — iV 
of it m an hour, &c. 

35. A man and his wife usually drank out a vessel of beer in 
12 days : but when the man was from home it would usually 
last the wife alone 30 days. In how many days would the man 
alone drink it out ? 
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36. The hold of a ship contained 442 gallons of water. 
This was emptied out by two buckets, the greater of whieby 
holding twice as much as the other, was emptied twice in three 
minutes, but the less three times in two minutes; and the 
whole time of emptying was 12 minutes. Required the size of 
each. 

The greater was emptied 8 times in the 12 minutes, &c. . 

37. Two persons, A and B, have the same income. A saves 
1 of his ; but B, by spending £80 a year ipore than A, at the 
end of 4 years finds himself £220 in debt. What did each re- 
ceive and expend annually ? 

38. After paying i of my money, and \ of the remain- 
der, I had 72 guineas left. How much had I at first ? 

39. A bill of £120 was paid in guineas and moidores, the 
guineas at 21s., and the moidores at 27s. each ; the number 
of pieces of both sorts was just 100. How many were there 
of each ^ 

40. It is required to divide the number 26 into three such 
parts, that if the first be multiplied by 2, the second by Si, and 
third by 4, the products shall all be equal. 

Let a? = the first part. The second part must be — , and 

the .third part _?or — . 
*^ 4 2 

41. It is required to divide the number 54 into three such 
parts, that i of the first, J of the second, and J of the third, may 
be all equal to each other. 

Let 2 J? = the first part. 

Then Sx= the second part, &c. 

42. A person has two horses and a saddle, which of itself 
is worth £25. Now if the saddle be put upon the beck of the 
first horse, it will make his value double that of the second; 
but if it be-pj|t|Up<in^the back of the second, it will make 
his value triple' tHat dp^the first. What is the value of each 
horse ? 

43. A man has two horses and a chaise, which is worth 
^183. Now if the first horse be harnessed to the chaise, the 
horse and chaise together will be worth once and two sevenths 
the value of the otlier ; but the other horse being harnessed, 
the horse and chaise together will be worth once and five 
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bone. 



Ejuatiom toitk two Unknown ^iniiiies. 



Vlll. Many examples involve two or more unknown qaan- 
tities. In fact, many of the examples already given involve 
several unknown quantities, but they were such, that they 
could all be derived from one When it is necessary to use 
two unknown quantities in the solution, the question must al- 
ways contain two conditions, from which two equations may 
be derived. When thia is not the case the questmi cannot be 
solved. 

1. A boy bought 2 apples and 3 oranges for 13 cents ; he 
afterwards bought, at the same rate, 3 apples and 5 oranges 
for 21 ceatB, How much were the apples and oranges 
apiece ? 

Let « = the price of an orange, 

and y = the price of an apple. 
L 3a? + 2y=13, 

2. 6a?4-3y = 21. 

Multiply the first equation by 3, and the second by 2, 

3. 9a? + 6y=:39 
i. 10a: + 6y=;42. 

Subtract the first fi^ the second, because the y's being 
alike in each, the difference between the numbers 39 and 42 
must depend upon the a?'s. 

5. x=z3 cents, the price of an orange. 
Putting this value of x into the first equation, 

6. 9 + 2y=13 

7. y = 2 cents, the price of an apple. 
Proof. 2 apples at 2 cents each come to 4 cents, and 3 

oranges at 3 cents come to 9 cents. 9 + 4 = 1 3. So3 ap- 
ples and 5 oranges come to 21 cents. 

JVb^e. In this example I observed, that the coefficient of y 
in the first equation is 2, and in the second, the coefiicient of 
y is 3. I multiplied the whole of the first equation by 3, jand 
the whole of the second by 2 ; this formed two new equations 
in which the coefficients of y are alike. If the first equation 
had been multiplied by 5 and the second by 3, the coefficients 
of 1 would have been alike, and x instead of y would hafe been 
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made to disappear by subtraction, and the same result would 
have been finally obtained. It is evident, that the coefficients 
of either of the unknown quantities may always be rendered 
alike in the two equations, by multiplying the first equation by 
the coefficient which the quantity that you wish to make dis- 
appear has in the second equation ; and the second equation 
by the coefficient which the same quantity has in the first equa- 
tion. Thej may be rendered alike more easily, when they 
have a common multiple less than their product. 

2. A person has two horses, and a saddle which of itself is 
worth iSlO ; if the first horse be saddled, he will be worth ^ as 
much as the other, but if the second horse be saddled, he will 
be worth | as much as the first. What is the value of each 
horse f 

A question similar to this has already been solved with one 
unknown Quantity, but it will be more easily, solved by usin/a^ 
two of them. 

Let 0?= the value of the first horse, 

and y = the value of the second horse. 

/*■ 

1. By the conditions, li? = a? -f- 10 

2. « ?f = y+10 

5 

3. By transposition, — ? — j: = 10 

4. « i5_v = 10 

d ^ 

Multiply the 3d by 7, and the 4th by 6, to free them from 
denominators ; 

5. —'7x + 6y=i70 

6. . 8a:— 5y=:50 

Multiply the 6th by 6 and the 6th by 6, in order to make 
the coefficients of y alike in the two ; 

7. — 35a? + 30y=350 

8. 48 a?— 30y=300 
Add together 7th and 8th, 

9. 48a?— 35a? + 30y — 30y = 360 + 300 

10. Uniting terms, 13 a? = 650 
11 a:= 50 
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Putting 50, the value of a?, into the 6th, 

12. 6y— 350= 70 

13. 6y = 420 

14. . y=z 70 

Ans, The first is worth £50, and the second £70. 
JVoie. In this example the 30 y in the 7th equation had the 
sign 4*9 ond in the 8th the sign — before it, hence it was ne- 
cessary to add the two equations together in order to make the 
y disappear, or as it is sometimes called, to dimncUe y, 

3. A market-woman sells to one person, 3 quinces and 4 
melons for 25 cents, and to another, 4 quinces and 2 melons, 
at the same rate, for 20 cents. How much are the quinces and 
melons apiece f. 

4. In the market I find I can buy 5 bushels of barley and 6 
bushels of oats for 27s., and of the same grain 4 bushels of 
bariey and 3 bushels of oats for ISs. What i& the price of each 
per bushel ? 

5. My shoemaker sends me a bill of ^12 for 1 pair of boots 
and 3 pair of- shoes. Some months afterwards he sends me a 
bill of $20 for 3 pair of boots and 1 pair of shoes. What are 
the boots and shoes a pcur ? 

6. Three yards of broadcloth and 4 yards of taffeta cost 57s., 
and at the same rate 5 yards of broadcloth and 2 yards of taf- 
feta cost 81s. What is the price of a yard of each ? 

7. A m^ employs 4 men and 8 boys to labour one day, and 
pays them 40s. ; the next day he hires, at the same wages, 7 
men and 6 boys, and pays them 50s. What are the daily wages 
of each ? 

8. A vintner sold at one time 20 dozen of port wine and 30 
doz. of sherry, and for the whole received £120 ; and at an- 
other time, sold 30 doz. of port and 25 doz. of sherry at the 
same prices as before, and for the whole received £140* What 
was the price of a dozen of each sort of wine f 

9. A gentleman has two horses and one chaise. The first 
horse is worth $180. If the first horse be harnessed to the 
chaise, they will together be worth twice as much as the se- 
cond horse ; but if the second be harnessed, the horse and 
chaise will be worth twice and one half the value of the 
first. What is Uie value of the second horse, and of the 
chaise ? 
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10. Two men, driving their sheep to market, A says to B, 
give me one of your sheep and I shall have as many as you ; B 
says to A, give me one of your sheep and I shall have twice as 
many as you. How many had each ? 

Let X = the number A had^ 

And V = the number B had. 

If B gives A one, their numbers will be 

a? + 1 andy — 1. 
Ff A gives B one, their numbers will be 

X — 1 and y + 1, &c. 

11. If A gives B $5 of his monev, B will have twice as 
much as A has left ; but if B gives A $5 of his money, A 
will have three times as much as B has left. How much has 
each ? 

12. A man bought a quantity of rye and wheat for £6, the 
rye at 48. and the wheat at 5s. per bushel. He afterwards 
sold \ of his rye and | of his wheat at the same rate for £2. 
17s. How many bushels were there of each ? 

13. A man bought a cask of wine, and another of gin for 
$210 ; the wine at $1.50 a gallon, and the gin at $0.50 a gal- 
lon. He afterwards sold | of his wine, and | of his gin for 
$150, which was $15 more than it cost him. How many gal- 
ions were there in each cask f 

14. A countryman, driving a flock of geese and turkeys to 
market, in order to distinguish his own from any h^ might meet 
with on the road, pulled uree feathers out of the tail of each 
turkey, and one out of the tail of each goose, and found that 
the number of turkeys' feathers exceeded twice those of the 
geese by 15. Having bought 10 geese and sold 15 turkeys by 
me way, he was surprised to find that the number of geese ex- 
ceeded the number of turkeys in the proportion of 7 to 3. Re- 
quired the number of each at first. 

Let X = the number of turkeys, 
and y = the number of geese. 
1 3a?=:2y+15 

2. • y + 10 = I^Zll2i 

3. Freeing the 2d from fractions, 3y+30 = 7a? — 105 • 
Instead of the method employed above for eliminating one 

of the unknown quantities, we may find Ae value of one of 
them in one equation, as if the other were known ; and then 
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this valae may be substituted in the other, and aa equatioD will 
be obtained, containing only one unknown quantity^ which 
may be solved the usuaTway. 

4. Divide the first by 3, cc = ^i±ii 

^ 3 

5. Multiply the 4th by 7, 7 « = lly±i?5 
Substitute this value of 7 a? in the 3d, 

^^ 3 

7. Multiply by 3, 9 y + 90 = 14 y + 105 — 315 

8. IVansposing & uniting, 300 =: 5 y 

y = 60. 
The value of x may be found by substituting 60 for y in 
the 4th, 

9. , = 1^0 + 15^4, 

3 

Ans. 45 turkeys, and 60 geese. 
Let the learner go back and solve, in this manner, the pre- 
ceding examples in this Art. Sometimes one method is pre- 
ferable and sometimes the other. 

15. A person expends $1 in apples and pears, buying his 
apples at 3 for a cent, and his pears at 2 cents apiece ; after- 
wvds he acccNoamodates his neighbour with i of his apples 
and i of hi^ pears for 30 cents. How many of each did he 
buy ? 

Let x=iihe number of apples. 

And y = the number of pears* 

Then — = the price of the apples. 

And 2 y = the price of the pears, d^c. 

16. A market-woman bought eggs, some at the rate of 2 
for a cent, and some at the rate of 3 for two cents, to the amount 
of 65 cents ; she afterwards sold them all for 120 cent£> and 
thereby gained one half cent on each egg. How many of each 
kind did she buy ? 

17. It is required to find two numbers such, that if ^ of the 
first be added to the second, the sum will be 30, and if i of 
the second be added to tlie first, the sum will be 30« * 

6 
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18. It is roqviied to find hK> nombers such, that | of the 
Snt asd f of the aeeond added together will make 12, and if 
the fint be divided by 2 and the aeeond be multiplied by 3, f 
of their sum will be 26^ 

19. Two persons, A and B,talkinff of their ages, says A to 
B, 8 years ago I was three times as md as you were^ and 4 
years hence I shall be only twice as old as you. Required 
their present ages. 

20. There is a certain fishing rod, consisting of two parts, 
the upper of which is tp the lower as 5 to 7 ; and 9 times the 
upper part,, together with 13 times the lower part, is e<mal to 
1 1 times the whole rod and 8 feet over* Required the length 
of the two parts. 

21. A vintner has two kinds of wine, one at 5s. a galloU) and 
the other at 12s. of which he wishes to make a mixture of 20 
gallons, that shall be worth 8s. a gallon. How many galloi» 
of each sort must he use ? 

22. A vintner has 2 casks of wine, from each of which he 
draws 8 gallons ; and finds that the number of gallons remain- 
ing in the less, is to that in the greater as 2 to 5. He then 
puts 1 gallon of water into the less, and 5 gallons into the 
greater, and then the quantities are in the proportion of 5 to 13. 
What quantity did each contain at first f 

23. A fanner, after selling 13 sheep and 5 cows, found that 
the number of sheep he had remaining, was to that of his cows 
in the proportion of 4 to 3. After three years he found that 
he had 57 more sheep, and 10 more cows than he had at first ; 
and that the proportions were then as 3 to 1. What number 
of each had he at first ? 

24. When wheat was 8 shillings a bushel, and rye 5 shil- 
lings, a man wished to fill his sack with a mixture of wheat 
and rye, for the money he had in his purse. If he bought 15 
bushels of wheat, and laid out the rest of his mcmey in rye, he 
wouM- want 3 bushels to tA\ his sack ; but if he bought 1 5 
bushek'ofrve, and then filled his sack with wheat, he would 
have 15 shillings left. How much of each must i^:^ *}ur^^a8e 
in order to lay out his money and fill his sacks ? 

25. A grocer had 2 casks ofwine, the smaller at 7s. per gal- 
lon, fhe larger at 10s» The whole was worth $112. When 




k had drawn 18 gals, ftom eacbi Im araed Ihe iMlaiiider to- 
gether and added 3| gals, of wal^fy and the nuztUve was woilk 
88. per gal. Haw many gallons of each sort weie there at 
fint? 

EquaiianSf OeneraHzaAon. 

DC. In the examples hitherto proposed a numerical result 
has always been obtained. The solution with numbers has 
been peiformed at the same time with the reasoning ; and 
when the wcnrk was finished, no traces of the operations re- 
mained in the result But algebra has a Aiore important pur- 
pose. Pure algebra never gives a numerical result, but is used 
to trace general principles and to form rules. In order to pre- 
9erfe the work so that the operations may appear in the result, 
it will be necessary to introdnee a few more signs. 

1. It is required to divide $500 between two men, so that 
one of them may have three times as much as the other. 
Let a; = tjie less part 
The equation will be a? 4- 3 a? = 600 

4a: = 500 
a: =125 
3a? = 376 
Ans. One part is $125, and the other $375. 
Tins question is to divide 500 into two such parts, that one 
part mfty be three times as much as the other. It is evident 
that the process will be the same for any other number, as 
fOT500. 

Let the number to be divided be represented by the letter a. 
This will stand for any number. 

Then the question will be, to divide any number, a, into 
two such parts, that one part may be three times as much as 
the other. 

The equation will be x -|- 3 a; == a 

4a? = a 

4 
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* The vtotk is now preserved in tlie result, and it appears that 
one part will be ^ of the number to be divided ; and the other, 
I of it. This is a rule that will apply to any number. 
Suppose a = 500 as in the example. 

Then ^=: 126: and ?f = 375. 
4 4 

Ans. One part is $125, and the other $375 ; the same a3 
above. 

Suppose it is required to divide jt7532 in the same propor- 
tions. 

Then a= 7532; iL = 1883: and— =5649. 

'4 '4 

Am. One part is $1883, and the other is $5649« 

2. A man sold some apples, some pears, and some oranges 
for a number a of cents, the apples at two cents apiece, the 
petirs at three cents apiece, and the oranges at five cents 
apiece. There were twice as many pears as oranges, and 
three times as many apples as pears. How many were there 
of each i 

lAs't X = the number of oranges. 

Then 2 a* = the number of pears. 

And 6x= the number of apples. 
By the conditions, 12(r-|*6x-f5x= a 

23x=i a 

fL = No. of oranges. 



23 

2 0?=?:^= " of pears. 
23 ^ 

6a? = — = " of apples. 
23 ^^ 

Suppose a = 184 cents, then ^^ of 184 = 8 = the number 
of oranges ; 2 X 8 = 16 = the number of pears ; and 6x8 
= 48 = the number of apples. This is easily proved. 8 
oranges, at 5 cents apiece, come to 40 cents ; 16 pears, at 3 
cents apiece, come to 48 cents ; and 48 apples, at 2 cents 
apiece, come to 96 cents ; 

40-|-48 + 9€l=184. 

Tlie learner may be curious to know, how it is possible to 
mal^ etbe examples in such a manner, that the answer may al- 
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ways come out a whole number when it is wished ; for if the 
numbers wgre taken at rapdom, there would frequently be frac- 
tions in the result. The method is to solve it first with a letter, 
as has been done in the two preceding examples. If any num- 
ber, which is divisible by 4, be put in the place of a, in the 
first example, the answer will be in whole numbers. And 
if any number, which is divisible by 23, be put in the place of 
a, in the second example, the answer will be in whole num- 
bers. 

Let the learner now generalize the examples in Art. I., by 
substituting a letter instead of the number ; and after the re- 
sult is obtained, put in the numbers again, aind see if the an- 
swer agree. Let him dso try other numbers. 

The examples in Art. U. may be generalized in the same 
manner. 

3. A man being asked his age, answered, that if its half and 
its third were added to it, the sum would be 88. Required 
his age* 

Instead of 88 put a, and let x = the number required. 

^2^3 




11 x=z6a 

6a 
Of = — 

11 

Any number that is divisible by 11, being put in the place 
of a, will give an answer in whole numbers. Let a = 88, then 
TT of it is 48, agreeing with the answer in Art II. 

In the course of the solution it appears, that a is equal to V 
of 07 ; and the result shows, that x is equal to ^t of a. That 
is, the value of cp is found by multiplying a by the firaction V 
inverted. 

4. In an orchard of firuit-trees, ^ of them bear apples, i of 
them cherries, and the remainder, which itf a, bear peaehes. 
Howmany trees are there ia the orchard ? 
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Let J? = the whole number of trees. 

Then x = —+ ^H- a 

3 4 

J2 12 ^ 12 ^ 

5* — .. 
= a 

12 

5a? = 12a 

a: = • 

5 

Any number that is divisible by 6, may be put in the place 
of a. If a =: 1 5, the answer is 36. 

Proof. ?? + ??+ 15 = 36. 

3^4^ 

5. The 8th example of Art. II. is solved as follows : 
Instead of 100 put a, and let a? = the whole number of 
geese. 

Then x + x + f- + 2i=a 

Multiplying by 2, 5j?+5=2a 
By transposition, 5 a?= 2 a — 5 

2« — 5. ^, 
X = : OF 

5 

_2fl A = ^f 1 

Let a = 100. 

Then ^^ 2x100-5 ^195^3 

5 5 

^=.?2<i2^_l = 40-l=39. 
5 

Let a = 135, and find the answer in the tame way. 
. The answer will be 53. 
Proof. 53+63+26J+2j = l36. 

The learner may now generalize the examples in Art. II. 
The preceding examples admit of being generalized still 

i 



IX* Eguationsj Geueralization. did 

inor6, but the process would be too difficult for the learner at 
present. The following question admits it more easily. 

6. (Art. III. Exam. 1.) Two men, A and B, hired a pasture 
for $55, and A was to pay $13 more than B. How much did 
each pay ? 

This question is, to divide the number 55 into two such 
parts, that one may exceed the other by 13. 

* Let us represent 55 by a, and 13 by i. The question now 
is to divide the number a, into two such parts, that one may 
exceed the other by the number h : a and h being any two 
numbers, of which a is the larger. 

Let X = the less part. 

Then or 4- ^ = the greater port. 

And X + i?-f-6 = a 

By transposition, 2 Jt = a — b 

Dividing by 2, x = iL— A = ^~* 

2 ^ 2> 

When a number, consisting of two or more parts, as a — &, is 
to be divided, it is evident that all the terms must be divided, 

n' h h 

as — — -.. But the fractions — and — , having a common de- 

2 2 2 2^^ 

nominator, one numerator may be subtracted from the other 

Hence — — — is the same as^ . This is easily seen in 
2 2 2 "^ 

numbers. See below, where 55 and 13 are substituted for a 

and b. 

Hence it appears, that the less part is found by subtracting haff 
of the excess of the greater above the less from half the number to be 
divided ; or by taking half the difference between the numher to be 
disfided and the excess. 

The greater part is equal iox + b^ hence if i be added to 

~ — — it will give the greater part : 

* Whenever the leemer find* way difficoltv hi comiirtbtBdhig the operatic 
ia the genefll solutioiui, let him firiit Bolye the qaeetione with the iwinttfti 
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or «+i==iL-l + ?^; 

or » + J = ± + l = fL±i 

^ 2^2 2 

Tliemaier w^ttml iy adding hd^ihe excels to half (he number 
io he imded ; or by taking haJfihe mm of^ nuaAer to bcHmdeM 
find mt ejscnSm 

In the above example, 

A» ^^ 66 . 13 _ 66 + 13 o- 
A's part = — + ---, or — X = 34, 

'^ 2 ^2^ 2 

B s part = — — — I or = 21. 

*^ 2 2 2 

Let the learner generalize this question by making x s=, Ike 
greater part. The same results will be obtamed. 

This is a general rule, and will apply to all questions like it, 
and should be vemembered, ibr it is frequently useful. 

Let the learner find the answers to the 2d, 3d» and 7th ex- 
amples of Art. in. by this rule. That is, by putting the num- 
l)ers o£ those examples in the place of a and & in the fermulaB» 

It is easy to see the propriety of the rule. For the fonnula 
<r— 6^^56—13 _^^ gjj^g^ ^^ j^ ^^ ^j3 ^^^^ p^^^ 

more than B, be taken out, the remainder is to be paid in equal 

iwts by them. Also the formula i±^ or ii±li= —, 
* ^ 2 2 2* 

«how'«, that if B were to pay $13 more, he would pay as much 

OS A, and the rent would be paid in equal parts by tnem. 

7. A father, who has three sons (Art. III. exam. 4), leaves 
them 16000 crowns. The will specifies, that the eldest shall 
have 2000 crowns more than the second, and that the second 
shall have 1000 crowns more than the third. What is the share 
oCenchf 

Let a represent the whole number of crowns, h what the 
eldest son's share exceeds that of the second, and c what the 
share of the second son exceeds that of the third. 

This question may be expressed in general terms, thus : To 
divide a given number a, into three such parts, that ^ great- 
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eat may exceed the mean by a given number ft, and the mean 
may exceed the least by a given number c 

Let X = the greatest 

Then x — 6 = the mean. 

And X — b — c = the leant. 

By the conditions, 

Sx — 26 — c=a 
By transpoailioD} 3ar = a + ^^+^ 

Dividing by 3, x = ^ + ^I + L. 

Or because the fractions have a common denominator, 

3 
This is the foimula for the greatest part. .• The mean is « — • 

i, or b subtracted from^ + 1- i. thus: 

3 3 3 

3 3^3 

3^ 3 ^3 3' 



*-6=:?-^ + £ = 



a — ft-f-c 



3 3*3 3 

The least part is a? — b — c, or c, subtracted from 

3 3^3' 

iCL b t C 

3 3^3 

^^ ^ jL ^ d b n_c 2e 

Of «— 0—c = ——-- + — — —, 

3 3^3 T 
"^3 3 3 3 
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Thegreitost partis fL+i^+i. 



Hie mean do. 



a — i •■j-c 

3 
a — h—^c 



The least do. 

3 

The eldest son's share, by the first formula, is 

16000+2x2000+1000 ^ ^oOOcnmns. 
3 

The other shares may be found by the other two formulas. 

Let the learner solve this question by making x equal to the 
less part, and also by making it equal to the mean. 
. Exam. 5th, Art. III. may be solved by this formula. Let 
the learner generalize the questions in Art. IIL as far as to 
Exam. 16th. 

The examples in Art. L may be generalized still farther. 

8. A man bought com at 4s. (a) per busdhel, rye at 6s. (&^ 
per bushel, and wheat at 8s. {c\ per bushel : there was an equal 
quantity of each sort. The wnole came to 908.:^c(). How ma- 
ny bushels were there of each ? 

It will readily be perceived that it is impossible actually to 
perform the operations of addition, subtraction, &c. on letters % 
but it is easy to represent these operations. We however fre- 
quently speak of adding, subtracting, multiplying, and dividing 
algebraic quantities, by which we mean, representing these 
operations. We have seen that to express 3 times «? or 3 times 
a we write 3:r, 3 cr, that is, xox a multiplied by 3. In the same 
manner, if we wish to express a times x^ that is, x multiplied 
^by a, we write a x ; and if we wish farther to express that a x 
(that is, a times x) is to be multiplied by 5, we write ab x. 

*Let X = the number of bushels of each. 

Then a a? = the price of the com. 
& £ = the price of the rye. 

And • c 1? = the price of the wheat. 

aX'\'OX'\^ex=:d. 

Here x is taken a times, and h times, and e times, that is, 
(a + 6 +c) times. This may be expressed thus, {a-\'h '\'c)Xf 

* Let the learner perfbrm this example first by the numbers. 
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enclosing the three coefficients connected by their signi in m 
parenthesis. 
This will be plain if we put it in numbers. 

4ap-4-6'>^ + 3^isthe same asf4 + 6 -j- 8)a?, that is, 18 a:. 

If we had lSx=:d 

m should idivide by 18, x:=zjL 

^ 18 

In the same manner divide by (a -|- i -|- c), 



« = 



ParAedar Ant. 5 bushels. 

This general formula is expressed in words as follows : Di- 
vide the price of the whole by the price of a bushel of each 
sort added together, and it will give the number of bushels of 
each sort. 

9. A &ther .dying left $25000 (or a) to be divided between 
his wife, s(m, and daughter ; his son was to have 3 (or &) times 
as much as the daughter, and the wife 2 (or c) times as much 
as the son. What was the share of each? 

Let X = the share of the daughter. 

Then 3 a: or Jo? = the share of the son. 

And 6a?ovft€ A? rr the share of the wife. 

a:-}-.3aj-|-6i? = 25000 

X'\'hx'\-hcx'z=.a 

(1 4. 3 + 6)a? = 10a? =2600a 

(1 +6 +6c)» = a 

25000 oenn 
X ;= = 2500 

10 

a 

X = 



l+» + 6c 

In this Qzample observe that x is taken 1 time, and h tinie^ 
and b c times. When a letter is written without a coefficient, 
it is always understood to have 1 for its coefficient ; thus x k 
the same as 1 ir. 

Having found the share of the daughteri it is eaqr ta find the 
ihares of the other two. 
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ab 

Toe son's share is 3 a? = 7600, or i a? = ^ . 

The wife's do. is 6a? = ISOOO.or ftca?= ^,^^ , , 

The learner may now generalize some of the examples in 
Art. I. in this manner. 

10. A gentleman, distributing some money among some 
begsars, found, that in order to give them 8 (or a) cents apiece, 
he^ould want 5 (or b) cents ; he therefore gave them 7 (or c) 
cents, and he had 4 (or d) cents left. How many beggars were 
there i 
Let c = the number of beggars. 

Then Bx— 6 =7a? + 4 

or ax — b =: c X •■\- d 

Sx — 7x= 6 +4 = 9 
a a?— CO? = 6 -^cl 
8— 7>r= 9 
a — c)«= 6 -f-d 
a?= 9 

x=l±^. 






Particular Ans. 9 beggars. 

Qeneral Am. i±A. 
a — c 

11. There is a cistern which is supplied by two pipes ; the 
first will fill it alone in 7 (or a) hours, the second will fill it 
nlone in 5 (or b) hours, in wnat time will it be filled if both 
run together ? 

Let a? = the number of hours in which both together will 
fill it. 

The first will fill | or -^ of it in one hour, and the second will 

a 

fill \ or- of it in one hour ; both together will fill | -f i or 

« -f- . of it in one hour. In x hours they will fill x times as 
a ^ j~ 

much, that is, 

--4- -, or - + -.. 

7^? a b 
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Bot aehomn is the whole time, dierefoie, the cktem heii»g I, 

? + f= I, or ? + * = !. 
7 5 a • 

dearing of fractions, 

Uniting coefficients, 12:p = 35 (6-}*^)^=^^^ 



Particular Ans. 2|| hours. 

a + 6 

Suppose one pipe would fill the cistern in 8} hours, and the 
odier in 4| hours, and find the answer by the eeneral formula 

Ans. dyf T hours 

12. Suppose it were required to make a rule for Fellowship. 
First take a particular case. 

lliree men, commencing trade together, fiimished money in 
the following proportions ; A $8 as often as B $5, and as often 
as C $3. Tiiey gained $800. What is each man's share of 
the gciio }^ 

It ia e^ent that they must receive in the proportion of the 
wpitai tbat they respectively furnished. 

Let X = A's share of the gain. 

Th«n ^.= 6*8 share. 

8 

And -J- s= (7s share.* 

a? + ^ + ^JE = 800 

8i + 5a?H-3a? = 6400 
16«= 6400 

a?= 400 =: A's fih^l¥* 

f5= 360 = B'8shve. 

£? = 150 =iC8 share. 

8 '■ 

« 8m Alt. II. Ezamp. 94 and 36. 
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Now, kistoad of 8, ^ aad 3, mippofle Ihey fiiniiihed in the 
proportioii of m, n, and|»; and let we whole gain be a. 

Let X = A's share of the gain. 

Then !L* = F« share. 
m 

And . ifsCsshare. 
Ill 

Then we have 

m m 

(m -f* n + 1») « = ma 

X = = A's share. 

** + *•+!' 

Fs share is ^ or the iL part of ^ i= A's diare- 

Since a fraction is divided by dividing its numerator, the 
^ part of 9 will be found by dividing the numerator 

mahjm. a multiplied by m is m a, therefore, m a divided by 

m is a. Hence the . part of ^L^ is ft , and 

fli w + n+p m •+•*+!> 

^B Aft tfV 

the — part i^n times as much, that is , which is B*s 

' m m + n+jP 

share. 

Cs share is£5y or the -£. part of ^^ , which is 

m mm-}- i^+P 



a 



m-f-» + P 



A's share is H^ : B'sdo — jandCsdo. 

m-|-n+p m + n + p 



m + n + p 
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Hence to find the share of ehhery mmUpUfthewl^ sum 1o he 
divided f by Uie preportum of Ae stodt toUA he ftumuhed^ and O^ 
tide the product hy the moh of their propartioni. 

The propriety of this rule is easily seen. For, patting in the 

8 
numbers instead of the letters, A^s share is or /^ of 

8 -f- 6 -|- 3 

^800, B's share is or yV of '^U ^^ C> stone is 

8 -}- 6 -}- 3 

3 

or fV of it. That is, the sum of all their propor- 

8-|- 6 -f- 3 

tions is 16, and of these A furnished 8 ; B, 5 ; and C, 3. 

13. Let it be required to find what sum, put at interest at a 
given rate, will amount to a given sum in a given time ; tliat 
is, to find a rule, by which the principal may be found, when 
the rate, time, and amount are given. 

First take a particular case. 

A man lent some money for 3 years, interest at 6 per cent, 
and received for interest and principal $472. What was the 
sum lent f 

Let X =z the sum lent. ^ 

Then -^.= the interest for 1 year. 

100 ^ 

And — = do. for 3 years. 

100 ^ 

]8>r 
And X + — = the amount for 3 years. 

^100 ^ 

Hence we have x + — ^ = 472 

^ 100 

100;r+ 18 a? = 47200 
118 a? = 47200 

X = $400 = The sum lent. 

It is a custom established among madiematicians to use the 
first letters of the alphabet for known quantities, and some of 
the last letters for unknown quantities. It is, however, fre- 
quently convenient to choose letters, diat are the initials of the 
words for which they stand, whether the quantities be known 
or unknown. 
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To generalied the above exAmpJe, 

Let p = the prinoipal, or dum lent. 

r = the rate per annum, which in the above case 
isTlTOr-0&. 

and ^ ^1= the time for which it was lent, 

' and a =: the amount. 

Then rp = the interest for one year, 

amf trpzs: do. for t years, 

and p'\'trp= the amount. 
H wee we have p^trpziza 

(1 + ir)p = a 

That is, multipiy the rate hy the iime^ add 1 to theproductj and 
dmde tke amount by Mb^ and it wHl give thepriiicipaL 

In tlie above example the rate is .06, which, multiplied by 3 
(the time), gives .18, and one added to this makes 1.18 ;^ 472 
divided by 1.18 gives 400, as before. 

Apply this rule to the following example. 

A man owes $275, due two years and tliree months hence, 
without interest. What ought he to pay now, supposing money 
to be worth 4J per cent, per annum f 

N. B. 2 years and 3 months is 2^ years. 

Am. $249T\VTVy 

See Arithmetic, page 84. 

The learner may now make rules for the following purposes : 

14. The interest, time, and rate being given, to fiotd the prin- 
cipal. 

15. The amount, time, aijid principal being given, to find the 
rate. 

16. The amount, principal^ and rate given, to find the time. 

17. A man agreed to carry 20 Tor a) ea then vessels to a 
certain place, on this condition ; tnat for every one delivered 
safe he should receive 8 (or b) cents, and for every one he 
broke, he should forfeit 12 (or c) cents ; he received 100 (or J) 
cents. How many did he break i^ 
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Let J? = the number unbroken. 

Then 20 — a: or a — x ^n the number broken. 

For every we unbroken he was to receive 8 or i cents, these 
will amount to 8 x or & j? ; and for every one broken he was 
to pay back 12 or c cents, these will amount to 240 — 12 x 
cents, or ac — ex ; this must be subtracted from the former. 

240 — 12 X, subtracted from 8 Xy is 

8x — 240 + 12x, or 20a? — 240. 
Also ca-'^cx subtracted from bx^ is hx — e a-^- cx\ f(Mr the 
quantity ca — c a? is not so larffe as € «r, by the quantity t x, 
therefore when we subtract c a from b x, we subtract too much 
by c Xy and in order to obtain a correct result, it is necessary to 
add cxm 

The equation is 

20 X — 240 = 100 or 6x + cx — ac=zd 

20x=340 " bx + cx = d+ae 

x=17 " x=zi±^. 

b + c 

Particular Ans. 17 unbroken, and 3 broken. 

General Ans. Unbroken ^tfJ^, 

6 + c 

Putting, numbers into the general answer, 

100+12X 20 _ ,^ 

8+12 

The propriety of this answer may be shown as follows : If 
he had broken the whole 20 (or a) he must have paid 12 X 20 
= 240 (or ac) cents ; but instead of paying this, he received 
100 (or d) cents. Now the difference to him between paying 
240 and receiving 100 is evidently 340, {ot d-\- a c) cents. 
The difierence for each vessel between paying 12 and receiving 
8 is 20 (or b -^c) cents ; 340 divided by 20 gives 17, the an- 
swer. 

The above is a good illustration of |Mmttoeand m^o^oe quan* 
titles, or quantities afiected with the signs + and -^. The 
sign -|- is placed before the quantities, which he is to receive, 
Rnd the sign — before his losses. We observed that the dif- 
ference between receiving 100 and losing 240 is 340, that \% 
the difference between -f- 100 and — 240 is 3^, or their sum* 
Also the difierence between 4- d and — ac ia d-^- a c, Sollie 

6* 
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difference between -}- 8 and — 12 ui 20, or between + b and 
— eisb^c. 

Hence k follows, ikai to nAtract a quantity uUch has ihe sigu 
«-, toe must give it the opposite sign^ that t% it must be added, 

X. Hie ieamer, by this time, must have some idea of the use 
x>f letters, or general symbols, in algebraic reasoning. It has 
been already observed that, strictly speaking, we cannot actu- 
ally perform the four fundamental operations on these quanti- 
ties, as we do in arithmetic ; yet in expressing these operations, 
it is frequency necessary to perfonn (^»erations so analogous to 
them, that they may with propriety be called by the same 
names. Most of these have already been explained ; but in 
order to impress them more firmly on the mind of this learner, 
they will be briefly recapitulated, and some others explained 
which could not be introduced before. 

JVb^£. Algebraic quantities, which consist of only one term, 
are called simpk quantities^ 9A -\- 2 a^^-^^ab^ d^c. ; quantities 
which consist of two terms are called binomials, as a -^^i ^ — b, 
3 6 -^ 2 c, &c. ; those which consist of three terms are called 
trinomittls ; and in general those which consist of many terms 
are cMcd polynomials. 

Si7t7ple Quantities. 

The addition of simple quantities is performed by writing 
thm after each other with die sign -)- between them. To ex- 
press that a is added to &, we write a -|- &. To express that a, 
bj c, d, and e are added together, we write a + b-^c + d-^-e. 
It is evidently unimportant which term is written first, for 
3 ^ 5 ^ 8 is the same as5-|-3«f8, oras8-|-5 + 3. So 
a^b 4-<^has the same value as & -{- a *{- c. 

It has been remarked (Art. I.) that x-^x-}^ x may be writ- 
ten 3 <r. This is mult^ication ; and it arises, as was observed 
in Arithmetic, Art. III., from the successive addition of the 
same quantity. 3 j?, it appears, signifies 3 times the quantity 
a?, that is, x multiplied by 3. So 6 -|- i -|- A -|- J -j- & naay be 
written 5 b. In the same manner, if a? is to be repeated, any 
nomberof times, for instance as many times as there are units 
in ftf we wrila ax, which signifies a times <r, or j: multiplied 
by a. . ; . 
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N. B. The learAer should constantly bear in mind ihat tlie 
letters, a, i, c, &c. may be used to represent any known num- 
ber ; or they may be used indefinitely, and any number may 
afterwHids be substituted in their place. 

Again, ah -{-ab -^-ah may be written 3 ai, that is, 3 times 
the {mduct ah} also e times ihe product a h taay be written cab. 

It may be remarked that a times i is the same as b timet 
a ; for a times 1 is a, and a times b must be b times as much, 
that 18, h times a. Hence the product of a and b may bc^ writ- 
ten either ah or ha. In the same manner it may be shown that 
the product c a£ is the same as a i c. Suppose a = 3, i =: 5, 
andc = 2, thena&c = 3x 5x 2,andca & =:2>C 3x5. In 
fact it has been shown, in Aritb. Art IV., that when a product 
is to consist of several factors, it is not inqwrtant in what order 
those fiictors are multiplied together. The product of a, i, c, 
if, 6, and f, is written abcdef. They may be written in any 
other order, bs a cdbef,of fbedcay but it is generally more 
convenient to write them in the order they stand in the al- 
phabet. 

Let it be required to multiply 2ahhy2cd» The product is 
6a bed; foretimes 2 ab is 2 abdj but c i{ times 3a6 is c times 
as much, or Sab cdj and 2e d times Sab must be twice as 
much as the latter, that is, 6 abed. 

Hence, the product of any two or more iimple quantities mutt 
consist ofatl the letters ofeadi quantity ^ and the proauct of the cotf" 
ficients of the quantities. 

N. B. Though the product of literal quantities is expressed 
by writing them togeUier without the sign of multiplication, 
the same cannot be done with figures, b^aufie their value de* 
pends upon the place in which they stand* Sab multiplied by 
2 c dj for instance, cannot be written S^abtd, If it is requir- 
ed to express the multiplication of the figures as well as of the 
letters, they must be wntten 3 ab^dCjOrSx^^hedfOr S.2ah 
c d. That is, the figures must either be separated by the let- 
ters or by the sign of multiplication. 

m W 

Exam§des in Jihk^ieaiion. 

by 4edf Ans. 12 ahcdj 

by ais. Jtns. bahhccd* 

by 8. 

by laacd. 

by XSabbd. 



1. Maltiply 


3ai 


2;' 


bbed 


8. 


9egh 


4. 


I3ae 


5. 


3Sabc 
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6. Multiply 138 by 5oci2. 

7. 25d? by Wahx. 

8. 42ayy by 12apa^y. 

It (irequently happens, as in some of the above examples, that 
' a quantity is multiplied several times by itself, or enters several 
times as a factor into a product ; as 3 a d a & i, into which a en- 
ters three times and h twice as a factor. In cases like this the 
expression may be very much abridged by writing it thus, 3 «^ 
J*. That is, by placing a figure a little above the letter, and 
a little to the right of it, to show how many times that letter is 
a fiictor in the product. The figure 3 over the a shows, that a 
enters three times as a factor ; and the 2 over the 6, that h en- 
ters twice as a factor, and the expression is to be understood 
the same as 3 a a a 6 &. The figure written over the letter in 
this manner is called the index or exponent of that letter. The 
exponent affects no letter except the one over which it is 
written. 

Care must be taken not to confound exponents with coeffi- 
cients. The quantities 3 a and a' have very different values 
Suppose a = 4, then 3 a = 12; whereas a' = 4 X 4 X 4 rr 04 
In the product 3 a' 6* suppose a = 4 and i = 5, then 
3V6* = 3X 4 X 4 X4x 5 X 5 = 4800. 
The expression a* is called the second power of a, a' is called 
the third potoer, a* the fourth power^ &c. To preserve a uni* 
formity, a, without an exponent, is considered the same as a*, 
which is called the first power of a.* 

Figures as well as letters may have exponents,^ 
The first power of 3 is written 

3« = 3 
the second power 3* = 3 X 3 = 9 

the third power 3' = 3 X 3 X' 3 = 27 

the fourth power 3* = 3x3x3x3 = 81 

the fifth power 3* = 3x3x3x3x3 = 243- 

The multiplication of quantities in which some of tbe fiictors 
are above the first power, is performed in the same manner at 
in other cases, by writing the letters of both quantities togeth^, 

* In most treatises on alrebra «& i« ealled the »iivar^ of «, and n? \\m tath9 

of a. The torins square and euhe were borrowed from gjeometry, but ae th«j 

are no* onlv inappropriate, but convey ideas very foreign to the {ireseift -"*' 

e«r., it iiuij been thonorht best to discard them entirely. 



taking care to give them their proper exponents. 2am X, 
3^ dP is the same H82ammX ^ccddj which gives 

6 am m c c d d r:i & a m* c^ d^» 
a* multiplied by a* gives a* a* ; but a^ z^^aaa and a^ =::.aay 
hence a* cr =z d a a a a =: a^. In all cases the product con^ 
sists of all the &ctors of the multiplicand and multiplier. In 
the last example a is three times a factor in the one quantity, 
and twice in the other ; henc6 it will be five times a factor in 
the product. The exponents show how many times a letter is 
a fiiolor m any quantity ; hence if any letter is contained as a fac- 
tor one or more times in both multiplier and mtdtiplicanJLf the expo- 
nents being added together vMgive Hie exponent of thai letter in 
the product. 

a X « = o* X o^ = «*"*^ = a*, a* X <«* = «*+"* = a\ 

0* X «» = rt'-i-» = a», &c. 

9. Multiply a* 6* by a b\ Ans. a» J*. 

10. ab'c by a'bd". 

11. 6tfcd^ by ab'cK 

12. a'c" by a'b^e. 

la 7aVy by btfhcx*^. 

14. 17i*(Pc by Abbcdee. 

15. 23 a' o;^ by 2aabxx. 

16. ISaayy by 6a*yyx. 

It has already been remarked that the addition of two or 
more quantities is performed by writing the quantities* after 
each other widi the sign -|- between them. The sum of 3 a i, 
2acd, 5a'6, 4a6, and Sa^b^isSab -\'2acd'\' 5a*b ■■\'4ab 
-(- 3 a'6. But a reduction may be made in this expression, for 
3a&-|-4a&is the same as 7 a i ; and 5 a* 6 •4- 3 a^o is the same 
as 8 a* i ; hence the expression becomes 

7ab + 2acd + 8c^b. 

Reductions of this kind may always be made when two or 
more of the terms are similar. When two or more terms are 
composed of the same letters, the letters being severally of the 
same powers, they are said to be wmiVrtr. The numerical co- 
efficients are not regarded. The quantities 4(tb and Sab are 
similar, and so are 5 a* 6 and Sa^b ; but 4 a h and ba^b are not 
similar quantities, and cannot be united. 

The subtraction of algebraic quantities is performed by 
writing those, which are to be subtracted, after those from 
which they are to be taken, with the sign — between them* 



70 Algebra. XI 

If 6 18 to be subtracted from a it is written a — h, 5 a i* to be 
subtracted from 8 a b\ is written Sab* — 5 a 6*. This last ex- 
pression may be reduced to 2ab*. In all cases when the 
(|uantities are smUar^ the subtraction may be performed imme- 
diately upon the coefficients. 

Compound QuatUitie9. 

XL Tlie addition and subtraction of simple quantities, pro- 
duce quantities consisting of two or more terms which are 
called compound quantities. 2a-f-c^ — 36is a compound 
quantity. 

Addition of Compound Quantities. 

The addition of two or more compound quantities, when all 
the terms are affected with the sign -f- will evidently be the 
same, as if it were required to add together all the simple quan- 
tities of which they are composed ; that is, they must be writ- 
ten one after the other with the sign -J- before all the terms ex- 
cept the first. The sum of the quantities 3 a 4- ^ ^ and b '\-2d 
is3a + 2c + i+2d. 

If the quantities 3 a £ -[" 5 ^ and b — c be added, in which 
some of the terms have the sign — , the sum will he^ab -{-bd 
-}- 6 — c ; for i — c is less than i, therefore, if 6 be added the 
sum will be too large by the quantity c. Hence c must be sub- 
tracted from the result. 

This may be illustrated by figures. Add together 17-f 10 
and 20 — 6. Now 20 — 6 is 14 
and 17 4. 10 + 20 — 6 is equal to 17 -f 10 + 14. 

From the above observations we derive the following rule for 
the addition of compound quantities. 

Write the quantities after each other withotU changing their signs, 
observing that terms which have no sign before them are understood 
to have the sign -|-« 

. A sign aflects no term except the one immediately before 
which it is placed ; hence it is unimportant in what order the 
terms are written, for 14 — 5 -f 2 has the same value as 14 -f- 
2 — 5 or as — 5-|-2-fl4. Those wftich have the sign + 
are to be added together, and those whicli have the sign — are 
to be subtracted from their sum. If the first term has the sign 
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4*9 the sign may be omitted before this tenn, but the s^ — 
must always be expressed. Great care is requisite in the use 
of the si^s, for an error in the sisn makes an error in the re- 
Bolt of twice the quantity before which it is written. 

Add together 3a + 2 6c* — 3c* 
•and 5a — 36c* +2c* 

and 7a64-46c' — 8c* 

and — a-f3c* — 26c'. 

The sum is 

3a + 26c' — 3c* + 5a — 36c' + 2c* + 7a6 
+ 46C* — 8c* — a + 3c*— 26c'. 

Bat this expression may be reduced. 

jfeid -f» ^a — fl = 8« — a = 7«, 
and 

25 c* — 36 c' + 46 c' — 26c' = 66c' — 6 6c' = 6c«, 
and 

— 3c* + 2c* — 8c* + 3c*= — llc* + 5c* = — 6^; 

hence the above quantity becomes 

7a + 6c' + 7a6 — 6c*. 

To reduce an algebraic expression to the least number of 
terms, eoUeci togeilwr all the similar terms affected wUh the sign + 
tmd also those affected wUh the sign — j and add the coefficients if 
taxk separatdy ; take the i^erenee of ihe two sums and put it vnto 
the general restdt^ giving it the sign of the larger quantity. 

Examples in Addition. 

1. Add together the following (Quantities. 

6«6 — 2a't» 
and 3 a6-T-5am4-^9M* 

3. Add together the following quantities. 

13an' — dm + cr', 
and 76« — 3a!* — 8y, 

and 4an* + 5aa;* — Ay. 
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3. Add together the following quaniitiefl. 

1 mab — 16*— 43 my, 
and 19 aeb — IS amb -{-27 may -^-48^ 

and 14my— 19may-f"**^ — ^^j 

and 4ita7-*3&n -|-23amy-*n6. 

4. Add together the following quantities. 

xy — ax — fly + «<ry, 
and — 2ajy— 2ay 4-3aa?-|" 15> 

and 18ara? — 73 -{- 13aa?y — am, 

and — Ibaxy — 13a m + 43 -|- 18a ra?» 

and arx — 18 + ay — 2 a a? y-f- 3 am. 

5. Add together the following quantities. 

13aap — 2bx — 7, 
and 156a? — 17ia?y-f- 16,^ 

and 47aeil — Xj 

and 37— 6x — 2a + 436yai, 

and acd + byx — 18a. 

Subtraction of Con^found Quantities. 

Xn. The subtraction of simple quantities, as has already 
been observed, is performed b^ giving the sign — to the quan- 
tity to be subtracted, and writing it before or after the quan- 
tity, firom which it is to be taken* If it is required to subtract 
c + d from a ^ i it is plain that the result will be a -f- fr ->— c 

— d, for the compound quantity e -{~ ^ ^^ made up of the sim- 
ple quantities c and d, which beiqg sobtmcted separately wpuld 
give the above result. 

From 22 subtract 13 — 7. 

13 — 7 = 6. 

and 22 — 6 = 16/ 

The result then must be 16. But to perfimn the operation 
on the numbers as they siand, first aubtract 13, whicJh gives 
22 — 13 = 9. This is toocvnall by 7 b^eaiise tlie number 13 
is larger by 7 than the number to be subtracted, therefore in 
order to ootain a correct result th^ 7 mu^t be added ; thus 22 

— iS + ''^ = 1^1 W| required. 
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■ 

From a subtract b — e« . 

First subtract 6, which gives a — i 

This quantity is too small by c because b is larger than b — c 
by the quantity c. Hence to obtain a correct result c must be 
idded, thus a — 6 -{- e. 

This reasoning will apply to all cases, for the terms afl^ted 
with the sisn — in the quantity to be subtracted diminish that 
quantity ; hence if all the terms affected with -f- be subtract- 
ed, the result will be too small by the quantities affected with 
— f these quantities must therefore be added. The reductions 
may be made in the result, in the same manner as in addition. 
Hence the general 

Rule. Change aU the signs in ihc number to be subtracted, the 
s^ns -{- to — , and the signs — to -|-» ^^ then proceed as in adr 
intion. 

Examples in Subtraction. 

1. From a^x + Sby — 5ae^ — 16 
Subtract 3a'a?+fty-^2ac' — 22 

Operation. 

a*«-{-36y — Sac* — 16 
— 3 a* ir— iy + 2 ac* + 22 



— 2a'a? + 2iy — 3ac' + 6 

8. From 36a?*— 7aa:'+ 13 

Subtract ISbe — Saa^ — 8. 

Ans. Sbx* — 13ic — 4ax'-f 21. 

3. From 17a»y + 13ay» — a — 3 

Subtract 2a*y — b — lla+5. 

4- From 42aa?y — 4 ax 

Subtract 17 a a? — 2axy — 5 

5. From 143 — 17 y 

Subtract 33 + 4y — 16ai. 

7 
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6. From a-^-Sabe — 1 
Subtract l-^Sabc — a. 

7. From ^abz + 2ab — Tz 
Subtract 2ab — 7z — 2abz. 

MJtipUcaHon of Compwmd ^wmtUm. 

XIII. Multiplication of compound quantities is sometimes 
expressed without being performed. To express that a -j- & is 

to be multiplied by c — df, it may be written a -f-i x c — d 
with a vinculum over each quantity, and the sign of multiplica* 
tion between them ; or they may be each enclosed in a paren- 
thesis and written together, with or without the sign of multi- 
plication ; thus (a + *) X {c — rf) or (a -f- 6J (c — d). In die 
expression a-^-b (c— a), b only is to be multiplied by c — d. 

Multiply o -{- 6 by c. 

It is evident that the whole product must consist of the pro- 
duct of each of the parts by c. 

a+b . 20+4 =24 

e 3 3 



• ac + bc 60+12 = 72 

Examples* 

1. Multiply 3 a 6 + 2 c d by ef. 

Am. Sabef + 2cdef. 

2. Multiply 5ac + &c + 3ci2by2e. 

Ans, 10ace+26ce + 6crfci 

3. Multiply 6a«ft+6«c'by3aft». 

4. Multiply ic*rf*+62a'6« + 136Vrf 

by Id^Vc. 

5. Multiply 2a5rf + 3aia:» + aJa^- 

hi 3 a J JF*. 

6. Multiply ,aa?' + 3a6a;* by 13a6'a:* 

When some of the terms of the multiplicand have the sign 
- they must retain the same sign in tlie product. 
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7. 8. Multiply a — b by c, dso 23'»5 by 4. 

a — b 23 — 6 =18 

c 4 4 



ac — 6 c. 92 — 20 = 72. 

Since the quantity a — 6 is smaller than a by the quantity 
i, the product a c will be too large by the quantity b c. This 
quantity must tliefefore be subtracted from a c. 

9, Multiply 3 o 6* — c by 2 rf, 

10. " 2ad + bd—2c by 5ab. 

11. " 3bcd — ef — 2ac by Sue 

12. " 2o'6c — So' + fc* by 4a^i\ 

13. « 17acrf— 1 -f 6a«a?— a6*a? 

by a^ed. 

When both multiplicand and multiplier consist of several 
terms, each term of the multiplicand must be multiplied by 

each term of the multiplier. 

14. Multiply 12 + 5 by 7 + 4. 

12 + 5 = 17 
7 +4 = 11 



84+35 
+ 48 + 20 

84 + 35 + 48 + 20 = 187 

15. Multiply a + 6 by c + <{. 

a + J 
c + rf 



ac-\'bc'\'ad'\'bdm 

It is evident thalt if /z + 5 be taken c times and then d times, 
and the products added together, the result will be c + c{ timei 

0+6. 
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< 16. Multiply .ax — 3ay-|-xy by 3ay -j-ax. 

ax — 3ay -{-xy 
3ay-|- a x 

Scfxy — 9a'y» + 3aa:y» 
a*a^ — 3a*a;y + ^'^y 



a"«" — 9a*y* + 3ayx*+aa:*y. 

In adding these two products, the quantity 3 a' d?y occurs 
twice, with diflerent signs ; they tfierefore destroy each other 
and do not appeal' in the result. 

17. Multijdy 5ad'\'Sacd — 5a'c 

by 2o'^c + 2arf. 

18. Multiply 13a*ry— 2a6y' + 3cy* 

by 6cy' + 7afty» + a 

19. Multiply lloc* + 3a»c — 4a' 

by 2a'c+ar 



20. Multiply 


fl«_2ac + c* 


by 


a -{- c 


21. " 


3a*— 36* 


by 


2 a* + 2 6* 


22. •* 


36 + 2C 
36+2c 
2a— 36 


by 


2a— Sb. 




6a6 -{-4ac 






_96« — 66c 


wm^m^ ^ 





0ab + 4ac — 9b* — 6bc. 

l{Sb '^2ehe multiplied by 2 a only, the product will be 
too large by 3 6 times 36 -{- 2 c ; hence this quantity must 
be multiplied by 3 6, a^id the product subtracted from 6 a 6 -f- 
4ac. 

This result may be proved by multiplying the multiplier 
by the multiplicand, for the product must be we same in both 
cases. 

23. Multiply 2acI + 36c + 2 by 4a6— 2e. 
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34. Multiply 6a*5 + 2ai* by 2a*b—b*—l. 

25. " 19 — 6 by 9 — 4. 

19—5 =14 

9 — 4 = 6 



171—46 • 70. 

— 76+20 

171 _ 45 — 7§ + 30 = 191 — 121 = 70. 

46. Multiply a — b by e — d. 

a — b 
c—d 



ac^be 
— ad + bd 



ac-'^bc — arf + 6rf. 



This operation is 8i:^ciently manifest in the figures. In the 
letters, I first multiply a — i by c^ which gives ae — bc^ but 
the nnultiplier is not so larse as e by the quantity d^ therefore 
the productac — icistoo laree by d times a — b; this then 
must be multiplied by d and the product subtracted, a — b 
multiplied by d gives ad—^bd; and this subtracted fi^om 
ac — 6c gives ac — be — ad-^bd. Hence it appears that 
if two terms having the sign — be multiplied together, the pro* 
duct must have the sign +• 

From the preceding examples and observations, we de- 
rive the following general rule for multiplying compound quan* 
titles. 

1. Multiply att the terms of the mvltipUcand h/ atch teh^ of the 
multiplier^ observing the same fides for the coeffieienis and letters as 
in simple quantities. 

2. With respect to the signs observe^ 

1st, That if both the terms tehieh are mtuli^fiied togetker, have 
the sign +, the sign of the product must be -|*. 

2d, J^ one term be affected vnih -f-, and the other with -', Ae 
product must have the sign — • 

7» 
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3d, If hoik terms be affected with the sign — , the prodmt mmt 
have the stgn -{-. 

Or in more general terms, Tf both terms have the same sim, 
whetiier + or — , tftc product must luwe the sign +j tind ^ they 
have different signs^ the product must have the sign — . 

27. Multiply 3(i»i— 2ac*+5 
by Tab — 2a c — 1. 

2ia»6»— I4a*6c +35a6 
— 6a*Jc-|-4aV — lOac 
— 2a*b + 2ac — 5. 



I'roduct 

21a5i«_14a«6c + 35a6 — 6a"6c+4a*c"— 8ac— 3o'i— 5. 

28. Multiply 7iii-|-6n 

29. " a^ + ay—y" 



by 


4 lit — 3ii. 


by 


a— y. 


by 


n — X. 


by 


a» — a6 + ft'. 



30. " n* + n cr -}- o:^ 

31. " a'' + ab-\-b* 

32. •* Sx* — 3iry + 4y' 

by 5a? — 6xy — 2j^. 

33. « 3a*c— 5ac*-|-2c' 

by 2o'c — 4a'c» — 7ac*. 

34. *• 2o' — a'« + 2 by 3a — a? — 3. 
36. " '7 4fb + 2V — l by 3a* — 2J*— 1. 

.It is generally much easier to trace the effect produced bj 
each ot several quantities in forming the result, when the ope- 
rations arc performed upon letters, man when performed upon 
figures. The following are remarkable instances of this. Tney 
ought to be remembered by the learner, as frequent use is 
made of them in all analytical operations. 

Let a and b represent any two numbers; a -^b will be their 
sum and a — * 6 their difference. 
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Multiply a + b by a — b. 

a + b 
a — b 



— ab — b* 

a' — b\ 

That is, if the mm and the difference of two numbers be muUipU' 
td together, the product vnU be the difference of the second pofwen 
of these two numbers. 

Particular Example. 

Let a=: 12 and 6 = 7, 

a + 6 = 19, and a — A = 5, 
a* = 144, V z= 49. 
(a + 6) X (a — i) = 19 X 6 = 95, 
and a» — 6* = 144—49 = 95. 

Multiply a -{-b by a + b, 

a + b 
a + b 

of +ab 

ab + V 



a* + 2ab + b\ 



That is, the product of the sum of two numbers, ay tthelf or the 
second power of the sum of two numbers, is ejual to the sum of the 
second powers of the two numbers, added to twice the product of the 
two numbers. 

Multiply a — b by a — b. 

The answer is a' — 2ab + b*, which is the same as the last, 
ejccept the sign before 2 a b. 

Multiply a* + 2ab +b* by a+ b, that is, find the third 
power of a + b, 

Ans, a' + 2a*b + SaV + b\ 
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This is expressed in words thus : ikb third power ojf the firsts 
flus three times the second power of the first into the second^ plus 
three times the first into the second power of the second, plus the unird 
power of the second. 

Multiply a* — 2ab+V by a — b. 

Ans. €f — Zifh + ZaV—V. 

Which is the same as the last, ezc^t the signs before the se- 
cond and last terms. 

Instances of the use of the above fonnulas will frequently 
occur in this treatise. 

Division of Algebraic Quantities. 

XIV. The division of algebraic quantities will be easily per- 
formed, if we bear in mind that it is the reverse of multiplica- 
tion, and that the divisor and quotient multiplied together must 
reproduce the dividend. 

The quotient of a 6 divided by a is &, for a and b multiplied 
together produce ab. So ab divided by b gives a for a quo- 
tient, for the same reason. 

If 6 abche divided by 2 a, the quotient is 3 6 c 
If by 2 bj the quotient is 3 a 4^ 

If by 2 c, the quotient is 3 a 5. 

If by 3 bf the quotient is 2 a c. 

If ' by 3 a 6, the quotient is 2 e. 

If by 6 a die quotient is be. 

For in all these instances the quotient multiplied by the di- 
irisor, produces the dividend 6 abc, 

Examples. 

1. How many times is 2 cr contained in 6 a & c9 
Ans. 3 & c times, because 3 & c times 2 a is 6 a & c. 

2. If 6 a i c be divided into 2 a parts, what is one of the 
parts ? 

Ans. Zhc) because 2 a times 3 & c is 6 a i c. 
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Hence we derive the following 

RuL.c Divide the coefficient of the dividend by the coeffiaent qf 
the divisoTf and strike out the letters of the divisor from the divi- 
dend. 

S.Divide ^6abc by 4. 

4. «* I2abc by 3a. 

5. " 20 aba by lObe. 

6. ** IS abed by • 6 ad. 

7. « 22abc by ab. 

8. « 17 a d by ad. 

9. " 4 a' by a\ 

Observe that 4 a' is the same as 4 a a a and a' is the same 
asaa; 4aaa divided by a a gives 4 a for the quotient. 

It was observed in multiplication, that when the same letter 
enters into both multiplier and multiplicand, the multiplication 
is performed bv adding the exponents, thus a* multiplied by cf 
is o**^ =: a*, m similar cases, division is petformed iy subtract- 
ing Ae exponent of the divis&rfrom that of the dividend, a* divid- 
ed by a* is a* ""*= a*. 

6a*bU by 3a i*. 

Jlns. 2abe. 
SdVd!' by bd. 

16a»c*- by 4aV. 

ISai'y' by 6y*. 

48a*a?'m by I6a*xm. 

72ar*m' by ISar*. 

60|>*y* by 60. 

73 ay by a/. 

1200^^^* by rf. 

The division of some compound quantities is as easy as that 
of simple quantities. 

If a + 6 + c be multiplied by d the product is 
d [a '\'b'\'c) or ad-^-bd + cd. 

Therefore ifad + bd + cdhe divided by d, the quotient ia 
a-^-b + c. 



10. 


Divide 


11. 


« 


12. 


U 


13. 


M 


14. 


U 


15. 


U 


16. 


ii 


17. 


u 


18. 


ii 
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If ad-}-i(f + crf be divided by tt-^-h + c, the quotient is </. 

When a compouod quantity is to be divided, let the quan- 
tity, if possible, be so arranged that the divisor may appear aji 
one bf the factors, and then that factor being struck out, the 
other factor will be the quotient. 

19. Divide 12 a' i — 9 a c by 3 a. 

12a'5 — 9ac = 3a(4a6 — 3c) 

Ans. 4oJ — 3c. 

* 

Observe that a is a factor of both tenns, and also 3. Hence 
the quantity 12 a' 6 — 9 a c, can be resolved into factors ; thus 
3 (4 0* 6 — 3 a c), or a (12 a & — 9 c), or 3 o (4 a 6 — 3 c). In 
the last form the divisor 3 a appears as one factor, and the other 
factor 4 a & — 3 c is the quotient. 

JVble. Any .simple quantity, which is a factor of all the terms 
of anv compound quantity, is a factor of the wbc^ quantity ; 
and that factor being taken out of all the terms, the terms as 
they then staadi taken together, will form the other factor. 

90. Divide 8 «•&•— 16a'6*c by 2a* — 4«V. 
8a«6*— 16 a'Vcrr 4ai' (2 a6— 4a* c,) 

Ans. AaVm 

21. Divide 'Sa&c— 15/ii^<{+ 9a'&(r by 3a(. 

22. Divide ISa'ic— 30rfc» + 25a'ccl 

by 6 a* c. 

23- Divide 36a"ft«u— 28a"4*c* + 40a*iV 

by 9a«— 7a*6*c+10a«iV. 

24. Divide 42a^ — 84a"6*c by 1— 2a'6«c 

Algebraic Fractions, 

XV. When the dividend does not contain the same letters 
as the divisor, or but part of those of the divisor, the division 
cannot be performed in this way. It can then only be express- 
ed. The usual way of expressing division, as has already 
been explained, is by writing the divisor under the dividend in 

the form of a fraction. Thus a dividedby b is expressed ^ 
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This gives rise to fractions in the same manner as in arithme- 
tic. It ivas shown in arithmetic, that a fraction properly ez- 
{Nresses a quotient. Algebraic fractions are subject to precise- 
ly the same rales as fractions in arithmetic. Many of ue ope- 
rations are more easily performed on algebraic fractions. 

In these, as in arithmetic, it must be kept in mind, that the 
denominator shows into how many parts a unit it divided ; and 
the numerator shows how many of those parts are used ; or the 
denominator shows into how many parts the numerator is di- 
vided. 

I shall here briefly recapitulate the rules for the operations 
on fractions, referring the learner to the Arithmetic ibf a more 
full developeraent of their principles. 

2timwi-i = i-. 
11 11 

« ^. a 2 a 



.• a ac 
c tunes- = -—. 



I of 7is V 9 fo^ j of 7 is I, and | is 3 times as OMcii* { of 
a is ^^ ; for ^ of a is ^, and f is 2 times as much. The t part 

of c is^ ; for 4 of c is 4, &nd ~ is a times as much. 

Hence, to muUiply a fraction by a whole nvmber^ or a whole 
number by a fraction, nmtiphj the numerator of the fraction and the 
whole number togethefj ana divide by the denominator. 

Arith. drtides XY.&XYl 

» 

Examples. 

1. Multiply i±i by 2. Am, il±ll 

c c 

9. Multiply 3a+2i; j^^ f^j 

V ae 



84 



3. Multiply 



Algebra. 

Sic — 2a 
5 a — 137 



xri 



4. Multiply 

5. Multiply 



6. Multiply 



2ah — be 
2ab 

bac — 2rrf 
13ac~ 

16 a 0^ — 3 6 a? 



by 
Ans. 

by 

by 

by 



4 ft*. 

12^0— Bttft' 
5a— 13e 

5iac-(*SeP. 

bah — 3ii. 

2m — ^a: 

2a + l ;k? 



Division of Fractiont* 



XVI. 1. Divide 


4a 

7 


by 


2, or find i of 


4a 

7 


• 






7 


8. IMvide 




ab 
c 


by 


a^ or find ~ of 

a 


t 


ah 

■ • 

c 






Ans. 

c 


3. Divide 


6o»i 


6o*i 
cd 


by 


3 a, or find of 

3a 

Ans. ^«*. 



4. Divide 



c if cd 

^ by 2, or find J of ^. 
ft ft 



This cannot be done like the others, but it may be done by 
multiplying the denominator as in Arith. Art. XVII. For the 

firaction |- denotes, that one is divided into as many equal parts 

as there are units in ft, and that as many of these parts are used 
as there are units in a ; or that a is divided into as many equal 
parts as there are units in ft ; hence if it be divided into twice 
as many parts, the parts will be only one half as large, and the 
firaction will have only one half the value. 
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Hence ^ divided by 2, is — 
b ^ 2b 

So -. divided by <2» is --;• 
c cd 

5. Divide ii* by 4i ^iw. 1?^. 

Hencei to ditidea fraction by a tohok number^ dimde tke mt- 
mraior; or when that cannot be done^ multiply the denominatcr by 
ik dimor. 

by 3a. 

by 7a6. 

by 2a'e» 

by V. 

by 3, 

by 6. 

by 2&M. 

by S^d. 

by S^ci. 

by 3aiL 

by Smb. 

by 1bn\ 



8 



6. Divide 


6ab 
d 


7. Divide 


Ma**' 
cd 


8. Divide 


2a*eb 
3<fm 


9. Divide 


3i» 
5ae 


10. IMvide 


76c 




a 


U. IMvide 


4ae 
bd 


12. IKvido 


llaed 




mnr 


IS. Divide 


13a» 
6cd» 


14. Divide 


27mr 
7ac'<l 


15. Divide 


3a— 2& 
2ie 


16. Divide 


7a« — iSic 
iad--6tf 


17. Divide 


ISaei 
5a« — mi^ 
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18. Divide He — 3j?« , 4 o» + 3 «. 

19. Divide _J1^ by 4i — 3a?, 

46+ 3a? '' 

20. Divide ^a — d ^ la + ^cd—l. 

21. What i&(of ^ ? ^ of ^ is ^ and | is twice asmuch, 

^6 6 36 ' 

that is, ^. 
36 

22. Whatisthe^partof if r of f is 1,, and!! is a 

a o a bd b 

times as much, that is, ~ 

6a 

That is. -1 X -1 = ^. 
a 6 6a 

Hence, to middply one fraction by another, multiply the nume^ 
raiors together for a new numerator j and the denomnator$ 'together 
for a new denominator. Arith, Art, aVII. 

23. Multiply 1^ by JL. Ans. lit. 

oc 2m 6cm 

24. Multiply lli by ^. 

4 6c b<rn 

26. Multiply ^f^^ by ^. 

ISbry ^ 2by 

26. Whati* ^^ of ^i/? 

5ctf Smd 

27. What is t*!i of llHL? 

9aa? 13n* 

28. Multiply f^ Iv ?^^Zl*f 

*^^ 36+c • 5a6 

29. Multiply . 2flm«-3a'm. 5am' ^ ^ 

4ac + 2c 2am — 6c 



"-»• 
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30. Multiply -^^±^ by ^^^-^ . 

31. Multiply 2a — m + 3«i' . 13a e 

Tarn* ' nav^—e + b 

We have seen that a fraction may be divided by multiplying 
its denominator, because the parts are made smaller ; on the 
coiitrary, a frac^tion may be multiplied by dividing its denomi- 
nator, because the parts are made larger. Arith. Art. XVIII. 
If the denominator be divided by 2, the unit is divided into 
only one half as many parts ; consequently the parts must be 
twice as large as before. If the denominator be divided by 5, 
the unit is di\ided into only one fifth as many parts ; hence the 
parts must be five times as large as before, and if the same num- 
ber of parts be used as at first, the value of tlie fraction will' be 
five times as greats and so on. 

32. Multiply ^ by 5. Atts. ^. 

33. Multiply ^ by L 

b c 

If.yve divide the denominator by i, the firaction becomes 
' 1 

— , in which a is divided into --- part as many parts ; hence 

c b 

tAe'^krti^/and consequently the fraction is b times as large as 
before. 

by 2 c. 



by 8c»d. 

by 7 a m\ 

by 5mx, 

by 5. 



-^pf. MWLurapiy 


Qbc 


35. Multiply 


17ab 
S2 c^d 


36. Multiply, 


16 

42 a* m^ 


37. Multigljj 


ab 
2bra^x 


38. Multiply 


3 
ba 



j ♦ 


i 


88 


JUgAra. 


39. Multiply 


e47 "^ •*• 


40. Maltiply 


?^^ hy 4A 


4ai«— 46c •* 


41. Multiply 


n-46c , ^ 
l6o«— 12a'6 — 4a* "^ 


«. Maltiply 


23 m— 13 



XYL 



by 7 m* c, 

43. Multiply | by 5. 

the denominator by 5 it becomes f , or 3. 



k* • V* 



1 by ft. 

Dividing the dMiominator by h it becomes ^ or a. 

44. Maltiply ISi by bhd. .4»m. lf!i = 3 ae. 

56 d 1 

I h n 

In fact ... multiplied by 6 is ._ ;= 1, and _. being a times 
o 6 6 

* 
as much as — , must give a product a times aa laigey or • 

6 

times ly which is a. 

Hence, if a fraction be midihUed by it$ denominatorf Ae 
duct Witt be the numerator. 

by 5bd. 



by 36 c. 



45. Multiply 


7acm 
5bd 


46. Multiply 


25 
she 


47. Multiply 


18 cr 
4hm* 


48. Multiply 


12jiiY 
bdn*x 



by 4$mP. 

by bdffm. 
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49. Multiply I3ab — m ^ j^^, 

^' 17 o' ' 

50. Multiply 15ac + 376c . lOot — 2c. 

51. Multiply ^ "'+fJ7; by «a:--3a'm+6. 

Two ways have been shown to multiply fractions, and two 
ways to divide them. 

To mvliiply a fraction, > jj' / S^^ numerator 

To divide afractionf ) " ^ y ^ ^ den^inator 

To divide a fraction, ) -j. .. {the numerator. 

To multiply a fraction, \ ^^' ^ \ihe denominator. 

Arith. Art. XYHL 

Reducing Fractions to Loiver Terms. 

XVII. If both numerator and denominator he mtdtiptied by the 
same number, the value of the fraction wUt mi be altered. 

Arith. Art. XIX. 

For 'multiplying the numerator multiplies the fraction, and 
multrplying the denominator divides it ; hence it will be multi* 
plied and the product divided by the multiplier, which repn>- 
duces the multiplicand. 

In other words, -^ signifies that a contains b a certain num- 
ber of times, if a is as large or larger than i ; or a part of on- 
time, if b is larger than a. Now it is evident that 2 a wilf ton- 
tain 2 ^ just as often, since both numbers are twice as large as 
before. * 

So dividing both numerator and denominator, both divides 
and multiplies by the same number. 

3 _ 2X3 _. J5^ _ 7X3 _ 21 _ 3x b _ 36 

* 2X5 10 7X5 35 5x6 56* 

a 2a 5a ac 2acd 



b 26 56 6c 2bcd 
6a6 ^ 36 X2a __2a 
96c 36x3c 3c' 

8* 
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Hence, if a firacticHi contain the same jfactor both in the nu- 
merator and denominator, it ma^ be rejected in both, that is, 
both may be divided by it. This is ealled reducing fractions 
to lower terms. 

1. Reduce -^ — to its lowest terms. An». ^ — 

15&em 56c 

2. Reduce to its lowest terms. Ans. 



3. Reduce tl3^ to its lowest terms. Ans. J?^. 

306m 66 

4. Reduce ^ to its lowest tenns* 

166Vy» 

5. Reduce — ^ to its lowest terms. 

13a'6V 

6. Reduce l^aV — 25fl^ ^^ j^ j^^^^ ^^^^^^^ 

7/ Reduce 27m*x— 54^; ^^ j^ j^^^^^ ^ 

108aa?' + 81a? — 90m*ap^ 

8. Divide 3& a' 6m* a:' by la^nm^x. 

Write the divisor under the dividend in the form of a firac* 
U(Hi, and reduce it to its lowest terms. 



9* Divide 27&*my* by 2l6^ff^y, 



10- Divide 66 6 r'y hj Tl/nyF. 

11. Divide 54 mPnr'y by 36 (my** 

12. Divide le^drnx* by 63 cm*r a?*. 

13. Divide Udrty* by 15rry. 

14. Divide 128aVr«' by 48a*me«', 



on 
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15. Divide 17 a ex by ISac x\ 

16. Divide 2Sa*cy by 14 a* y". 

17. Divide 2%(fw?y by 54 a* my'. 

18. Divide l^d'by' by 35aVy»«. 

19. Divide a + i by 2c — <f. 

20. Divide 2o'c — 7a»6c+ 16a«cd 

by ISd'ed, 

21. Divide 18 a« m*— 54 a» m* + 42 a' m* 

by 30a*m»d— 12a'c»'. 

22. Divide (a +6) (13 nc + ic) by (»• — c)(a + i). 

23. Divide3c»(a— 2c)» by 26c'(a — 2c)». 

24. Divide 36 6V(2a + rf)« (76 — li)* 

by 12f(2a + rf)*(76 — rf)*(a— d). 

Addition and Subtraction ofFrattumi* 

XVIII. Add together l.md±mA±. 

b d f 

This addition may be expressed by writing the fractions one 
after the other with the sign of addition between them ; thus 

N. 6. When fractions are connected by the signs -f and 
— , the sign should stand directly in a line with the line of the 
fraction. 

It is frequently necessary to add the numerators together, in 
which case, the fractions, if they are not of the same denomi- 
nation, must first be reduced to a c<Hnmon denominator, as in 
Arithmetic, Art. XIX. 

1. Add together land A. Ans. 1±1 zn 1. 

® 7 7 7 7 

2. Add together -1 and 4- Jin$. t+^. 

6 6 6 
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3. Add together ^4 and ^J!. Jns. iH;2« ^ 5a 

c a e a cd c a 

4. Add together^ and ^. Arts. ^^+^/V 

5. Add together | and f . 

These must be reduced to a common denominator^ It has 
been shovtn above that if both numerator and denominator be 
multiplied by the same number, the value of the fraction will 
not be altered. If both the numerator and denominator cf the 
first fraction be multiplied by 7, and those of the second by 5^ 
the' fractions become f} and ^^. They are now both of the 
same denomination, and their numerators may be added. The 
answer is f j. 

G. Add together JL and — 
"" b d 

Multiply both terms of the first by d, and of the second by 

6, they become ^ and ~ The denominators are now alike 

d b d I 

and the numerators may be added. 

The answer is t^+AS. 

bd 

7. Add together —, ±, ±, and il. 

b d f h 

In all cases the denominators wiU be alike if both terms of, e^sh 
fraction be multiplied by the denominators of all the others. For 
then they will all consist of the same factors. 

Applying this rule to the above example, the fractions, be- 
come "illA, ilih, lAll, and IMs. 
hdfh\ Ifdfh' bdfli bdfh 

The answer is ^dfh + bcfk + bdek+b df^ 

bdfh 

8. Add together il. and ?i. Ans. UJLi+^. 

® 26c od lObcd 




T^a^^Tt^ 
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It was shown in Arithmetic^ Art. XXII, that a common de- 
nofflioator may finequently be found much smaller than that pro- 
duced by the above rule. This is much more easily done in 
algebra than in arithmetic. 

9. Add together JL-, ,^, and L. 

or be eg 

Here the denominators will be alike, if each be multiplied 
by all the factors in the others not common to itself. If the 
b%{ be multiplied by e gy the second by c^g^ and the third by 
iee, each becomes 6 c'eg. Then each numerator must be 
Duiltiplied by the same quantity by which its denominator was 
oniltiphed, that the value of the fractions may not be altered. 

Hie fractions then become lli-, f^^ , and ^4h^ 

or eg o(feg <^"*^ 

Tk answer is '^eg + t?d^+beef 

betg 

10. Add together %^ and iA^. 

* he 2dg 

n. Add together ^ tt and?^. 
13. Add together ^ and ^ ^ 



• » • 



2f»» 3mjp 
13. Add together JLL^ ll^md^^"^ 



m'n 



14. Add together -^.L, and 



n^r*^ Smn'r 

15. Add together ll±, ^l^^ and?i5lr. 

16. Add together £fL£, and 13 ed. 

36 

17. Add together ^JL^,and2ac— 56. 

4a n 
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18. Add together l^q'n' — 4e' ^ ^^ a€^57U 

2a*n 

« 

19. Add together ^^<^^c-2ai ^^ 2^ 

lanrb Sbtn 

30. Add together H^izii?, and ^i^^ + ^f . 

21. Subtract ,^ from -i-. 

This subtraction may be expressed thim, 

3a e 

But if they are reduced to a common denominator, the nume- 
rators may be subtracted". 

Jhis, 



3flc — 2e 



22. Subtract ?4^. from ^. 

3c»tf . 2c'a? 

23. Subtract -A^i- from ^"^^ 



iVmfx' 21 6 in* a?* 

24. Subtract — ^ from ^11, 

nx If 2m y 

25. Subtract -llL. from -lUlL. 

2m'«*i 2mUf 

26. Subtract iZl^ from ILlL. 

27. Subtract H?^ from AlTi . 

7 n* a? 3 n* a?' 

28. From 1 3 a c + 6 c subtract L?L£, 

2bm 

29. From ^o^V-H^^r ^^,^^^^^^ 12^t^ 

2a*mx I4am 
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30. From -j^^ ?u}?tract j-gr^3 



Solution. 



27 



fl rf _ 2 fl & <? — 3 c m* _ (27 g li^) 2 & 



2 4 c« 4 6* c* (2 6 c*) 2 6 

_ 2 aid— 3cm ' _ 54 a h d 

2abd — 3cfyi' _ 54gSd? — 2 a 6 d + 3 c »* 

4"F? 4 6*c* 

,^..52 a 5 d>+ 3 cm* 

which is the answei". 

When the fraction 2fl6(f — 3cm* ^^^ subtracted, the 

46* c* 

sign --*- waa changed to +. See Art. YI, example 6tii 
31. From 5na^—l0adx 



Subtract 



12 ad 

ISttop* — 6m«* + 17 

6 m X 

:3. From ^? ^ ^f subMct ii^ 
Sdaf — 5 4dx 



XIX. Division of whok numbers by Fractions^ and Fractions fty 

. . Eraciims* 

Itow n^y times is | conttiined in. 7 ? 

.4m: } is contained in 7, 35^ Ikfies, and | is contained ^ as 
many times ; that is, y or 1 1|. times. 

2. How many times is f confiained in a .'^ 

Ans. \ is contained in a, 8 a times, and f is contained { as 
many times ; that is, */ . 



9ti JSgAm. AIX< 

3. How many times is J^ contained in c ? 
' b 

I /I 1 

Ans. -~ is contained i c times in c,and .^ is contained — 



as many times ; that is, — 1 

a 



4. Of what number is c the Jt. part ? 

h 



Arith. Art. XXIII. 



An$. If c is tiie ^- part of some number, — will be -^ 

b a b 

part of the same number, and £ is - part of —* 

a b a 

Arith. Art. XXIV. 

Hence, to ditide a uiioU number by ajraetion^ multiply it by the 
denomnatar of (he Jraeiion, and dimae we product by the numeroi^ 
tor. 

How many times is | contained in | 

SolvAon. Reducing them to a conunon denominator, | is 
}|, and I is |f . |f is contained in || as many times as 34 is 
contained in 35 ; that is, }f or l\\. Am. m. 

6. How many times is ^ contained in ^ f 

b d 

SobUion. Reducing them to a common denominator, ^ 

IS — . and — IS — _. —, is contamed m 11 ^ ^'^^J ^''^^ ^ 
bd d bd bd bd 

arfiscontainedinft c; that is, -i» Am* — _• 

ad ad 

t. Of what number is — the ^ part f 

M a 
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Solution. If __ is the .-. part of some number, — part of -- 
do ad 

is _ part of that number; _ part of -1 is ^ and — , is -y- 
o a d ad ad o 

part of ^. Ans. *4 ^ 

ad ad 

Hipll^e, to divide a fraction by a fraction, muUipJy the numerator 
of the dividend by tlie denominator of the divisor ^ and the denomi- 
nator of the dividend by the numerator of the divisor. 

Or more generally, when the divisor is a fraction, multiply the 
dividend (whetlier whole number or fraction) iy the divisor inverted, 

Arith. Arts. XXIIL and XXIV. 



8. Divide 


2ab 


by 


f. 


9. Divide 


IS a 


by 


b 

. 

c 


10. Divide 


n am 


by 


2e 
T 


11. Divide 


act 


by 


Sbe 
2a 


12. Divide 


3aa? 


by 


2(jfm 
3a?y 


13. Divide 


2ac — b 


c by 


3a 
6 c' 


14. Divide 


17<a«c« — 


'2bx + 


, , ISabx — 2a? 


15. Divide 


lloa:'- 


-3a? 


by ^ ^* 

7aca:— 3ac 


16. Divide 


bc 
d 


•by . 


3 AC 

m 


17. Divide 


2cd 
3 ay" 


hj 




18. Divide 


17 a' w 
9 


by 


Sfl'n' 



98 A^elfnt. 

19. DiTide ^,f " , by ^^. 

20. DiTide ]l±±lt by 13at--2aif +?. 

I2ax 9axc» 

21. DiTide ^"-3*'^ by g"*—/"/ 

22. Divide ^"»^-^'^, by -^-'1-. 

3my + 3md 5a — mx 



man if Cifu^pcund ^uaniiiiet, 

ZX. Sometiiiies division maj actually be performed when 
both divisor and dividend are compound quantities. Since di- 
vision is the reverse of multiplication, the proper method to dis- 
cover how to perform it, is to observe how a product is formed 
by multiplication. 

Multiply 2a'ft— 3a'i'c + aftV 
by 4a*y + 2aic. 

8a»6» — 12a*6*c + 4a*6»c"+4fl*6»c— 6a»6V + 2a»6V. 

Observe that each term of the multiplier is multiplied sepa* 
rately into each term of the multiplicand. The product there- 
fore must consist of a number of terms equal to the product of 
the number of terms in the multiplicand by the number of terms 
in the multiplier. If the product be divided by the multipli- 
cand, the multiplier must oe reproduced, and if by the multi- 
plier, the multiplicand must be reproduced. 

The three terms 8 a* ft'— 12 a^V c +4 a' &V of the product 
were produced by multiplying the three terms of the multipli- 
cand by the first term of the multiplier, 4 a* 6*. Therefore, if 
these three terms be divided by 4 a' &', the quotient will be the 
multiplicand. 

Again, the three terais 

of the product were foimed by multiplying each terai of the 
muhipucand by 2a6c. Tkrelbffe^ if these three terms be di- 
vided by Sa&c» the quotient will be the multiplicand. 
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H^ice we see that the whole divisioa might be perfonned 
by any one terai of the divisor, if all the tenns of the dividend 
which depend on that term and the quotient could be ascer- 
tained. This cannot often be done by inspection ; for in many 
products^ though at first there are as many terms as there are 
in the multiplicand and multiplier together, some of the terms 
are united together by addition or subtraction, and some disap* 
pear entirely. Even if all the terms did remain entire, they 
could not be easily distinguished. 

However, one term may always be distinguished, and from it 
(me term of the quotient may be obtained. 

Divide 4a' — 9a?b* + 6a¥—b^ 

by * 2(f — 3ab+b\ 

First, it is evident that the highest power of either letter in 
the dividend, must have been produced by multiplying the high- 
est power of that letter in the divisor by the highest power of 
the same letter in the quotient ; for in order to produce the di- 
vidend, each term of the divisor must be multiplied by every 
term of the quotient. Therefore, if 4 a* be divided by 2aP it 
must give a term of the quotient. Or, if — &* be divided by V it 
must give a teim of the quotient. Let the quantities be ar- 
ranged according to the powers of the letter a. 



Diridend. Divisor. 

4a^ — 6a*J + 2a*6» \2a*+3a6 — 6" quotient 



6 a" b — n a* ¥ + 6 ab^ — b* 
6a'i— 9a*6« + 3a5' 



— 2a*b' + ^a¥ — ¥ 

— 2a*b^ + 2ab^—b* 



I divide 4 a* by 2 a*, which gives 2 a*'for the first term of the 
Qiptkmt Now in fprnnng the dividend, every teiznof ibe di- 
moK was multiplied by this term «f the qiuotie^t,. thenpfoie I 

■ 61002A 



100 Ji^[Ara. 

multiply the divisor by this term, by which means 1 find all the 
tenns of the dividend, which depend on this term. They are 

Here is a term 6 a^ i which is not in the dividend, this must 
have disappeared in the iwoduct. The term 2 a* i* is not found 
alone, but it is like 9 a^ o' and must have disappeared by unit- 
ing with some other term to form that. I subtract these three 
terms from the dividend, and there remains 

6a'J — 11 a*y + 6 aJ^ — 6*. 

which does not depend at all on the term 2 a* of the quotient, 
but which was formed by multiplying each remaining term of 
the quotient by all the terms of the divisor. This then is a new 
dividend, and to find the next term of the quotient we must 
proceed exactly as before ; that is, divide the term of the divi- 
dend containing the highest power of a, which is 6 a' b, by 2 a* 
of the divisor, because this must have been formed by multiply- 
ing 2 a* by the highest remaining power of a in the quotient. 
This gives for the quotient ■■\-Sab. I multiply each term of 
the divisor by this, and subtract the product as before, and for 
the same reason. The remainder is 

— 2a*b + Sab' — b\ 

which depends only on the remaining part of the quotient. 
The highest power of a, viz. 2 a* 6*, must have been produced 
by multiplying some term of the quotient by 2 a* of the divisor ; 
therefore I divide by this again, and obtain — b* for the quo- 
tient. I multiply by this and subtract as before, and there is 
no remainder, which shows that the division is completed. 

By the above process I have been enabled to discover all 
the terms of the dividend produced by multiplying the first 
term of the divisor by each term of the quotient. If both be 
arranged according to the powers of the letter b, and the same 
course pursued, the same quotient will be obtained, but in a 
reversed order. 

In the division the term — 2 a* J* has the sign — • Here we 
nuist observe that the divisor and quotient multiplied together 
must reproduce the dividend. 

U + ab be divided by -f- a, the quotient must be -|- i, be- 
cause + A X + ^ gi^es 4-^6. 



XX. 
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Ml 



If — a & be di:rided by 4- ^9 ^^ qaqf^nt must be — h^ be- 
cause + a X — J gives— o fe. 

If -f- a 6 be divided by — a, the quotient must be ■"— 6, be- 
cause — a X — h gives -^ ab. 

If — a & be divided by — a, the quotient must be + ^9 b^ 
cause — a X + J gives — ab, , 

The rule for signs therefore is the same as in multiplication. 

IVhen the signs are alikej that isj bath -|- or both — , die sign of 
the product mtut be -f- ; but when the signs are wJike^ thai isy one 
-{- and the other — ^, the sign of the quotient must he — . 

By the reasoning above we derive the following rule for di- 
vision of compound numbers. 

Arrange tfbe divid-end and' divisor according to the powers of 
%ome Utter. Divide the first term of the dividend bu the first term 
of the divisor^ and unite the result in the quotient. Multiply all the 
terms ofUvt divisor by the term of the quotient thus founds and S9tb~ 
traU the product from the dividend. The remainder unll be a new 
dividend, and in order to find the next term of the quotient, proceed 
exactly as bffwre ; and so on until there is no remainder. 

Sometimes, however, there will be a remainder, ^lich^ tbut 
the first term of the divisor, will not divide either term of it ; in 
which case the division can be continued no farther, and the 
remainder must be written over the divisor in the form of a frac- 
tion, and annexed to the quotient as in arithmetic. 

Divide 2 a*— II a*b + II a" b^ + IS a* b^ by 2 a—b. 

(2a — b 



2 a* — 11 a* 6 + 1 1 a' 6« + 1 3 a" t» 
2a° — a"& 

— 10a*6-|-lla»6«+13a*6' 

— 10a*i + 5a*6» 

6a'6«+13a*J' 
6fl'i»_3a'6' 



46* 



+ 46^ + 



2 a — b' 



' 


16o»i' — 8a6* 






Qah* 
8ah*- 


-45* 



,** 



9* 



4J». 



» » 



!«3' 'j^e6ra. X±L 

In thisr example, the diTision may be conlinuedf mrtll the re* 
mainder is 4 b\ which cannot be divided by a, therefore it must 
be written over the divisor 2 a — 6 as a fraction and added to 
the quotient. 



Exampli 



es. 



1. Divide a^ '■\'2ax -{- a* by a-j-x.* 

2. Divide a* — 6* by 1*4-6, 
S.Divide ft* + 26*x-fT* by b^+x. 

4. Divide x* — y* by a^' + ^y + y'* 

6. Divide «' — y* by x + y. 

C. Divide 15 a* + 2 a A — 8 A* by 3o — 2 i. 

T.Divide a^ — 2a:y*4*y' by a?— -y. 

8, Divide a»— 9a* + 27 by 9 — 6a-ha% 

9, Divide 4(i* — 3 — 9a' + 60 

by 3 a: — 1 + 2 a*. 

10, Divide a* — x* by a' — a* a: + o x* — x^. 

11. Divide 6a?* — 96 by 3a? — 6. 

12. Divide 4a* — ab by 2(1 — 6. 

13. IKvide 6a* + 9«'— 16a by 3a* — 3a. 

XXI. Equations* 

The above rules are sufficient to/solve all equations of the 
first degree. 

1. Find the value of x in the equation 

cb*x — 2c 2ae _ . b*x 

5a 3a — 6~~ y 

First, clear it of fracticms by multiplying by the denomina- 
tors* 

* Let the Uamer prove his results by maltipU$atioB. 
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Expressing, tbe multiplication, we have 

(a Vx — 2c) (3 a — J) (3) — (2 ac) (5 a) (3) 
=:(afta:)(5a)(3a — i)(3) — (6*x)(5a)(3a — i) 

Perfofining tbe maltiplication it becomes 

9rt«i»cr— 18 a c — 3 a6' a? + 6 Jc— 30 o'c 

Transposing all the tenns which contain x into the first mem- 
ber, and those which do not contain it into the second membeTi 
it becomes 

9a'6'x_3ai'a: — 45a*Ja:+15a»J*a: + l6a'6*ar— 5aJ»# 

= 18ac— 6ic + 30a'c 

Uniting, tlie terms which are alike 

39a«5«jc_8ai'a: — 45ff'6a?=l8«c— 6ftc + 30o»f» 

Separating tlie first member into factors 
(39 a«y — 8 ai' — 45 a^ i) a? = 18 a c — 6 1 c -f. 30 flV. 

which gives w = — *-J — ^ . ,, 

^ "^ 39a*6' — 8aft» — 45a'* 

2. Find tlie value of a: in the following equation ; 

13a — — =2cdP + df. 
2c 

3. What is the value of a? in the following equati6n ? ' 
2° +4ic = «6. ^m.^=:«*'-2''-'^**' 



h — 3* Zab—\2ke 

4. What is the value of a: in the following equation ? 



5a? — 2a 26—1 

6. What is the value of a? in the following equation ? 



36c — 2aaf . 1 — 6i 



XXII. MisceUaneaus Examples producing Simple Equations. 

1. A merchant sent a venture to sea and lost one fourth of it 
by shipwreck ; he then added ^250 to what remaisied, and 
sent again. This time he lost one third, of what he sent. He 
then added |^1000 to what remained, and sent a third time, and 
gained a sum equal to twice the thiid venture ; his whole re- 
turn was equal to three times his first venture. What was the 
value of the first venture f 

2. A man let out a certain sum of money at 6 per cent, sim- 
ple interest, which interest in 10 years wanted but £12 to be 
equal to the principal. What was the principal ? 

3. A man let out £98 in two different parcels, one at 5, and 
the other at 6 per cent, simple interest ; and die interest of the 
whole, in 15 years, amounted to £81. What were the two par- 
cels ? 

4. A shepherd driving a flock of sheep in time of war, met a 
company of soldiers, who plundered him of one half the sheep 
he had and half a sheep over } the same treatment he received 
fr<Hn a second, a third, and a fourth company, each succeeding 
company plundering him of one half the sheep he had left and 
one half a sheep over! At last he had only 7 sheep left. How 
many had he at first ? 

5. A man being asked how many teeth he had remaining, 
answered, three times as many as he had lost ; and beins asked 
how many he had lost, answered, as many as, being miutiplied 
into } part of the number he had left, would give the number 
he had at first. How many had he remaining, and how many 
had he lost f 

After this question is put into equation every term may be 
divided by x, 

6. There is a rectangular field whose length is to its breadth 
as 3 to 2, aad the number of square rpds in the field is .equal to 
6 times the number of rods round it. Required the length and 
breadth of the field. 

7. What two numbers are those, whose difiference, sum, and 
product^ are to each other, as the numbers 2, 3, and 5 respec- 
tively ? 
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8. Grenendize the above by putting a, i, and c instead of 2, 
3| and 5 respectively. 

Let a? = the greater 
and y = the less. 

Then 

2. a? — y= — a?y 

3. by the first ^_&a?— flj?_t — g^ 



4. by the 2nd y = 



b -{- a 6 + ^ 



ca? b — a 



ax^c 6 -|- o 

• 

e b — a 



5. by 3d and 4th 

6. dividing by a? — ^-__ 

aa?+c J+a 

7. clearing of fractions bc-i-acz^zabx — cfx + bc — ae 

8. by transposition abx — a'a? = 2ac 

9. from the 8th (^"^ a) » = 2e. 

10. a;= ^^ 



11. putting 10th into 3d y = 



b — a 
b — a 2e 2c 



6 + <* * — ^ i+ a 



Solve the 7th Ex. by these formulas ; also try other num- 
bers. 

9. When a company at a tavern came to pay their reckon- 
ing, they found that if there had been three persons more, they 
would have had a shilling apiece less to pay ; and if there had 
been two less, they would have had to pay a shilling apiece 
more. How many persons were there, and how much had 
each to pay f 
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• 10* A sum of money U tobe divided eqaaUjr waucmg a cer- 
tain number of persons. Now if there were three elaimw^ts 
less, each would receive 150 dollars more; and if there wera 
6 more, each would receive 120 dollars less. How many per- 
sons are there, and how much is each to receive ? 

11. What fraction is that, to the numerator of which if 1 be 
added, its value will be |, but if 1 be added to its denominator 
its value will be J. 

12. What fraction is that, to the numerator of which if ^r I^ 

added, its value will be ^ but if a be added to its denomina- 

n 

lor its value will be-^? 

9 

Am. Numerator ^^ ^^ + ^), 
• • mq — np 

Denoaunator fiLiP±iI. 

m q — n p 

Solve the 11th example by these formulas. 

13. What fraction is that, from the numerator of which if a 

.be subtracted, its value will be ^ but if a be subtracted from 

n 

its denominator, its value will be £. ? 

? 
N. B. The answers to the 12th and 13th differ only in the 

signs of the denominators. The learner will find by endeavour- 
ing to solve particular examples from these formulas, that he 
will not always succeed. If in making examples for the 12th, 
he selects his numbers, so that np is greater than m j, the for- 
mula will fail ^ but if he takes the same numbers, and applies 
them according to the conditions of the 13th, they will answer 
those conditions. When m o is greater than n p the numbers 
will not suit the conditions of the 13th, but they will answer to 
those of the 12th. The numbers in example 11th will not form 
an example according to the 13th. The following numbers 
will form an example for the 13th but not for the 1^. 
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14. Whftt fraction is that, from the numerator of which if 
3 be subtracted, its value will be |, but if 3 be subtracted from 
its denominator its value will be j\ ? 

The reason why numbers chosen indiscriminately will not 
satisfy tlie conditions of the above formulas will be explained 
hereafter. 

Equationa ivitk $everal Unknaum QuarUUiei. 

XXIII* Questunu involving more than two unlaunm Quonr 

iUies. 

Sometimes it is necessary to employ, in the soluticm of « 
question, more than two unknown quantities. In this case, the 
question must furnish conditions enough to form as many dis- 
tinct equations as there are unknown quantities. 

1. A market woman sold to one man, 7 apples, 10 peans 
and 12 peaches, for 63 cents ; and to another, IS apples, 6 
pears, and 2 peaches, for 31 cents ; and to a third, 1 1 apples, 
14 pears, and 8 peaches for 63 cents. She sold them each 
time at the same rate. - What was the price of each f 

Let X = .the price of an apple, 
y =: " a pear, 

JT = ** a peach. 

Then we shall have - 

1. 7 a? + 10 y + 12 z = 63 

2. l3x+6y+2z:=zSl 
3.' nx+ 14y+ 8jr = 63. 

The second being multiplied by 6, the x will have the same 
coefficient as in the first. 

4. 78a? + 36y+12a; = 186 

1. 7x + 10y+l2z =: 63 

^. 71a? + 26y * =123. 

If the second be multiplied by 4, the ;r will have the 
coefficient as the 3d. 
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3. lla? + 14y + 82r= 63 

7. 41a:+l0y * = 61 

We have now the two equations 71 a? + ^^ y = 1^3 

and 41a?+ 10y= 61 

which contain only two unknown quantities. These maynow 
be reduced in the same manner as others with two unknown 
quantities. 

« Multiplying the 5th by 5, and the 7th by 13, the coefficient 
of y will be the same in both. 

8. 355a?+130yr=615 

9. 533 a? + 130 y = 793 

10. 178^ * = 178 , 

We have now found an equation containing oniy one un- 
known quantity. 

178 x= 178 
a?= 1. 

Putting the value of a? into the 7th, it becomes 

41 + 10y = 61 

10y = 20 

y= 2. 

Putting the values of a? and y into the 2d, it becomes 

'l3+12+2;r = 31 
2zz^ 6 
z= 2. 

Ana. ' The apples 1, the pears 2. and the peacties 3 cents 
each^ 

In the same manner, questions, involving four unknown quan- 
tities, mav be solved. First combine them two by two till one 
of the unknown quantities is eliminated from the whole, and 
there will be three equations with three unknown quantities. 
Then combine these tfiree two by two, until one of the un- 



knowB ^uantiues is eliminated, and then thare wiU be two 
equations with two unknown quantities, and so on. 

Either of the methods of elirninatioii m^ be used as ia most 
convenient. 

It is not necessary that all the unknown cjUantities should 
l^nter into ^v^ iequatioB. 

2. A market woman sold at one time 7 eggs, 12 apples, and 
a pie for 26 celits ; at another time 12 eggs, 18 pears, and 3 
pies, for 69 cents ; at a third time 20 pears, 10 apples, and 17 
eggs for 69 cents ; and at a fourth time, 7 pies, 18 apples* and 
10 pears for 66 cents. Each article was sold, at every sale, at 
Ihe same price as at first. What was the price of each ar^ 
tide f 

Let ti = the priee of an egg, 
« = ^ an apple, 

y=s « apie, 

z =1^ ** a pear. 

1. lu + 12x+ :y=26 

3. 12w-irl8«+ 3y=z69 

3. 17« + 20tf -I- 10^=69 

4. 102r+ 18a?-|- 7y = 66 

5. In the Ist, y = 26 — 7 t/ — 12 an. 

• Putting this value of y into the 2nd and 4th, they b^oife 

6. 12tt-|-182r + 78— 21tt — 36a? = 69 

7. 10z + 18a?+ 182 — 49tt— 64a?2s:66i 

Uniting and transpbsing terms 

8. ISz— 9t* — 36a?=— 9 
9- lOar— 49«— 66a?s=: — 116 
3. 20z+17tt + lOa?=t 69 

' If the 9th be multiplied by 2, the coefficient of jr will be thi 
same as in the 3d; 

10. 3az-^98«— 132«a3-i^S82« 

10 



.^ 
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Sobtrftotiiig 10th firom 2i 

3. SOz + l'^te-f 10 a? = 69 

10. 20;r — 98tt-=-132a? = — 232 



11 ♦ * 116 tt+ 142a? = 301 

it the dth be multiplied by 5, and the 9th by 9, the codB- 
cients otz will be alike. 

12. 90;r— 45 u— 180a: = — 45 

13. 905f — 441m — 694* = — 1044. 

Subtracting 1 3th from 12th 

14. 396 tt 4- 414 a? = 999. 

Deducing the value of a? from 11th, and also from 14th. 

.. $ 301 — 115 tt 

10. a? = 



16 ic = 



142 

999 — 396 tt 

414 



Making these values of x equal, we have an equation cob- 
tainiog only one unknown quantity. 



999_396m 301 — 1161* 



414 142 

This equation solved iu the usual way gives 

14 = 2 

Putting this value of tt into the 15th or 16th, we diialllihd 

1 , 

a? = -.. 

2* 

Putting these values of x and ti into the 1st, 2nd, or- 4th| and 
we shall find 

y ^ «. 
Putting the values of a? and u into the 3d, and we shall find 

/r=lf 

' ^^* £g^ fi cenijB eachy a{>pleii^ f tent, ]Bearfa, ^l| tmiif and 
jHes, 6 cents. 



* If the learner is ift aloM-lttV tolitbtttMi}*^Ma&oiv|9 
"^ into the 6nt member, or lome terme fjrom the first to the second 
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1b this example, three different methods of etiminatiou were 
employed. This waa not necessary; either method might have 
been uaed for the whole. It is sometimes convenient to use 
one, lywl sometones the other. 

♦ • 

3. There are three persons, A, B, arid C, whose ages are as 
follows ; if B's age be subtracted from A^s, the difference will 
be C's age ; if five tiroes B's age and twice C's age be added 
together, and from their sum A's age be subtracted, the re- 
mainder will be 147 ; Uie sum of all their ages is 96. What 
are their ages ? 

4. Three men, A, B, C, driving their sheep to market, 
says A to B and C, if each of you will give me 5 of your sheep, 
I shall have just half as many as both of you will have left. 
Says B to A and C, if each of you will give me 5 of yours, I 
shall have just as many as both of you will have left. Says C 
to A and B, if each of you will give me 5 of yours, I shall have* 

{'list twice as many as both of you will have left, finniir many 
lad each ? 

5. It is required to divide the number 72 into fcur such 
parts, that if the first part he ^icreased by &, the second part 
<fiminished bv 5, the third part multiplied by 5, and the fourth 
part divided oy 5, the sum, difference, product, and quotient, 
shall all be equal. 

6. A grocer had four kinds of wine, marked A, B, C, and D* 
He ipixed fogethj^r 7 gallons of A, 5 jgiaIlo];is of B, and 8 pi- 
lous of C, an4 ^old the mixture at $1.21 per gallon. Jle awp 
mixed together ^gallons of A, 10 of C, and 6 of D, aiid sold] 
the mixture at $1.50 per gallon. At another time he mixed 6 
gallons of A, 10 of B, 10 of C, and 7 of D, and sold the whole 
for ^48. At another time he mixed together 18 sallons of A, 
and 15 of D, and sold the mixture for $48. miat was the 
value of each kind of wine f 

7. Find the values of t|, a?, y, and z^ in the following equa. 
tions. 

X — 2y+32r=:i5t« 
3 a?— 16 — tt = 4y — 23 
2u -^ z — y = 27 
y + 12 — 3a? + ll«=91. 
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'6. Three petsons, A, B^ andG, taHongf of Ibmr money, 
says A to B and C, gure me^hBlf of your money and I aliail 
have a sum d ; says B to A ^and C, 'sive me' one third of your 
money and I shall have d; says. C to A and B, give me <»ie 
fourth of y6ur money, and I shall have d. How much had 
each? 



XXIV. Msgative Quaritiiies, 

It sometimes happens in the course of a calculation, through 
some misconception of the conditions of the question, that a 
quantity is added which ought to have been subtracted, or a 
quantity subtracted which ought to have been added. In 
this, c^e, algebra will detect the error, and show how ta 
correct iu i . 

• • • 

The length of a certain field is a^ and its breadth b ; hovr 
much must be added to its length, that its content may be c i 

Let » zs the quantity to be added to the length. 
Then" a -f- a? =: the length. after adding x. 

ai 4-6a? = c * 

6 0? =: c — ab 

a? = 4- — «• 

' d 

' Suppose the length to be 8 rods, and the oreadth 5 ; how 
much must be added to the length, that the field may contain 
60 square rods ? 

Here a =^ 8, & =: 5, and c = 60 

5 
^n$. 4 rods, and the whole length will be 12 rods. 

Suppose the length 8 rods, and the breadth 5 ; how n^uch 
must be added to the length, that the field may contain 30 
square rods f 

5 • 
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The tmmet ia -'^^U fods. What flhall W9 UDdenlaikd bf 
tUi negfltiTe s^ f 

Tiet us return to the original equation. 

or 40 + 6 a; =30. 

Here appears an absurdity in supposing something to be 
added to 40 to make 30. The result shows that we must add 
— 2 rods, that is, subtract 2 rods, which is in fact the case ; 
for , ' 

40—6X2 = 30: , 

Let the question be proposed as follows* There i§ a field 8 
fods long and 5 wide ; how much must be subtracted firom th^ 
length, that the field may contain 30 square rods f 

40 — 6cc = 30 
x= 2. 

Hie value of a? is now positive, which shows thlit the ques- 
fibh te Correctly expressed* 

There is a field 8 rods IcHig and 5 rods wide, how limch 
must be subtracted from the length, that the field may contain 
SO square rods ? t 

40 — 5 a? = 50 

0? = — 2. 

Here again the value of j; is negative, which shows some in* 
consistency in the question. 

The inconsistency consists in supposing that something mtut 
be subtracted fix>m 40 to make 50. In order to correct it, sup- 
pose somethinff added. That is, put into the equation 4* 5 « 
instead of — ox. 

Hitherto we have treated of negative quantities only in con- 
nexion widi positive. They arise from the necessity of express* 
ing subtraction by a sign, because it cannot aeluaily be pen- 
formed on dissimilar quantities. Thev are only positive quan- 
tities subtracted, and in their nature they differ in nothing fi'om 
positive quantities. In that connexion we discovered ruled for 
operating upon the quantities affected with the sign -^. 

It may sometimes happ^i as we have j^st seen, that by some 
wrong supposition in the conditions of the question, the quanh 
tities to be subtracted may become greater than those frcMa 

10* 
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ivhich they are to be sebtmcted, in whidi eaie the whole ex- 
pression taken together, or which is the same thing, the . lesuk 
after subtraction, will be negative. This is what is properljr 
called a negative quaniiiy. 

A negative quantity cannot in reality be a quantity lem than 
nothing, but it implies some contradiction. It answers to a 
figuie of speech' fnsquently used. If it is asked, how much a 
man is worth who owes five thousand dollars more than he can 
pay, we sometimes say he is worth five thousand dollars less 
than nothing, instead of changing the form of expression and 
saying, he owes five thousand dollars more than he can pay. 

if any thing is added to a number, properly speaking it must 
increase the number ; if we add nothing, it is not alteited. It 
is impossible to add less than nothing ; but by a figure of 
speech we may use the expression, add a quantity less than «o- 
thingy to signify subtraction. 

As these negative quantities may frequently occur, it is ne- 
cessary to find rules for using them. 

- In the fii^ place, let us observe, Uiat all negative quantilies 
are derived from endeavouring to subtract a largter quanti^ 
from a smaller one. The largest number that can actually be 
subtracted from any number, is the number itself. Thus the 
fargest number that can be subtracted from 5 is 5 j Xh^ largest 
number that can be subtracted from a is a itself. If it be re- 
quired to subtract 8 from 5, it becomes 5 — 5 — 3 = — 3 ; the 
5 only can be subtracted, the 3 remains with the sign — , which 
shows that it could not be subtracted. If 5 be subtracted fit>m 
3, the remainder is 3, the same as in the other case except the 
iign. 

In the same manner, if it be required to subtract b from a, ft 
being the laiger the remainder will have the sign — , that is^ 
a — 6 will be a negative quantity. 

Suppose 6 *— a = m ; then a — * 5 = — m. That is, whether 
it be subtracted from 6 or 6 from a, the numerical value of the 
fismainder is die stone, differing only wi& respect to the sign. 

" It is required to add the quantity a — J to c . 

The answer is evidently c -^ a — i. 

Now if a is greater than t, the quantity c-^a — 6, is greater 
ihan Cy by t)ie difler^ce between a and b ; but if b is greater 
than a, the quantity is smaller than c, by the difference betwe^ 
fiondi.,, That is, if 
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then a.-^-6 = — •?» 

and c -j- a — b =zc — m. 

Hence, adding a negative quantity, is equivalent to subtract 
ma an eqaal positive quantity. 

in the above example of the £eld, in which the length was 8 
rods and breadth 5, it was asked, how much must be added to 
the length, that it might contain 30 square rods. The answer 
was— 2 I which was equivalent to saying, you must subtract 
2 rods. ' 

^ It is required to subtract a — - & jErom e. 

The answer, is evidently o — a-^ b. 

Now if a is greater than b, the quantity c — a -{- ( is less than 
c by the difference between a and 6, but if 5 is greater than a, 
the quantity is larger than c, by the saipe quantity. 

Let a — J = — m which gives — a-|-6 = »n 

then e— a-f-Jn^c^-^-wi. 

Hence, subtracting a negative quantity, is equivalent to 
adding an equal positive quantity. . 

In the example of the field, in which the length was 8 rods 
And the breadth 5, it was asked, how much must be subtracted 
from the length, that the field might contain 50 square rods. 

The answer was — » 3 rods, which was equivalent to saying 
that 2 rods must be added to the length. 

A is worth a number a of dollars,. B is not worth so much as 
A by a number b of dollars, and C is worth c times as much as 
fib How much is C worth f 

B^s property = a — b. 
Cs property = at — be. 

^ Now if a is greater than &, the quantity ac — be will be po^ 
Ative ; bttt if 6 is greater than a, then a — 6 is negative, and 
also ae — 6 r is negative. 

Let b — a = m. 

then bc^^ae=::cm^ 

and ac — ica: — cm. 

or e(a — 6)= — cm^ 
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That is, if B is in debt, C is e tines as mueh in debt* Hence 
if a negative quantity be multiplied by a positive, the product 
is negative. 

A gentleman owned a number a of farms, and each farm was 
worth a number c of dollars, which was his whole property. 
He hired money and fitted out a number b of vessels, and each 
vessel was worth as much as one of his fennq. All the vesaels 
were lost at sea. How much was he then worth. 

He was worth o -^ ft times c dollars. That is, a e — be dol- 
lars. 

Now if the number of forms exceeded the number of vessels, 
he still had some property, but if the number of vessels exceed- 
ed the number of farms, (that is, if 6 is larger than a,) the 
quantity ac — ft c is negative, and he owed more than he could 

pay- ' 

Hence if a positive quantity be multiplied by a negative tile 
product will be negative. 

Multiply a — ft by c — d. 

a — ft 

< ..... 

c — d 



Product ac — be — ad-f-ft d. 

This product may be put in this form. 

(a — ft) c + (ft — a) d. 

Let it be remembered that a — ft has the same numerical 
value as ft — a, they differ only in the sign. 

Suppose a— ft = — m 

by changing all the signs ft — a = -{- ">• 

Hence (a — ft)c-|-(ft — a)d = — tm-^-drnzzim^i — c) 

Now if d is greater than c, (which k the case wb^ c *— <i ia 
negative,) the quantity m{d — c) is positive. 

Hence if a negative quantity be multiplied by a negative, 
the product will be positive. 

Another demonstration. Suppose both a — ft and c — «f to 
be negative, as before ; then ft — a and d — c will both be po- 
sitive, and their product will be pos^itive. 
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This product is precisely the same as that produced by mul- 
tiplyiiig a-^b by c — d. Therefore if two negatiye quiaii^tles 
be multiplied together, the product will be the same as that of 
twopositiTe quantities of the same numerical value, and will 
have the positive sign. 

It is required to find the second power of a — ft, and also of 

h — o. 
The second power of each is a* + ^* — 2d^b> 
Now if a — 6 is positive, then ft — «f is negative ; or if a — ft 

is negative, then ft — a is positive. 

Suppose « — ft = m 

then ft — a =: — m *' , 

we have. (a-.-&)' = (ft— a)* = in*. 

That is, the second power of any quantit}^, whether podtiVe- 
or negative, is necessarily positive. 

The rules for division will necessarily follow from those of 
multiplication. ' . 

Hence the rules which apply to tenns affected with the sign 
— in compound quantities, extend to isolated negative quan- 
tities. ' 

We might also dirive the same rules in the following man- 
ner. It hajs been shown that a negative quantity is derived 
from some contradiction in the conditions of question,.by which 
that quantity entered into the equation with the wrong sign. 
Now, in order to make it right, the sign of that quantity must 
be changed in all places where it is used. Tliat is, if it was 
before added, it must now be subtracted ; and if it was sub- 
tracted before, it must now be added, and that whether multi- 
plied by another quantity or not. ♦ 

Suppose we have the equation 

ax — 20?* — 2afta? = c — 

Now suppose that we have a? = — m. 
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This shows that x was used in all cascis with the wrong sign^ 
therefore to insert — m in place of x we must change the sign 
in each tenn where x is found. 

Take the quantity first without Xy thu9» 

a — 2 — 2aJ. 

Krst insert — m in the second term and it b^omes^ 

a + 2m — 2ab. 

* I 

Now insert — m into all the tenns, and it l^eeof|ie« 

— am — 2iii^-f-2a6«i = c— 'rf. ' • 

If — mhe inserted by the rules found above, the same re- 
sult will be produced. 

When a negative value has been found for the unknown 
quantity, we have observed it shows that there was some in-* 
consistency in the question. If then th$ unknown quantity be 
put again mto the same equation, with the contrary sign, a^ we 
introduced — m above, that is, if the unknowi^ quantity be ta- 
ken with the negative sign, and introduced by the above rules 
into all the tmm where it was found h^oro, a nm cijqiiation 
will be produced, difTering from the foraoer onfy ifll some of the 
fogps^ Then if the conditions of th? question be,|Llte|red so as 
to correspond with the new equation, it will be consi^ile^t, and 
apositiy<e value will be obtaiqed, for th^. iinkpown. quantify. 
Tne new I'alue of the unknown quantity however will be the 
same as the former, with the exception of the si^n. There- 
fore, when once we are accustomed to interpret mis kind of 
results, it will be unnecessary to go througnthe calculation a 
second time. 

The followinff ^tamples are intended to exercise the learner 
i^ interpreting Uiese results. 

1, A fetber is 95 years old, and his son is 16. In how many 
years will the son be one fourth as old as the father f 

Let 0? =:: the number of years* 

16+ x=z^t±f 

64 + 4 a; =: {S& + iT 

3iF = 5^ — 64 = -r-9 
J? = —3. 
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Here a has a negative value, conseque&tly it entered into 
the equation with the Wtotkg sign. Putting now — : o^ instead 
of 07 kitb the eqibation, it becomes 

This shows that something must be subtracted fVom the pre- 
sent age ; that is, the son was a fourth part as old as th6' ft^ii^r 
tome years before. . :, ( . 

This equation gives 

«= 3. 

Hierefore he was one fourth part as old 3 years before, 
when the father was 52, aod the son 13. 

2. A nmn when he was married was 45 years old. and his 
wife 20. How many years before, was he twice as did dis ^Im f 

«#% 45 — a? 
20 — X = • 

2 
x=z — §. 

Tb^re is a wrong supposition in this qucii^idti: VHi'&tg — « 
into the equation it becomes 

^^ . 46 4- a? 

20+^=^^-^ 

... . ^=^- . , \: .,;. 

TkbiahQfwsUiat sheiirasiMtikatfair oldj^ he wbmrtiiey W^re 
married, but that it was to happen 5 years afterward, t^ei^lfie 
man was 50, and the wife 25. 

3. \ labourer wrought for a man 15 days, and had his wife 
knd s^ ^Jfhf lifth ft^ ^flt* 9 dtfy8,ahd reci^iVed $14.25^. He 
Mtdhiv'ard^ wi'ddght 12 days, haviiig his U^fe ^ soh ^b'Mm 
5 days, and received $13.50. HowmucTi dili he re<ieite ^ier 
day bimself, and how much for his wife and son ? 

4. 'a laf^urer ^h^^gbt t(^ k jofifan ll dkty&y ii^ hdd hii^fe 
with him 4 days, and recei^e^ p'J^W. H^^^feifWtfds^lvfW^ht 
23 days, haying bis, wife. with him 13 days, and receiveyd ^39.78. 
•fioiy much did he receive per day for hiniiiel^. and.nbW'.lnucti 
for his wife .»* 
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• 5. A labourer wrought for a gentleman 7 days, having his 
wife with him 4 days, and his son 3 days, and received $7.89. 
At another time he wrought 10 days, having his wife with him 
7 days, and his son 5 days, and received $11.65. At a third 
time he wrought 8 days, Jiaving his wife with him 5 days, and 
his son 8 days, and received ^7.54. How much did he re- 
Cfeive per day himself, and how much for his wife and 8<»i se^ 
verally i 

6. What number is that, whose fourth part exceeds its thiid 
part by 16 ? 

? = ? + 16 
4 3 

The question as it was proposed involves some contradictiom. 
Putting in — sc'iX becomes 

4 3^ 



.Changing all the signs 



^ = ^— 16 
4 3 

X =1 192. 



This shows that the question should have been as follow* ; 
What number is tkat, whose third part exceeds its fourth part 

by 16? . ' • . ... 

7. What number is that, y\ of which exceeds 4 of it by 16? 

« • • • 

'. f 8.. What fraicftion is that, to the numerator of which if 1 be 
added, its value will be |, but if 1 be added to its denominator^ 
Usyal<|ie,will be i? 

9. What fraction is that, from the denominator of which, if 
. 3 > bi$; SubtmjQjIied, its value ^U be |f , but if 3 be subtracted 
': %M»it8[ iwnejpajton its value wijl be j .^ 

^ *' lOy It is required to divide the number 2P into two such 
pairts, that if the larger be multiplied by 3, and Uie smaller by 
5, the sum of the products will be 125. 
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11, It is required to find two numbers, whose diiference fB 
S5, and such that if the larger be multiplied bv 7, and the 
imal er by 5, th6 difference of their products shall be 215 ? 

XXV. Explamiion of Kegaim ExpanenU. 

* 

It wms observed above, that when die dividend and the divi* 
8or were different powers of the same letter, divisicxi is per* 
ibrmed by subtractmg the exponent of the divis^ jBnwi Ihact of 
the dividend : thus 



Now £ = 1. By the above principle * =: nf^ rs af ; Aeie* 
tore a*= I. 

Alao i=a^ = (^ = 1 f ^ := *»-" = 6* =3 1 ; 

i? = 10 •-* =l(y= 1 ; J!L±A = (fl ^- 6) '-' 

-(a + 6)*=l» 

That is, any qoantity having zero for its exponent, is equal 
to 1. 

Again -J. =5 -, or -i- = o'^ = a 
tr a ir 

-— = a^^ s: fl^ = -^ 
a' a* 

Hence it appears that n^^ has the same value as -, and a"^ 

a 

.»L. 

a* 

The quantities a^ a*, a\ «•, ar\ aT^^ c""', &c. have the same 

lalue as <i\ a*, a', 1, -, -_, — 5, &c 

a a* a' 

* fiacponents may be used ibr comMunil quantitiei m w«U as (or tiinplYf 
ind moltiplication aad division may oe perlbrmed 0)1 thoso which are nmilat, 
l*y adding and iiubtracting tlie exponents* 

u 
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On tUi principle the deQonunalor of a ftaction, or vaj &c- 
tor of the aeDominalor may be written in the nmnerator bjr eit- 
ing itg exponent the sim — . This mode of notation is oftc^ 
very convenient ; I shall therefore give a few examples of ita 

1* aI. 

1. MaWply if. bj Vc 

b & 

Bf the commoa rale ^ X ft'e =3 ^fL^^lfiL 

he be c 

ff§ tb* prineqrie expiinNNi abova, 



8. Multiply 3 Ae -*«{-' by 9«f(^'(^, 
8. Multiply 5 «-• c "• by 2 « e*. 

4. Multiply H*^ by a«»c». 

5. Multiply 3 a (ft + <0 -* by ia(h + if. 

•• ^"'^P'y 4c(2a-U)» '^y 8c'(2.-»^ 
7. Divide ^ by «*. 

9]r tli«B ooanraa method Hf -4. tf s ^ 

^ the above method 3 a c ~ * -i- e * =r S a e ~* ~* 

= 3«C-=:!f 



Or thus, to divide 3 a c^ by e*, is the same as to multiply fC 
by — or c "^9 which gives the same result 



/ 
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8. Divide , ?'"'.., *»y «* (2 *—«)•. 

9. Multiply ^5 bv -*f. 

ed trd 

®f =3fl fc-*<|-' and 44= * e «"*<*"*• 
c4 c a 

10. KTide ^ by _£*_ 

2oe"*rf~'-r3ft«-*c~*d"^ 

2a' + *i-'c-* + «rf-' + '_2a*6-' iff 
« _. _ g =:_^ 

ff 

In this example the exponents to be subtracted had th* 
sign — » which in subtracting was changed to -f^ 

11. Multiply 3o(i<i— rf)' . lam 

12. Multiply V^ by ^^ (»--gc)" 

*^^ 3c(6— 2<!)» ' 12a*i» 

13. Di«deii^(*£=i): by 45a»(&c--2)' ^ 

14. Divide ^(7* + f/)' by IfS^HlMl*^. 

(a — A)* ' 4 (o — i)* 

XXTI. JSSroffitiiariofi ^ General Fornmiat. 

When a question has been resolved generaHy, that is, by 
presenting the kno#n quantities by letters, we sometimes pro- 
pose to determine what values the unknown quantities will 
take, for particular suppositions made upon the known quan- 
tities. 



t^' • 
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Tbe two fenowing questions offer nearly all the circum- 
stances that can evpr occur in equations of the first degree. 

A C B 

■ .^1 .1. I III i^ I - 1 

Two couriers set out at the same time from the points A and 
B, diitant from each other a number m of miles, and travel 
towards eack other ufitil they meet. The courier who sets 
out from the point A» travels, at the rate of a miles per hour ; 
the other travels at the mte of 6 miles per hour. At what dia* 
tance frqm the points A aad B will they meet ? 

Suppos^C to be the point, and 

Let 0^ = the distance A C 

and y = the distance B C. 

For the first equation we bavo 

a?-|.y = A B=f» 

Since the first courier travels x miles, at the rati? of a miles 

per hour, he will be — hours upon the road. The second con- 

a 

rierwill be^hours upon the road. But they travel equal 
6 

times; therefore. 





or 


9 




a 


- b 




XI 


_«y 
b' 


Putting 


this value of cr into the first equ 




?+»=- 






«y+*y= 


: &» 




>=- 


bm 
a + b 


x-«y 


_ « ^ Jm _ 
b a+b~ 


abm 


6 


b(a + b) 



a+6 

Since neither of the quantities in these values of a; and y has 
the sign — ^ it is unpossible for either value to become neg&* 
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tiTe. Thereibre whatever numbers may be put in plactt'of a, 
by and m, they will give on answer according to the conditions 
of the question. In fiict, since they travel towards each other, 
whatever be the distance of the praces, and at whatever ra)e 
tk^ travel, they must necessarily meet. 

Hoppo^ now lliaft the twoconriers scttmg ottt fr^m tift points 
A and B situated as before, both travel ifi the^ MtAe dh^otiM 
towards D, at the same rates as before. At what distances 
from the points A and B will the place of their meeting, C| 
be? ■ • 

A B C D 



Let a? = the distance from A to C, 
andy= « B to C. 

Of — y = AC— BC == A B = m. 

The second equation expressing only t^ equality df file 
tane iv^ill not be altered. 

a b 
Solving the two equations as before, 

ay 

b 

b * 

ajf — iy=i'» * 

b m 
a a htn abvt ^^ am 

Beie tli9nd«es oC« aod f will oot fas pqsiiive wless a is 
greater than b ; that is, unless.M^e covriirp ihiA sets out fiom A» 
travels faster than the other. 

Suppose A ^ 8 and h = A. 





A^eim. 


Sill 


8m 


8 — 4 


4 


4m 

8 — 4 


— 4^ - 
4 
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la dm ewe the peinl C^ where Ibey eawe logelfaery i» db^ 
taot from A twice the distance A B. 

Suppose a smaller than &, for example 

a = 4 and & ;= 8. 

Then «=:_i!!L=_ifc 

4—8 

m 

^ 4—8 

Here the Tallies efx and y nre both negative; hence there 
is some absurdity in the enunciation of the question for these 
numbers. In ract, it is impossible that the courier setting out . 
from A, and travelling slower than the other should overtake 
him. 

Let us put X and y negative in the two equations, that is, 
change their signs. 

Hiey become — ap-f-y = fli 

^^x y 

a b 

or y— .xsrm 

Old £- = 4-. 

a b 

The second equation is not affected by changing the sign ; 
and it ought not to be so, since it expresses only the equality of 
the times. 

The first equattoo becomes y — «=sm, instead of «-^y = 
m, which shows that the point where they are together is nearer 
to A than to B, by the distance from A to B. It most dierefoie 
be oil the other side of A| as lit B. 

E A BCD 
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The enuBcifttton of the question may be changed m two 
ways so as' to answer the conditions of this equation. 

First, we may Suppose, that the couriers, setting out from A 
and B, instead of going towards D, go in the opposite direction, 
the one from A at 4 miles per hour, and the other from B at 8 
mBes per hour ; at what distance from the points A and B is 
the point E, where they come together ? 

Or we may suppose that t^o couriers setting out from the 
same place E, one travelling at the rate of 4 miles, and the other 
8 per hour, have arrived at the same time at the points A and 
B, which are m miles asunder. What distance are the pointi 
A and B from E f 

Suppose a=.b. 

Then 



X 


= 


a m 
a—b 


— — 


a m 


= 


am 




a — a 





V 


- 


bm 


1 


b m 


__„ 


am 



ft 



a — b a — a 

How is this result to be interpreted ? 

Observe that in this case a and b being equal, the two eou>- 
riers travel equally fast, it is therefore impossible that one 
should ever overtake the other, however far they may travet in 
either direction, and no change in the conditions can make it 
possible. Zero being divisor, then, is a sign of impossibility. 

We may observe that when there is any difference, however •» 
small, between a and ft, the values of x and y will be real, tad '^ 
the couriers will come together in one direction or the other 
and the smaller the difference, the greater will be the distance 
travelled before they come together ; that is, the greater ^il! 
be the values of x and y. . ^ 

Suppose a = 5andi=:4, a — i = 1, 
then x:=:^J!!l=i$m yart!? = 4m. 

Again, Suppose a = 5, and ft =r 4 * S, o — i 2^ * 5, 

then » = ii? = 10m «= lli? =9m. 

•5 ^ • 8 



It 
t 
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Again» Suppose a = 5, and i = 4 * 98, a-— 6 s • 92» 

then « = i.^=250m,andy=:^l2? =249m 

•02 -02 

Again, Suppose a = 5 and 6 = 4*998, a — 6 = '002, 

then X = IJUL = 2500 m. 

•002 

and y=fi?i!!^=2499m. • 

^ 2 

Here observef that as the difference between a and b be- 
comes very small, the values o(x and y become very large, and 
the difference between them is always m. Hence, since the 
smaller the divisor the larger the quotient, we may conclude, 
that when the divisor is actually zero, the quotient must be in- 
finite. From this consideration, mathematicians have called 

the expression^, that is, a quantity divided by zero, a symbol 

of infinity. They therefore say,, that, both couriers travelling 
equally fust, the distance, travelled before they come together^ 
is infinite. But as infinity is an impossible quantity, I prefer 
the term impossible, as being a term more easily comprehended^ 

I shall thereicM'e call - a symbol of impossibility. 

If a quantity be divided by an infinite or in^possible qpiaiw 
tity, the quotient will be zero. If b be divided by -, it be- 

h 
comes — Multiply both nmnerator and denominator by 0, it 

c • 


becomes — ^!L. == a III fiict, since the larger the divia^y tbe 



a 

I. 



smaller the quotient, the dividend remaining the same, it £>!- 
lows that if the divisor surpasses any assignable ^aiUity, the 

auotient must be smaller than and assignd[)le quantity, or no- 
ling. 

One case more deseh^es our notice. It is when a = 6 and 
m =: ; in which case we have 
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ofi _ a X _ 



X =: 



a-^ 



i 



^ a—b O' 

If we retorn to the equations theinselves, they become 

it— y==0 

X y 

a a 

From the first we have 

Sabstituling this value in the second 

a a 

TUB Jast equation has both its members alike, and is some- 
times called an idenHad eqwUion. The values of the imknown 
quantities cannot be determined from it. In fiict, since m is 
zero, both couriers set out from the same point. And since 
they both travel at the same rate, they are always together* 
Therefore there is np point where they can be said to come to- 
gether. The expresmon ^ is here an expression of an indeier" 

minate quantity. 

There are scrnie cases where an expression o€ this kind is not 
a sign of an indeterminate quantity, but in these cases it arises 
from a factor being conunon to the numesator and denomina- 
tor, which by some suppositions becomes zero, and renders the 

fraction of the form of ^ ; but being freed from that fiictor, it 
has a determinate value. 

The folk>wing expression is an example of it 

fl(fl«_y) 

i(a — 6)* 
When a = i, this expression becomes -.. But both numerft* 



I 

• 

I 



r^tor and denomikiator edAtain the* fiictor a — &, which be- 
comes zero when a and h are equal. 

Dividing by a-^i, the expressicm becomes 

b ' 
which is equal to 2 a when a = 5. 

It is necessary then, when we find an expression of the form 
~, before pronouncing it an indeterminate quantity, to see if 

there is not a factor, common to the munerator aad denomina- 
tor, which, becdhiing zero^ renders the expression of this form. 

The example of the couriers lEurnishes scm^ other cudoua 
cases, for which we must refer the learner to Lacroix^s or Bour- 
don's Algebra. 

Let the learner examine the following examples in a similar 
nuumer. 

b iMilX, exfldht^s 15 and 16, the following formulas, re- 
lating to iaterest^ were obtained. How are r and t to be in*- 
terpreted, wfaeh f is greater than a; and how when a and p 
equal? 



if rp 

In Art. XXII. examples 12th and 13th, the following formu- 
lia were obtained. In what cases will the results become ne- 
gative^ and how ai^ the Negative results to be interpreted f 

mq — np 

Denommator ''JilZ±j} 

litq — np) 

13th. Nmnerator *^^"' + *) 

np—^mq ^ 

Denominator fliLif+i). 
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It ia reqttimUo <Mi0 a fiyca number a into two iiic|i pvti, 
thit if r tinea one port be added le t tiiaet the otber peit, t|be 
tun will he a giTlHi number 6* 

Ant* The part to be multiplied hyr is**^*^' 



■ ■ » 

r — # 



and the port.to be multiplied bjr t is — 






In what caaes will one or both of these results be negative ? 
Can both be negative at the same time f How are the nega- 
tive results to be interpreted f In what cases will either of 
them become zero f Can both become zero at the same time f 
What is to be understood when one or both become zero ? In 
what casee, will one or both become infinite or impossible ? 

Omi ^ther of them ever be of the fimn^f 
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U A boy being asked how many cfaiclceM he had, anapoiod^ 
that if the number were multiplied by four tunes itself the pro- 
duct would be 256. How many had he f 

Let X = the number, 

then 4 47 =r four times the number* 

4a? X Jc = 4a^ 
By the conditions 4 x:* == 356 

«^ = 64 
That is a?a? = 64/ , 

This equation is essentially different from any wiuch we have 
hitherto seen. 

It is called an equation of the second dtgree^ because it con* 
tains x', or the second power of the unknown quantity. In or- 
der to find the value of x, it is necessary to find what number, 
multiplied by itself, will produce 64. We know immeditlely 
by the table of Pytha^ras that 8 X 8 := 64. Therefore 

x=z8. Am. 8 chickens. 

NoU. The results of these equations may be proved like 
thoae of the first degree 
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3. A bo^ being atked his age, mmwereAj tel if it were mul- 
tiplied b^ Itself, and fixMn the product 37 were subtracted, and 
the remainder multiplied by his age, the product would be 13 
times his age. What was his age f 

By the conditions 

X* — 37a?=:12«. 

•Dividing by x, 

vc^ — 37 = 12 
«• = 49 
a? = 7. jSm* 7 year** 

3. There are two numbers in the proportion of 5 to 4, ubrI 
the difference of whose second powers is 9. What are the nunok 
bers? 

Let X = the larger number, 

then •— =: the smaller. 
5 

The second power of — is - — ^ 
^ 5 25 

If) t' 

By the condttions z^ = 9. 

4. There are two numbers whose sum is to the less in ifcn 
proportion of 15 to 4, and whose sum multiplied by the less 
produces 135. What are the numbers ? 

Let X = the less, and y = the greater. 
Then x+y=::iif. 

and x{x + y) =z 136. 

The second gives jr c= 717.— 

X 

Putting this value of y into the first, it becomes 
, 136 — a^ 16x .^ 

X ^ 
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Bfince ft appears, Aaf when an exttnple tevohes Ae second 
•pdwer of the tinknown quantity, the value »f the scteond power 
must ifavt be fbutld in the same mcEnner as the unkmnvA quan- 
tity is found in simple equations ; and from the value of the 
^cond power, the value of the first power is derived. 

It is easy to find the second power of any quantity, when 
the first power is known, because it is done by multiphcation ; 
but it is not so easy to find the first power fi'onfi the second. It 
cannot be done by division, because there is no divisor given. 
When the number is the second power of a small number, the 
first power is easily found by trial, as in the above examples. 
When the number is large, it is ^till found by trial ; but a rule 
may be very easily found, by whicli the number of trials will 
be reduced to very few. The first power is called the root of 
.the seeond power, and when it is required to find the first pow-^ 
er from the second, the process is called ejctractirig the root. 

It has been shown, Art. XXIV. tiiat the second power of 
every quantity, whether positive or negative, is necessarily po- 
sitive ; thus 3 X 3 ::=: + 9, and also — 3 X — 3 ~ -{- 9. So 
ax az=za^, and also — a X — a=:a^. Hence every second 
power, properly speaking, has two roots, the one positive and 
the other negative. The conditions of tlie question will gene- 
rally show which is tlie true answer. 

XXVIII. Extraction of the Second Boot* 

la ord^r to find a rule for extractiiug the root, or finding the 
&st power firom the second, it will be necessary, nrst, to ob- 
serve how the second power is formed from the first. 

Let a = 20 and 6 = 7 J then a + t = 27f 
The second power o(a + bis 

{a + 6) (a + A) =: «• -f* 2ab + l/ 
o* = 20 X 20 = 400 

flj = 20 X '7= 140 
at =20 X 7 = 140 
6* = 7 X 7 c= 4S> 
a«4-2a6+^* = 7$J9. 
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The {Koduct is fanAed in precifely the same manner in the 
iMHial mode of moltipljcation, as mav be seen, if the proclucla 
tie written down as they are fimned, without carrying. 

27 
27 



49 
140 
140 
400 

729 



Here we obsenre, 7 times 7 is 49, 7 times 20 is 140, 20 timee 
7 is 140, and lastly 20 times 20 is 400. These added together 
make 729, which is the second power of 27. 

We obsenre. 

1st When the root or first power consists of two figures, the 
second power consists of the second power of the tens, plus the 
product of twice the tens by the units, plus the second power 
of the units. 

2d. The second power of 9, the largest number consisting 
of one figure, is 81 ; and the second power of 10, the smallest 
number ccMisisiBg of two places, is 100 ; and the second pow- 
er of 100, the smallest number consisting of three places, is 
10000. Hence, when the toot consists of one fisure, the se* 
cond power cannot exceed two figures ; and wnen the root 
consists of two figures, the seccHid power consists of not less 
than three figurdb, nor more than four figures. 

From these remarks it appears, that we must first endeavour 
to find the second power of the tens, and that it wiH be found 
among the hundreds and thousands. 

Let it be required to find the root of 729. This number con* 
tains hundreds, therefore the root will contain tens. The se- 
cond power of the tens is contained in the 700. 20 X 20 b 
400, and 30 X 30 is 900. 400 is the greatest second power 
of tens contained in 700. The root of 400 is 20. Subtract 
400 fi^om 729, and the remainder is 329. This must contwn 
2 a 6 -f- &', that is, the jproduct of twice the tens by the units, 
plus the second power of the units. If it contained exactly the 
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product 2ab of twice the tone by the units, the muts of the 
root would be found by dividing 329 by twice 20, or 40 ; fixr 
2ab divided by 2 a gives b. As it is,' if we divide by twice 20 
or 40, we shall obtain a quotient either exact, or too large by 1 
or 2. 40 is contained in 329, 8 times. Write 8 in the root 
and raise the whole to the second power. 28 X 28 = 784, 
which is larger than 729. Next try 7 in the place of 8. 27 X 
27 = 729. Therefore 7 is right, and 27 is the root required 

9 

The operation may stand as follows. 

729 (20 -f- 7 = 27 root 
400 



329 (40 divisor. 
27 X 27 = 729. 

What is the root of 1849 ? 

1 8,49 (40 4-3= 43 root- 
16,00 

249 (80 divisor. 
43 X 43 = 1849. , 

In this example, the second power of the tens will be found 
in the 1800. 30 X 30 = 900 ; 40 X 40 = 1600 ; 50 X 50 = 
2500. The greatest second power in 1800 is 1600, the root of 
which is 40. Write 40 in the place of a quotient. Subtract 
1600 from 1829. The remainder is 249, which divided by 
twice 40, or 80, gives 3. Add 3 to the root, and raise the 
whole to the second power. 43 X 43 = 1849. Therefore 43 
is the root required. 

It is evident tliat the result will not be affected, if instead of 
w ritin^ 40 in the root at first, we omit the zero, and then sub- 
tract uie second power of 4, viz. 16 from the 18, omitting the 
two zeros which come under the other period. Then to form 
the divisor, the 4 may be doubled, and the divisor will be 8 in- 
stead of 80, and the dividend must be 24, the right hand figure 
being rejected. 



136 



4^ehu. 
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Operation. 

18,49 (43 root. 
16 



Ans. 88. 



Dividends 24,9 (8 divisor. 
43X 43=: 18 49. 

ExampU$» 

1. What is the root of 1444 f 

2. What is the root of 7396 ? 

3. What is the root of 361 ? 

4. What is the root of 3249 ? 

5. What is the root of 7921 ? 

6. What is the root of 8281 ? 

The secondpowerof a + 6+ c, or (o+i + c) (a + ^+c) 
tf+2ab + b* + 2ac + 2bc + 4? = 

fl* 4-2 a& 4- *■ + 2 (o + 6)c-f-c». 

To find the second power of 726 
Let a = 700, & = 20, and c = 6. 
a* = 700 X 700 
2a& =:2X 700 X 20 
&• = 20 X 20 

2(a + 6)c=2x (700 + 20) X 6 
€«= 6X6 



= 490000 
= 28000 
= 400 
= 8640 
= 36 



527076 



726 
726 

4356 
1452 

5082 



527076 
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The first three terms of the fonmila, viz. 

are the second power of a -f & or of the hundreds and tens, 
viz. 720. The second power of 720 can have no significant 
figure below hundreds, and the significant figures of the se- 
cond power of 720 and of 72 are the ' same ; the former is 
51S400, the latter 5184. If fi^om the whole number 527076 
the two right hand figures be rejected, the number is 5270. 
This contams the second power of 72 and something more, viz. 
a part of the product 2 X (700 + 20) X 6 = 2 (a +■ 6) c. 

The method of procedure then, is to find the largest root 
contained in 5270. The first three terms of th^above formula, 
viz. a' -{- 2 a i •4*' ^'9 show, that this is to be found by the me- 
thod given above for finding a root consisting of two figures* 

62,70 (72 
49 



37,0 (14 
72 X 72 = 51,84 



86 

The root is 72, and the remainder is 86. Annex to this the 
two figures rejected above, and it becomes 8676. This con- 
tains 2 (a + 6) c -|- c* ; that is, 

2 X 720 X c + c^. 

If 8676 be divided by 2 X 720 =r 1440, the quotient wiH be 
either c or a number larger by 1 or 2« The zero on the right 
of 1440, and the riffht hand figure in the dividend ma^ be 
omitted without affecting the quotient The quotient is 6. 
Put 6 into the root and raise tfie whole to the second power. 

726 X T26 =5 527076 
12 ♦ 



<5 



Operation. 

52,70,76 (726 = root. 
49 



Ut di>idend 37,0 (14 = 1st divisor. 

72X72 = 51,84 



2d dividend = 867,6 (144 = 2d divisor. 
736 X 726 = 627,076.-^ 

There i^, however, a method, which will save considerable 
labour in multiplying. 

In the last example, for instance, having found the second 
figure of the root 2, instead of raising the whole 72 to the se- 
cond power, we may abridge it very much by observing, that 
the second power of the 70, answering to a* in the formula, has 
already been found and subtracted ; tnerefore it only remains 
to find 2ab -\- Vj and subtract it also. But the 140 is 2 a, and 
the figure 2 found for the root answers to b ; therefore if we 
add 2 to 140, it becomes 142 =: 2 a -f* &• If this be now mul- 
tiplied by 2 or &, it becomes 

2X 142=284 = 2a& + J». 

This completes the second power of 72, which, subtracted 
irom 370, leaves 86 as before. 

Prepare as before, and find the third figure of the root. Ob- 
serve that the 2d power of 720 or a* -f- 2 a i -|- i' has already 
been found and subtracted ; it only remains to^find the other 
parts, ynM.2(a+b^c-^-<f. The d&viior 1440 answers to 2 
(j( 4-^)« Aa4 ^9 tne figure of the root iust found, to this, and 
iXpfj^Ofom 1446^ apswi^pog to 2 (« -f i) -f c. If this be mul- 
" by 6,itbecowB# 1446 X « = 8676 = 2(a-f i) « + c». 
completes the second power of 726, which, suotracted 
irom 8676, the number remaining tn *the work,' leaves nothing. 
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Operation* 

62,70,76, (726 root. 
49 



1st dividend 370 14 Ist divisor. 

384 142 1st multiplicand. 



2d dividend 8676 144 2d divisor 

8676 1446 2d multiplicand. 

00 

The same principle will apply when the root consists of any 
number of figures whatever. 

What is the root of 533837732164 ? 

In the first place I observe that the second power of the tens 
can have no significant figure below hundreds, therefore the 
two right hand figures may be rejected for the present. Also 
the second power of the hundreds can have no significant figure 
bdow tens of thousands, therefore the next two may be reject- 
ed. For a similar reason the next two may be rejected. Ip 
this manner they may all be rejected twfp by ^iiEaq^til only one 
or two remain^ Begin by fii^ldwog the root of these and pro- 
ceqd HI f^Yf}« 

Operation. 

63,38,37,73,21,64 (730642 

49 



43,8 (143 
42 9 

93,7 (146a 

9377,3 (14606 
8763 6 

613 72,1 (146124 
68449 6 



29 22 564 (1461282 
29 22 564. 
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After separating the figures two by two, as explained aboTe, 
I find the greatest second power in the left hand division. It 
is 49, the root of which is 7. I subtract 49 from 53, and 
brin^ down the next two figures, which makes 438. Nov 
considering the 7 as tens, I proceed as if I were finding the 
root of 5338 ; that is, I double the 7, which makes 14 Tor a 
divisor, and see how many times it is contained in 43, rejectiog 
the S on the right I find 3 times. 1 write 3 in the root at the 
right of 7, and also at the right of 14. I multiply 143 by 3, 
and subtract the product from 438. I then bnng down the 
next two figures, which make 937. I double 73, or, which is 
the same thing, I double tlie 3 in 143 ; for the 7 was doubled 
to find 14. This ^ves 14G for a divisor. I seek how many 
times 146 is contained in 93, rejecting the 7 on the ri^ht, as 
before. I find it is not contained at all. I write zero m the 
r<x»t, and also at the right of 146. I then bring down the next 
two figures. I seek how many times 1400 is contained in 9377, 
rejecting the 3 on the right. I find 6 times. I write 6 in the 
root, and at the right of 1460, and multiply 14606 by 6, and 
subtract the product from 93773. I then bring down the next 
two figures, and double the right hand figure of the last multi- 
plicand, and proceed as before ; and so on, till all the figures 
are brought down. The doubling of the right hand figure of 
the last multiplicand, is always equivalent to doubling ue root 
as far as it is found. 

From the above examples, we derive the following rule Ibr 
extracting the second root. 

1st. Beginning at the rights separate the number into parti rf 
two Jigures each. The left hand part may eoniiit of one or two 
fgvres. 

2nd. Find the greatest second power in the, l^ handpart^ and 
tm-ite its root as a quotient in divistan. Subtra^ the second pomr 
from the lefi hand part. 

3d. Bring down the two next figures at the right of the rmuMr 
iter. Doulne the root already found fyr a divisor. Seehowmamf 
times the divisor is contained tn the dividend r^ectiw the right hand 
fiffure. Write the resuk in the root^ at the n^tU y the figure prt' 
rionslj/ foiznd, and also at the right of the divtsor. 

4th. Multiply the divisor^ fhvs augmented^ by the last figure 
of tlie root J and subtract the pi oducf from the whole dividend. 
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5A. Bring down the nasi two fguru at h^ore^ to form a new 
lendfOnd doubk the root abtadjffoundffor adrntOTf ^ndtmh- 
as brfore. The root unU be Joubhd, jf the right handfigwrt 
^ the last divuor be douUed. 

' If it happens that the divisor is not contained in the dividend 
'when the right hand figure is rejected, a zero must be written 
'io the root* and also at the right of the dirisor ; and the next 
%ures mus^ be brought down, and then a new trial made. 

If it happens that the figure annexed to the root is too small, 
it may be discovered as follows. 

The second power ofa-f-lisa* + 2o+l- 

That is, if we have the second pow^r of any number, the se- 
cond power of a number larger by 1, is found by multiplying 
the firat number by 2, increasms the product by I, and sidding 
it to the power. For example, the second power of 10 is 100 ; 
the second power of 11 is 100 + 2 X 10 + 1 = 121. The 
secoqd power of 12 is 121 -f 2 X 11 + 1 = 144, &c. 

If then the remainder, after subtraction, ia equal to twice .the 
root ahre^dy fqund plus 1 , or greater, the last £^e of the root 
must be increased by 1. 

In the last example, the first dividend was 43,8 and the di- 
risor 14 ; the figure put in the root was 3, and the remainder 
was 9. If 2 instead of 3 had been put in the root, the remain- 
der would have been 154, which is considerably larger than 
twice 72, and wooU have shown, that the figure shomd be 3 
instead of 2. 

There are many numbers, of which the root cannot he ex- 
actly assigned in whole or mixed numbers. Thus 2, 3, 5, 6, 
7, have no assignable roots. That is, no number can be found, 
which, multiplied into itself, shall produce either of these nuni* 
bers. This is the case with all whole numbers, which have 
n€>t an exact root in whole numbers. 

This may be proved, but the demonstration is so difficult, 
that few learners would comprehend it at this stage of their 
progress. The proof may be found in Laeroix's Algebra. 
The learner, however, may easily satisfy himself by trial* We 
diall soon find a method of approximating the roots of these 
ntnnbers, sufficiently near for all purposes. 
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XXIX. Extraction of ike second Root of Fractions. 

Fractions are multiplied together by multiplying their na- 
merators together, and their denominators together. Hence 
the second power of a fraction is found by multiplying the nu- 
merator into itself, and the denominator into itself; thus the 

second power of | is | X | = tV* "^^ second power of 

^9 ^B ^W ^W^ 

-— is -- X -r- = -rr- Hence the root of a fraction is found 

Cr 

by extracting the root of the numerator, and of the denomina- 
tor ; thus the root of |f is {. 

If either the numerator or deiiominator has no exact root, 
the root of the fraction cannot be found exactly. Thus the 
root of If is between | and f or 1, It is nearest to |. 

The denominator of a fraction may always be rendered a 
perfect second power, so that its root may be found ; and for 
the numerator, the number which is nearest to the root must 
be taken. Suppose it is required to find the root of |. If 
' both usTtna of th« firactton bo multiplied by 5» the valuc of the 
fraction will not be altered, and the denominator will be a per- 
fect second power. 

The root is nearest |. This is exact, witfam less than ^. 

If it is necessary to have the root more exactly ; after the 
fraction has been prepared by multiplying both its tenns by 
the denominator, we may again multiply bo£ its terms by some 
number that is a perfect second power. The larger this num- 
ber, the more exact the result will generally be. 

If both terms be multiplied by 144, which is the second 
power of 12, it becomes fHI' ^® i'^^^ ^^ which is nearest to 
\^, This is the true root within less than ^V* 

We may approximate in this way the roots of whole num* 
bers, whose roots cannot be exactly assigned. 

If it is required to find the root of 2, we may change it to a 
fraction, whose denominator is a perfect second power. 

2 = m- 
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The root of f f | is nearest to j^ == 1 tV* This differs from 
the troe root by a quantity less than i^^. If greater exactness 
is required, a number larger than 144 may be used. 

1. What is the root of jVt ? vfw. xV- 

2. What is the root of iH ^ 

3. What is the root of ISj-ff =: '^V/ ? 
4J What is the root of 28||f ? 

5. What is the approximate root of f ? 

6. What is the approximate root of ^ ? 

7. What is the approximate root of 3^ ? 

8. What is the approximate root of 17/^ ? 

9. What is the approximate rodt of 3 ? 

10. What is the approximate root of 7 ? 

11. What is the approximate root of 417 ? 

The most convenient numbers to multiply by, in order to 
approximate the root more nearly, are the second powers of 
10, 100, 1000, &c., which are 100, 10000, 1000000, &c. B^ 
this means, the results will be in decimals. 

To find the root of 2 for instance, first reduce it to hun- 
dredths. 

2 =. f^^J, the approximate root of which is \\ rr: 1.4. 

Again 2 = *? IH) ^^e approximate root of wMch is ||| = 
1.41. 

Again, 2 = f J.f ii|}, the approximate root of which is \\\^ 
^1.414. 

In this way we n^y approximate the root with sufficient ac« 
curacy for every purpose. But we may observe, that at every 
approximation, two more zeros are annexed to the number. In 
feet, if one zero is annexed to the root, there must be two an* 
nexed to its power ; for the second power of 10 is 100, that 
of 100 is 10000, &c. 

This enables us to approximate the root by decimals, and 
we may annex the zeros as we proceed in the work, always an« 
nexing two zeros for each new figure to be found in the root, in 
the same manner as two figures are brought down in whole 
numbers. 



I 
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The root of 2 tb^i may be found as follows. 
2 (l.'V421, d&c. root 



10,0 (24 
96 


40,0 (281 
28 1 


1190,0(2^4 
11296 

« 


60 40,0 (28282 
56 56 4 


3 83 60,0 (282841 
2 82 84 1 



10075 9 

12. What is the approximate root of 28 ? 
tS. What is the approximate root of 243 ? 

14. What is the approximate root of 27068 > 

15. What is the approximate root of 243f ? 

<Mft^ — ^^A.'X 375 — . 9433750 243375000 /ijf 

The approximate root of which is VAV = 15.6, Ac- 
Bat it is plain that this may be performed in the same man^' 
ner as the above. For if the number 243375000 be prepared 
in the usual way, it stands thus ; 2,43,37,50,00. Now 

« 4 3 3 j|o|o -. 243 . 375000. 

If we take this number and beffin at the units and point to- 
wards the left, and then towards we right in the same man- 
ner, the number will be separated into the same parts, viz. 
2,43.37,50,00. The root of this number may be extracted ib 
the usual way, and continued to uiy number of decimal places 
by annexing zeros* 



I 
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N. B. The decimal point must be phced in the root, be- 
fore the first two decimals are lised. , Or the root must con- 
tain one half as many decimal places as the power, counting 
the zeros which are annexed. 

16. What is tlie approximate to6t of 213.6a? 

17. What is the approximate root of 726| ?' ' 

18. What is the approximate root of 17/j i* ' 

19. What is the approximate root of 3|i ? ' 
20; What is the approximate root of { ? 

21. What is the approximate root of | ? 

22. "What is the approximate root of ^f i^ r^ 

23. Whbt is the approximate root of -^tt • 

XXX. Questions producing pure Equations of the Second 

Degree. 

1. A mercer bought a piece of silk for £1G. 4s. j and the 
number of shillings which he paid per yard, was to the number 
of yards, as 4 to 9. How many yards did he buy, and what 
was the price of a yard ? 

Let 0? = the numoer of shillii^s he paid per yard. 

9 X 
Then — = the number of yards. 

The price of the whole will be £^ = 324 shillings. 

X* = 144 
0? =;: 12 - 

* 

— = 27. ^- 
4 

dns. 27 yards, at 12s. per yard. 

2. A detachmenJt of an army was marching in regular co- 
hunn, with 5 men more in depth than in front ; but upon the 

nemy coming in sights the front was increased by 845 Aien ; 
nd by this movement the detachment was drawn up in D lin6s: 
.lequired the number of men. 

13 



* *•» \g •*•* *^f 
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Let JT = the number in front ; 

then a? + ^ = the number in depth ; 

a;* + 6 0? =: the whole number of men. 

Again x + 845 = the number in front after the movement ; 

And 5 a? + 4225 = the whole number* 

x^ + 5x=5x + 4225 
a^ =4225 
'. 0? = 65 

The number of men = 5 a? + 4225 = 4550. . 

3. A piece of land containing 160 square rods, is called an 
acre of land. If it were square, what would be the length of 
one of its sides ? 

Let X == one side. 

a?* = 160 

X = 12649 + 

Ans. The side is 12.649 -p rods. It cannot be found^xactly, 
because 160 is not an exact 2d power. 

This is exact within less than y^^ir ^^ ^ ^^' ^^ might be 
carried to a greater degree of exactness if necessary. 

4. What is the side of a square field, contaming 17 acres ? 

5. There is a field 144 rods long and 81 rods wide ; what 
would be the side of a square field, whose content is the same ? 

6. A man wishes to make a cistern that .shall contain 100 
gallons, or 23100 cubic inches, the bottom of which shall be 
square, and the height 3 feet. What must be the length of 
one side of the bottom ? 

7. A certain sum of money was divided every week among 
the resident members of a corporation. It happened one week 
that the number resident was the root of the number of dollars 
to be divided. Two men however coming into residence the. 
week after, diminished the dividend of eacnof the former indi- 
viduals U dollars. What was the sum to be divided ? 



Lot X = the number of dollars to be divided 



; 



%•«• •••• 
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JL 

then x^ =. the number of men resident, and also the sum 
each received. 

The root of x is properly expressed by the fractional index 
J. For it has been observed, that when the same letter is 
found in two quantities which are to be multiplied together, 
the multiplication is performed, as respects that letter, by 

adding the exponents. Thus a x a = a* "*" * = fl* ; a?* X a?' 

= ar* + * = a?*, &c. Applying the same rule ; if a?^ represents 

I a root or first power, the second power or a?^ X x^ ^.x^"*'^ 
= 0?* or X. 

The second power of a letter is formed from the first by 
multiplying its exponent by 2, because that is the same as 
adding the exponent to itself. Thus a* x «' = «*"*"'=«* ^ ' 
= a". This fiimishes us with a simple rule to find the root of 
a literal quantity ; which is, to divide its exponent by 2. 

a 4 

Thus the root of a* is o^ = a* ; the root of a* z= a* ^ a'^the 
root of a* is a^ = a', &c. By the same rule, the root of o* is 
or ; the root of a' is a^ } .the root of a* is a» ; the root of a 

m 

is a?, ^c. 

In the above example 

X =? the number of dollars to be divided ; . 

and a?' = the number of men resident; 

J — ^ ^ — a?* = the number of dollars each received, 
and i i 

x^ x^ 

x^ +2 =z the bumber of men the succeeding week ; 
~- = the number of dollars each received the latter week ; 

Hence by the conditions 

3 "^jfi + a 
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3 ^ 3 

3^.3 

3 ^ 3 

?«* =8 

" a?*X a?* = a?*"^*=a? = 4 X 4= 16. 

.4i». $16. 

Instead of making x = the number of dollars, we might 
make, 

0?* = the number of dollars ; 

then 07 = the number of meq resident, <&c. 

*n we have 

4 x" 



X 



3 x + 2 



a^ — if +2x— i-=a^ 
3 ^ 3 

^_if +2x — «•=£ 
3 ^ 3 



2a?= 8 
a: = 4 

a?* = 16- 

•4[n#. $16, as before. ,? -, 



\ 
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8. Two men, A and B, lay out sojne money on speculation. 
A disposes of his bargain for £11, and gains as much per cent, 
as B lays out ; B's gain is £36, and it appears that A gains 
four times as much per cent, as B. Required the capital of 
each. 

9. There is a rectangular field containing 360 square rods, 
and whose length is to its breadth as 8 to 5. Required the 
length and breadth. 

10. There are two square fields, the larger of which contains 
13941 square rods more than the smaller, and the proportion 
of their sides is as 15 to 8. Required the sides. 

11. There is a rectangular room, the sum of whose length 
and breadth is to their difierence as 8 to 1 ; if the room were 
a square whose side is equal to the length, it would contain 
128 square feet more than it would, if it were only equal to tlie 
breadth. Required the length and breadth of the room. 

12. There is a rectangular field, whose length is to its 
breadth in the proportion of 6 to 5. A part of this, equal to } 
of the whole, being planted, there remain for ploughing 625 
square yards. What are the dimensions of the field r 

13. A charitable person distributed a certain sum amongst 
some poor men and women, the number of whom were in the 
proportion of 4 to 5. Each man received one third as many 
shillings as there were persons relieved ; and each woman re- 
ceived twice as many shillings as there were womfen more than 
men. The men received all together 18s. more than the wo- 
men. How many were there of each } 

14. A man purchased a field whose length was to the 
breadth as 8 to 5. The number *of dollars paid per acre was 
equal to the number of rods in the length of the field ; and the 
number of dollars given for the whole, was equal to 13 times 
the number of rods round the field. Required the length and 
breadth, of the field. 

15. There is a stack of hay whose length is to its breadth as 
5 to 4, and whose height is to its breadth as 7 to 8. It is worth 
as many cents per cubic foot as it is feet in l^eadth ; and the 
whole is worth, at that rate, 224 times as many cents as there 
are square feet on the bottom. Required the dimensions of 
the stack. 

8!f. 13 * 
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16. There is a field containing lOS^square , rods, and the 
sum of the length md breadth is equal to twice the difference. 
Required the lengtli and breadth. 

17. There are two numbers whose product is 144, and the 
quotient of the greater by the less is 16. What are the nma- 
bers .'* 

m 

XXXI. Questions prodvjciiig Pure Eqmtions of the Third 

Degree, 

1 . A number of boys set out to rob an orchard, each carry- 
ing as many bags as there were boys in all, and each bag ca- 
pable of containing 8 times as many apples as there were bop. 
They filled their bags, and found the whole number of apples 
was 1000. How many boys were there ? 

Let X = the number of boys ; 
then a? X a? = a?' = the number of bags ; 
and 8 0? X a:* = 8 a?' = the number of apples. 
By the conditions 

Set' =1000 
•. * .z'r= 125 
or XXX -=:• 125. 

In this equation, the unknown quantity is raised to the third 
power ; and on this account is called an equation of the third 
degree. 

In order to find the value of a? in this equation, it is necessa- 
ry to find whatnumbermultipliedtwiceby itself will make 125* 
By a few trials we find that 5 is the number j for 

5 X 5 X 5 = 125 
therefore x =-^. Ans. 5 boys. 

I 

2. Some gentlemen made an excursion ; and every one took 
the same sum of money. Each gentlem^ had as many ser- 
vants attending him as there were gentlemen ; and the num- 
iier of dollars which each had, w;as double the number of all ^ 
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the servants: ^ and the whole sum of money taken out was 
$1458. How many gentlemen were there ? 

Aihs. 9 gentlemen. 

3. A poulterer bought a certain number of fowls. The first 
year each fowl had a number of chickens e.qual to the original 
number of fowls. He then sold the old ones. The next year 
each of the young ones had a number of chickens equal to 
once and one half the number which he first bought. The 
whole number of chickens the second year was 768. What 
was the number of fowls pm-chased at first ? 

It appears that in equations of the third degree, as in those 
of the second <iegree, the power of the unknown quantity must 
first be separated from the known quantities, and made to stand 
alone in one member of the equation, by the same rules as the 
unknown quantity itself is separated in simple equations. 
When this is done, the first power or the root must be found, 
and the work is finished. 

Extraction of the Third Root, 

The third power of a quantity is eas&ly fomid by multiplica- 
tion, but to return from the power to the root, is not so easyi 
It must be done by trial, in a manner analogous to that em- 
ployed ftff the *oot of the second power. 

We shall hereafter have occasion to speak of the root of the 
fourth power, of the fifth power, &c. In order to distinguish 
them the more readily, we shall call the root of the second 
power, the second root of the quantity ; that of the third power, 
the third rooty that of the fourth power, the fourth root^ &c. To 
preserve the analogy, we shall sometimes call the root of the 
first power, the first root. 

N. B. The first power, and the fint root, are the same 
thing, and the same as the quantity itself. 

It always has b^en, and is still the practice of mathemati- 
cians, to call the second root the square rooty and the third 
root the cube root, and sometimes, though not so universally, 
the fourth root the bi-quadrate root. But as these terms are 
unappfopriate, they win not be used in this treatise. 

When thetroot consists of but one figure, it must be found 
by trial. When the root consists of more than one place, it 
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must still be found by trial, but rules may be made, which will 
reduce the number of trials to very few, as has been done 
above for the second root. 

In order to find the rules for extracting the third root, it will 
be necessary to observe how the third power is formed from the 
first, when the first consists of several figures. 

Let a = 30 and 6 = 5;. then a -|~ £ = 35. 

(a 4- 6)' r= o' + 3 a* 6 + 3 a 6« + 6'. Art. XIU. 

a» = 30 X 30 X 30 == 27000 

3a'6=:3x30x30x5 = 13500 

3aft»i= 3X30X 5x5 = 2250 

i» = 5X5X5= 125 



42875 



Hence it appears, that the third power of a number consist- 
ing of units and tens, contains the third power of the tens, 
plus three times the second power of the tens multiplied by the 
Units, plu^ three times the tens multiplied by the second power 
of the units, plus the third power of the units. 

Farther, the third power of 10, which is the smallest number 
wdth two places, is 1000, which consists of four places; and 
the third power of 100, is 1000000, which consists of seven 
places. Hence the third power of tens will never be less than 
1000, nor so much as 1000000. 

If, therefore, there are tens in the root, their power will not 
be found below the fourth place ; and if the root consists of 
tens without units, there will be no significant figure below 
1000. 

To trace back again the number 42875, the root of the tens 
will be found in the 42000, and this must be found by trial. 

30 X 30 X 30 = 27000, and 40 X 40 X 40 = 64000. 

The largest third power in 42000 is 27000, the root of which 
is 30. Now 1 subtract 27000 ftom 42875, and the remainder 
is 15875, which contains the product of three times the second 
^wer of the tens by the units, plus, &c. If it contained ex- 
actly three times the second power of the tens multiplied by 
the units, the units of tlie root would be found immediately bj 
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diTiding this rimainder by three times the second power of the 
tens; for 3 a' i divided by 3 a' gives b. ' As tfie other parts 
however will always be small in comparison virith this, if we 
divide the remainder by three times the second power of the 
tens, we shall be able to judge very nearly what is the root, 
and the number of trials will be limited to very few. 

30 X 30 = 900, and 900 X 3 = 2700 and 15875 divided by 
2700 gives 5. I now add tlie 5 to the root and it becomes 35. 
To see if this is right, I raise 35 to the third power. 35 x 35 
X 36 = 42875,^ therefore-35 is the true root. 

4. What is the third root of 79607 ? 

Operation. 

79,* 07 (40 + 3 = 43 root 
64,< '00 



15,507 (40 X 40 X 3 = 4800 divisor. 
43 X 43 X 43 = 79,507. 

As the number consists of five places, the power of the ten» 
must be sought in the 79000. 

The greatest third power in 79000 is 64000,' the root of which 
is 40. I subtract 64000 from 79507 and there remains 15507, 
which I divide by three times the second power of 40, viz. 
4800, and obtain a quotient 3, which I add to 40. I raise 43 
to the third power, and find that it gives 79507. If it produced 
a number larger or smaller, I should put a smaller <0£ larger 
. number in place of 3 and tiy it again. 

5. What is the third root of 357911 ? 

6. What is the third root of 5832 .? 

- .7. What is the third root of 9411 92 ? 
8. What is the third root of 34965783.? 

It was observed above, that the third power of 10^-is 1000 ; 

the third power of 100 is 1000000 ; that of 1000 is 1000000000, 

. &.C. That is, the third power bf a number consisting of one 

, figure cannot exceed three places ; that of a number consist- 

V bg of two places cannot contain less than 4 places nor more 
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than 6 ; that of 3 places cannot contain less than' 7 nor more 
than 9 places, &c. 

Hence we may know immediately of ho^ many places the 
third root of any given number will consist, by beginning at 
the right and separating the number into parts of 3 places 
each. The left hand part will not always contain 3 places. 

In the present instance, the number 34,965,783, thus divided 
consists of three parts, therefore the root will contain 3 places 
or figures. 

In the formula (a + J)' = a' + 3a'&+3at' + J^ if we 
connder a as representing the hundreds of the root, and h the 
tens and units, we observe that the third power consi^s of the 
third power of the hundreds, plus 3 times the second power of 
the hundreds, multiplied by the units and tens, &c. 

Hence we shall find the hundreds of the root by finding the 
highest third power contained in the 34,000,000, and taking itsr 
root. 

The largest third power is 27,000,000, the root of which is 
300. Subtracting ^7,000,000 from the whole sum, the remain- 
der is 7,965,783. If this contained exactly 3 a*i, that is, 3 
times the second power of the hundreds by the tens and units, 
the other two figures of the root might be found immediately 
by division. As it is, it is evident,, that it will enable us to 
judge very nearly what the next figure, or tens, of the root 
must be^ and its correctness must be proved by trial. 

300 X 300 X 3 == 270000. 

7,965,783 divided by 270000 gives for the first figure of the 
quotient 2, which being the tens is 20. This added to the root 
already found makes 320. 

If in the above formula, we consider a as representing the 
hundreds and tens instead of the hundreds ; and h as repre- 
senting the units ; it cdiows us that the power contains the third 
power of the hundreds and tens, plus 3 times the second power 
of the hundreds and tens multiplied by the units, &c. In the 
present instance a = 320. If now we subtract the third power 
of 320 from the whole sum, viz. 34,965,783, and divide the re- 
mainder by 3 times the second power of 320, we shall find the 
other figure, or units, of the root. When we have raised 320 
to the tnird power, we can ascertain whether the second figure^ 
% is right* 
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SaO X 320 X 320 = 32768000. 

This subtracted from 34965783 leaved 2197783. 

320 X 320 X 3 r= 307200. 

2197783 being divided by 307200 gives a quotient 7. This 
added to 320 gives 327 for the root. 

327 X 327 X 327 = $4,965,783. 

Therefore the result is correct. 

If the root consists of four or more places, the same mode 
of reasoning may be pursued by making a first equal to the 
highest figOie in the root, and b equal to all below, until the 
second figure of the root is obtained, and then making a equal 
to the two figures already obtained, and b equal to the rest, 
and so oo. 

The work may be considerably abridged by omitting the 
xeros in the work, and also the numbers under which they fall. 

The work of the above example will stand thus. 

Root. 
34,965,783 (300 + 20 + 7 = 327. 

— 27,000,000 3d power of 300 

1st divid. ' 7,965,783 (270,000 ^ JJoIkSOO x"^ 

— 32,768,000 3d power of 320 

2d divid. 2,197,783 (307,200 ^ ^q^^q X^S 

34,965,783 = 3d power of 327. 

The same without the zeros. 

34,965,783 (327 
8d power of 3 27 

l8t dividend 7,9 (27 1st divisor = 3* X 3 

8d power of 33 32768 

2d dividend 2 197,7 (2072 J ?? /^I«*' « 

34,965,783. ^ ^ - (82) X 3 
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As the thuod power can have no significant figure below 
1000000, and as the third power of 300 and 3 have the same 
significant figures, I raise 3 to the 3d power and subtract it 
mm 34, as if it stood aloAd. Then, to form the divisor, bun- 
drods are multiplied by hundreds^ therefi)re there can be no' 
significant figure below 10000. And it being the tens of tlhe 
root that are to be found, it is sufficient to oring down one 
figure of the next period to form the dividend. 

Having found the second figure of the root, I raise 32 to the 
third power, and subtract it from 34,965, omitting the last' pe- 
riod, because the third power of the tens can have no signifi- 
cant figure below 1000. 

To vmn the second divisor I multifdy the second power of 
32 by 3. For tiie dividend, it is suflicient to bring down <me 
figure of the last period to the right of the remainder, because 
the divisor, being tens, multiplied by tens, t^an have no signifi- 
cant fiimre belcMr 100. 

v< • • » 

JVbte. Tlie second power of the 32 was fbtmd in finding its 
third power. 

If it happens that the divisor is not contained in the dividend, 
a zero must be put in the root, and then the next figure must 
be brought down to form the dividend. 

Hence we obtain the following rule for finding the third 
root. 

Prepare the number hy beginning at the right and ieparaiing it 
into parts or periods of mree figures each^ putiii^ a comma or 
point bettoeen. TTie lifi hand period may coraist'tf one, two, dr 
three figures. 

Find the greatest third power in thelefi hand period^ 'and wriU 
the root in me place of a quotient. Swtract the power Jirom the 
period. To the remainder bring down the first figure of the next 
period for a dividend. Multiply the second power of the root 
already found by three, to form a divisor, ' See how many times 
the divisor is contained in me dividend^ and write the resuU in the 
^root. Raise the root, thus augmented, to the third power. If this 
is greater than the first two periods, diminish thequotient by one or 
more, untU you obtain a Aird power, which may be svbiraeied from 
the first twoperiods. Perform the siAtraetion, and to the ri^ht of 
the remainder bring down the first figure of the neai penod to 
form a dividend and divide it by three times ^Ae second power of 



* 
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ike two jigures of the rooty and write the quotient in the root. 
T%en raise the wnote foot so found, to the third power; and if it 
i$ not too lartej subtract it from the first three periods ; if it is too 
large, Omnuh the root as btfore. To the remainder bring down 
the first J^re of the fmrth period, and perform the same series 
€f operations as b^ore. 

]f Hi €my time %t should Aim?en that the dividend, prepared as 
above, does not eorUain the dimsor, a zero nnustie placed jn the 
root, and the next figure brought down to form ike dividend* 

We explained a method in the extraction of tlie second root, 
more expeditions than to raise the root to the second power 
every time a n^w figure is obtained in the root. A similar 
method may be found for the third root, though it is rather dlf* 
Scttit to be remembered. 

Let a = 30 and 6 = 7; then 
{a + A)»= (37)' = a' + Sa'^t -f 3 ai- + i' = 60653 

To find the third root of 50653, find tlie first figure of the 
root as explained above. Then form the divisor as above, and 
find the second figure of the root. Tlicn instead of raiatnig the 
whole to the third power, it may be co^npleted from the work 
abready done. The third power of the first fijiirc being found 
and subtracted, the remaining part is 

3a?^6-f 3ai' + i' = 6(3a* + 3a6 + i-). 

But the 3 a" has already been found for the divisor. 

We must now find Sab and V ; add all together, and multi- 
ply the sum by b, and the third power will be completed. 

Operation. 

3a»= 3X30X30 = 2700 50,6 53 (30 + 7 =: 37. 
3a6=:30X 7 X 3= 630 27 



6« = 7 X 7 = 49 23 6,63 (2700 = 3 a% 

7 X 3379 =: 23 6,53 

9. What is the third root of 84,965,783? 

14 
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We have seen above, that vhen the root it tocooMtof Mve- 
nl figures, the same coone is to be punue^ as when it ctauattm 
iiiomy twQ. 

Operation. . 

S;a* = 370e00 34,965,788 (900 -f 30 + 7 =s 9S7. 

8«i= 18000 S7 

A* = 400 



388400 57 68 

SO = ft 



79,65 (3700 1st divisor. 



5768000 31 977 83 



31977,83 (307300 3d divisor. 



3(a« + 8fl6 + *») = 

So* = 370000 

SX3a6= 36000 

36*=: 1300 



»i 



.'*. 



3d divisor 307300 = 3x930x330 

8a* = 307300 

3aS= 6730 

Vs: 49 



311969 
&= 7 

3197783 

10. What is the third root of 185193 f 

11. What is the third root of 8365427 f 

12. Wbatisthetiiisd«iotof77906TI«? 
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. 13. What is the third root of 1990S65512 f 
14. What is the third root of 513,345,176,343 ? 
15 What is the third root of 217,135,148,004,864 ? 

XXXII. The third power of a fraction is fbimd by raisiiig 
both numerator and denominator to the third power* Thus 
the third power of|is|XiX|= tVy- 

Hence the third root of a fraction is found by finding the 
third root of both numerator and denominalor. The thud of 

Examples. 

1. What is the third root of }^f i 

2. What is the third root of yf {^ ? 

3. What 19 the third root of 34i{ = VW f 

4. What is the third root of 30}|f || ? 

5. What iiktih third root of V f 

^^^"^ 

It was remarked with regard to the second root that, when 
a whole number has not an exact root in whole numbers, its 
root cannot be exactly found, for no fractional quantity multi- 
plied by itself can produce a whole number. The same is true 
with regard to all roots, and for the same reason. 

Hence the third root of V cannot be found exactly because 
the numerator has no exact third root. The root of the deno- 
minator is 2, that of the numerator is between 2 and 3, nearest 
to 3. The approximate root is | or 1}. 

6. What is the third root of ^ ? 

In this, neither the numerator nor the denominator is a per- 
fect third power ; but the denominator may be rendered a per- 
fect third power, without altering the value of the firaction, by 
multiplying both terms of the fraction by 49, the second power 
of the denominator. 

3X49 _ H7^ 

7 X 49 343 *' 
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The root of this is between 4 and |, oeavest to the fbmiM'. 

It is evident that the denominator of any fraction may be 
rendered a perfect third power, bjr multiplying both its terms 
by the second power of the denominator. The third root of 
a whole number which is not a perfect third power, may be 
approximated by converting the number mto a fraction, whose 
denominator is a perfect third power. 

What is thc^ third root of 5 ? 

« 

We may find this root exact within less than ^V ^^^ wfiity 
by converting it into a fraction, whose denominator is the third 
power of 12. * 

(12)' = 1728 5 =: fHf. ^ 

The root of f 4|| is between f | and \\ ; nearest the latter. 

The most convenient numbers to multiply by, are the third 
powers of 10, 100, 1000, <&c. in which case, the fractional part 
of l!he root will be expressed in decimals, in the same manner 
as was shown for the second root. The inirltipliq^oa may be 
performed at each step of the work. For each d^nnal to be 
obtained in the root, three zeros must be anne^^^o the num- 
ber, because the third power of 10 is lOOflNpLt of 100, 
1 000000, <fec. ^#r 

7. The third root of 5 will be found by this method as foK 
lows. 

* 

5.000,000,000 (L709 + 
3d power of 1 1 

1st dividend =40 {3 Ist di%is(»* 

dd power of 1.7 4.913 

2d dividend = 870 <667 2d do. =: 3 X (17)* 

3d do. 6700 (867ddda. 

3d power 1.709 = 4.991,443,829 

remainder JOOS d56 171« 

The 3d root of 5 is 1.709, within less than j/^^ <)f a tmit^ 
We might approximate much nearer if necessair. The other 
method explained in the last article may be used if preferred. 
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8. Wkatisthethkdrootof 17}? 

The fractional part of this number must first be ciiaiiged to 
a decimal. 

17f = 17.75 =: VW»* == n.750. 

Hence it appears, that to prepare a number containing dect- 
malsy it is necessary that for every decimal place in the root, 
there should be three decimal places in the power. Therefore 
we must begin at the place of units, and separate tlie number 
botli to the right and left into periods of three figures each. If 
tiiese do not come out even in the dechnals, they must be sup- 
plied by annexing zeros to the right. 

9. What is the approximate third root of 25732.75 ? 

10. What is the approximate third root of 23.1762 i 

1 1 • What is the approximate third root of 12} ? 

12. What is the approximate third root of m ? 

13. What is the approximate third root of -}f ? 

14. Wh^t is the approximate third root of /^ f 

XXXIII. jf^mlions producing Pure Equations of the TUrd 
\ . Degree* 

1. A man wishes to make a cellar, that shall contain 31104 
cubic feet ; and in such a form, that the breadth shall be twice 
the depth, and the length I J the breadth. What must be the 
length, breadth, and depth ? 

Let the depth = or, 

the breadth = 2«ry 

8 T 

and the length = — . 

The whole content will be 

xX2xX ?^=31104 

i^*= 31104 
3 

14* 
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16 a:' 


r= 


9331^ 




a^ 


z^ 


5B32 




X 


= 


18 = 


depth 


2x 


=: 


36 = 


breadth 


Sx 
3 


= 


48 = 


length. 



2. There are twa men whose ages are to each other as 5 to 
4| and the sum of the third powers of their ages is 13778K 
What are their ages ? 

Lei X = the age of the elder 

tlien -£- = the age of the jounger* 

^ 126 

a?» = 91,135 
X £3:45 

1^ = 36, 
> < 

Arts. Elder 45 years, and younger ?6. 

3. A man wishes to make a cubical cistern that shall corf*> 
tain 100 gallons. What must be the length of one of its 
sides ? 

4. A bushel is 2150} cnhit inches. What must be the »*]» 
of a cubical box to hold 1 bushel ? 

5. What must be the size of a cubical box to hold 2 
bushels ? 

6. What must be the sixe of a cubical box to hoM 8 bushels ? 

?• Find two numbers, such that the second power of the 
greater multiplied by the less ma^ be equal to 448 ; and tiie 
sec(md power of the less multiplied by tiie greater^ may be 
392? 
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8. A man wishes to make a cistern which shall hold 500 
gallons, in such a form that the length shall be to the breadth 
as 5 to 4, and the depth to the length as 2 to 5. Required 
the length, breadth, and depth. 

JSToie. The wine gallon is 231 cubic inchesw 

9. A man wishes to make a box which shall hold 40 bushels^ 
in such form that the length shall be to the breadth as 4 to 3, 
and the depth to the breadth as 2 to 3. Required the length, 
breadth, and depth ? 

10. A man bought a piece of land for house lots, the breadth 
^f which was to its length as 3 to 2d ; and he gave as manj, 
dollars per square rod, as there were rods in the length of the 
piece. The whole price was $63,504. Required the length 
and breadth. 

1 1 . A man agreed to sell a stack of hay for 1 times as many 
dollars as there were feet in the length of one of the longer 
sides. On measuring it, the length was to the breadth as 6 td 
5) and the breadth and height were equal. Moreover it was 
found that it came to as many cents per cubic foot as there 
weie ieet in the breadth, neqidred the dimensions of the 
itack. 

XXXIV. Affected Equatiom of the Second Degi ea. 

When an equation of the second degree consists only of 
terms which contain the second power of the unknown quAnti- 
-ty, and of terms entirely known, they may be solved as above. 
But an equation of the second power, in order to becompletoi 
most contain both the first and second powers of the unknown 
quantity, and also one term consisting entirely of known qudn-^ 
titles. These are sometim^ss called afficted eqtiaiions. 

I > There is a field in the form of a reotanstilaf parallelo- 
gram, whose length exceeds its breadth by 16 yards, and it 
Contains 900 square yards. Require the lengU) and breadth. 

Let (9 =: the breadth ; 

then 0? -f 1^ zt: the length ; 

and x^ + lBx:=i the number •f square yards. 

Hence a^ -|- 16 a: is 960* 
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In order to solve this equation, it is necessary to make the 
first member a perfect second power. 
Observe that the second power of the binomial x -{- a^\& of^ 

+ 2 a 0? + ^9 which consists of three terms. 

Now if we compare this with the first member j?' + 16 x, we 
find 

.r» = X* 

2ad; = 16x 

which gives 2 a =r 16 

and «t=8 

0* = 64 

(j? + 8) (x + 8) = a:^ + 16 0? + 64. 

Hence, if to jr* -f- 1 6 a? we add 64, which is the second power 
of one half of 16, tlie first member will be a perfect second 
power, but it will be necessary to add the same quantity to the 
second member, in order to preserve the equality. The equa* 
tion then becomes 

a:* + 16 a? + 64 = 960 + 64 =^ 1024. 

Taking the root of both members 

a: + 8 = i:(1024)^=32. 
By transposition a: = — 8 zb 32. 

It has been already remarked that the 2nd root of eveiy posi- 
tive quantity, may be either positive or negative, because — 

ax — a = + a* as well as + a X + a = + a*. The double 
sign zh is read plus or minus. 

In the preceding exanqiles, the conditions of the question 
have always determined which was to be used. But, in the 
present instance, the work not being completed when the root 
IS taken, we must give it both signs, and when the values of x 
are found for both signs, the conditioos will finally show which 
is to be usedw 

x-f8 = db32. 
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If we use the mgn 4-, we have 

aad « + 16 ;=: 40« 

This gives the length 40 yards and the breadth S4. 'Ulumb 
numbers ai^wer the Conditions of the questton. 

If we use the sign — , we have ^ 

x = — 40 

«+16= — 24. 

These numbers will not satisj^ the conditions of the qnesiioD, 
but thejr will answer the conditions of the equation, as will be 
leen by putting them into the first equation. 

— 40 X — 40 + 16 X — 40 = 960. 

2. A certain company at a tavern had a reckmiing of 143 
shillings to pa]f ; but 4 of the compaay being so UBffeneroosaa 
to slip away without paying, the rest were obli^;ed to nay 1 
shilling apiece more than thex would have done, if all had paid. 
What was the whole number of persons ? 

Let X = the number of persons at first ; 

then «; — 4 = the number after 4 have departed ; 

— =: the number of shillings each should have paid ; 

X 

and = the-'iftimber of shillings actually paid by 

each. 
. By the conditions 

143 , J _ 143 

deoring effractions 

143 a?4. a:*— 572 — 4a? = 143« 
By tironsposition 

3^ — Ax:=:b72. 



•*«!. 
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This equation is similar to the last, except in this, the se- 
cond tenn of the first member has the sisn *— • 

Here we must observe that the secondpower of the binomial 
X — a, is 2* — 2 a 27 -|- a*, the same as that of a? + a with the 
eioeption of the sign of the second term. 

In tilii^ equation, aft before, we find two terms of the second 
power of a binomial ; jF we can find the other term we can 
easily solve the question. 

It may be found as follows, 

«• = «» 

2ax = — 4x 

2a=z — 4 

which gives a = — 2 

and a^= 4 

Adding 4 to both members of the equation it becomes 

««_4 ^ -J. 4 = 572 + 4 = 676. 

Since — 2 in this corresponds to a, the i ^ot of the first mem- 
ber is « — 2. In fiict, (x — 2y = x — 4 a-)- 4. The root of 
576 is 24. 

Hence 

X — 2 = ^:24 

a: = 2 it 24. 

The two values of x are 26 and — 22. «^ The former only an- 
swers the conditions of the question. 4 * 

Proof. If the whole number, 26, had paid their shares, each 
would have paid W = 5^ shillings. But 22 only paid, con- 
sequently each paid y^^ = 6^ shillings. 

3. There are two numbers, whose difference is 9, and whose 
sum multiplied by the greater produces 266. What are those 
numbers.^ 

Let « = the greater ; 

then X — 9 =% uie less, 

3 « — 9 = their sum. 
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«(2«— 9)=266 • 
3«» — 9ir = 266 

a^ — ^^=133. 
2 

If we use the general fonnula as before, we liate 

2aa?=: — _ 
2 

2a = -£ 
3 

a = — ^ 
4 

a' = — . 
16 

Oomplettiig the second power, the equation 

2 ^16 ^16 16 

Taking the root of both members 

___9 _ 47 
4 4 

4 4 

which gtvea « =: _ s 14 

and « = — !§a:~9} 

4 

a?— 9 = 5 

also dP — 9sa — 18| 
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Both vaifies will answer the conditions of the qaestion ; fbr 

14 + 6 = 19 
and 19X14=266 

abo ' -^9J4.(_i8J)=: — 28 

and — 28X— 9J = 266. 

In all the above ezampIeS} after the question was put into eqaa* 
tion, the first thing done, was to reduce all the terms contain- 
ing a^ to one teim, and Uiose C(Hitaining x into another, and 
to place them in one member of the equation, and to collect all 
the terms consisting entirely of known quantities into the other. 
This must always be done. Moreover x' must have the si^ 
+ and its coemcient must be 1. The equation will then be ir 
tlie following form. 

p and q being any known quantities and either positive or 
negative. 

Every equation, however complicated, consisting of tenns 
which contain o^, and x, and known quantities may be lednced 
to this form. 

Let the equati^m be 

""6"*" 4«— 2 
Clearing of fiactiona it beoofliea 

140*— ^12aj^ — 70 + 6» = 7d — dA 
Transposing and uniting terms 

146«_7a^=il4« 
Changmg all ihe signs in both memben 

7af~146» = — 146 
Dividing by 7 (the coei&eient of O 

. 14A» ^ 146 

1 1 



V- ' 
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To 8oI^ the equatioD • 

We consider n^ an4/^«fl two team 9f tlie seoond .power 
efdie bkiomial x-{-a^i which , 

2 

4 

Hence the binomial x '{^ aia equal to « -f- -E, and the third 

tem of the second power k ^* In fict 

Theiefore the finst member of iSme above equation may be 
tendered a eomplMe second power, of which x + t\a the 

9* 

root, by adding to it I^ The same quantity must be ac^ed to 

4 

the second member, to preser? e the eqaaK^. 
The equation then becomes 

a^+P« + 4- = ?+^ 
4 4 

Taking the root of both members 



1ft 



=-i^(,+^» 
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From' the above observations we derive the following general 
rule for the solution of equafions which contain the first and 
second powers of the unknown quantity. 

1st. Prepare the miotjon, by coBeding M the terms coniainr' 
ing the first and second powers }f the unJawum quumiUy isUo the 
first member , and aU the terms consisting entirely rf knium yuan-^ 
tiHes into the other member. Unite aUthe terms corUaining the 
second power into one term^ and aU tontcnning the first power 
into another. If the s^n b^ore the term containing the second 
jfower of the unknown quaritity be not positive^ make it so by 
changing aU the signs of both members. If the co^ficient cf 
this term is not 1, make it so by dividing aU the terms by its coef- 
fi/dcnt* 

2d. Make the first mernber a complete second power. This vs 
done by adding p both members the second power ofha^ihe co^fi^ 
dent of X (or of the first power of the unkn(Mn quantity,) 

3d. Take the root of both members. 

The root of the first member wiU be a binonUal, the first term t^ 
which wiU be the unknown quantity^ and the second um be ha^ me 
coefficient of x as found above. The root of the second member 
must have the double sign db- 

4tb; Transpose the term consisting of known quantities from the 
first to the second member^ and the value ^ x ml be fcnasd. ' 

4. A and B sold 130 ells of silk (pf which 40 ells were A's 
and 90 B's) for 42 crowns. Now A sold for a crown one third 
of an ell more than B did. How many ells did each seH for a 
crown? 

Let X = the number of ells B sold for a crown ; then x -f- 
i = the number A sold for a crown ; 

^ — = the price of 90 ells ; 

X • 

■ 

= the price of 40 ells. 



«+i 
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90+12±=42j? 

ap + 4 

n6a? — 42a?«=: — 30 
Changing signs 43cr' — 116d?=:30 

Dividing by 42 ^_ llif = ?2 

•^ 42 42 

Reducing fractions ai^ — £lf = J^ 

21 7 

To complete the second power of the first memberi take ooe 
half of — If, which is — f f , and add its second power to 
both members. 

^_68« . J41_5 . ^_ £16 , 841 _ 1156 
21 "^21)* » 2r)' 21/ 21)' ITT 

/Taking the root of both members^ 

a? — ?2 = -t — 
21 21 

^ _ 29 , 34 
31 21 

Whichgire a! = ^ = 3 

and a? = 

31 

The first value only will answer the conditions* 

.dtfur. B sold 3 ells for a crown, and A 3|. 

The learner mav observe, that in raisins |f to the second 
power, I multiplied die numerator into itself^ but expressed the 
power of the denominator by an exponent. This saved scmie 
work in this example. It may always be done when the nuo»- 
ber in the right hand member can be reduced to a fiaictionr 
with the same denominiitor as the number added. In this case 
f could be reduced to 21ths. The 4 was reduced thus : 






5X 3 _ 15 X 21 _ 315 
7X3 21 X 21 21)* 

When the second member is a whole^number, it can be re- 
duced to a fraction with any denominator ; consequently this 
fonn may be used. 

5. A man bought a certain number of sheep for 80 dollars ; 
if he had bought 4 more for the same money^'they would have 
come to him 1 dollar apiece cheaper. What was the number 
pf sheep? 

6. A merchant sold a aumtity of brandy for £39 and gained 
as much per cent as the brandy cost him. ilow much did it 
c^hUnr 



«• < 



i;>it i' Let a? =s tiie cost. 

then— = Ijbe rate percent. 

'' ^^^ = the gain. 

also 39 — or = the gain. 

7. Two persons, A and B, talking of their money, aajra A to 
B, if I had as many dollars as I have ahillii^, I should have as 
much money as you } but if I had as many shillings as their 
number multiplied by itself, I should have three times as much 
money as you, and 63 shillings over. How much moiiey b^ 
each i 

8. A colonel has a battalion of 1300 men, which he woii)d 
draw up in a solid body of an oblong form, so that each rank 
may exceed each file by 59 men. What numbers mu^ \m 
place in rank ani' file .^ ' 

9. A grazier bought as many sheep as cost him £60 ; out of 
which be reserved 15^ and so|d the remmnder fiur £54, gaumg^ 
2 filings a bead by them. How maAy abeep d^ he buy, i^idl 
wh^ wan the price^of each ? 

I(>. 'A person bought two pieces of cloth of difleretit sorts ^ 
of wtttdi the finer cost 4s. a yard more than the otiter. For 
the finer be paid £18 ; but for the coarser, which exceeded 
the finer m fength by 2 yards, he paid only £16. How maiiy 
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• > 

yaids were there in each piece, and what was the price of 
each f 

1 1 . A labourer dug two trenches, one of which was 16 jrards 
longer than the other, for $77.60 ; and the digging of each 
cost as many dimes per yard, as there were yards m length. 
What was the length of each ? 

12. There are two square buildings, that are paved with 
stones each a foot square. The side of one building exceeds 
that of the other by 12 feet, and both their pavements taken 
together contain 2120 stones. What axe the lengths of them 
separately. 

13. A man bought two sorts of linen for j^ 13^. . A vard of 
the finer cost as many shillings as there were yards of the finer. 
Also 20 yards of the coarser, (which was the whole quantity,) 
were at such a price, that 7 yards cost as much as a yard of the 
finer. How many yards were there of the finer, and what was 
the value of each piecd f 

* 

14. Two partners A and B gained £18 by trade. A's mo- 
ney was in trade 12 months, and he received for his principal 
and gain £26. Also B's money, which was £30, was in trade 
16 mondis. What money did A put into trade i 

. * ■ ' 

15. The plate of a looking glass is 18 inches by 12, and is 
to be framed with a frame, au parts of which are of equal width, 
and the area of the fi^ame is to be equal to that of the glass. 
Required the width of the frame, 

16. A and B set out fi'om two towns, which were distant 247 
miles, and travelled the direct road till they met A went 9 
miles a day ; and the number of days, at the end of which they 
met, was greater by 3 than the number of miles which B went 
in a day. How many miles did each go ? 

17. A set out fi'om C towards D, and travelled 7 miles per 
day. After he had gone 32 miles, B set out from D towaMs C, 
and went every day y'^ of the whole journey ; and after he had 
travelled as many days as he went miles in one day, he met A. 
What is the distance between the places C and D i 

In this case both values will answer the conditions of the 
question. 

15* 









i 

Vi 

•A.' 
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18. A man bad a fieldi the kioth of which excMdad the 
breadth by 5 rods. He gave 3 dollars a rod to have it fenced, 
which amounted to l^doflar for every square rod in the field. 
Whal was the length and bieadlh, and what did he ^ve for 
fimcingit f t*H' ^ . 

19. From two places at a distance of 320 miles, two persons, 
A and B, set out at the same time to meet each other. A tra«> 

. veiled Similes a day more .than B^'and the number of days in 
which they met was equal to half the number of miles B went in 
a day,' How many miles did each travel, and how far per day ? 

» 20. A man has a field 15 rods long and 12 rods wide, whieli 

he wishes to enlarge so that it may contain just twice as much ; 
and that the length and breadth may be in the same propor- 
tion. How much must each be increased ? 

In this exami^, the rent can be obtained oiAj by approxi- 
,^^ mation.. 

21. A square coun yard has a reqlangular gravel walk 
round it. The side of the court wants 2 yards of being 6 
times the breadth of the gravel walk } and the number of 
square yards in the walk exceeds the number of yards in the 
periphery of the court by 164. Required the area of the 
court ? 

AH equations of the second degree may be reduced to one 
of the following forms. 

1. a;*-f-p* = f 

2. 31^ — px=iq 

3. 4f* "4- jp tC ss: — q 
4 a;* — jp 0? =: — g. 

After the equation has been brought to one of these formsf, 
it may be solved by one of the (oSkmit^ formulas, which are 
numl^red to correspond to the equations from which they are 
- derived. \. 

1. •=s-|±(j + |l)* 



a. «^+|±(g^.^)* 
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3. 


« = -|±^-?)* 


4. 


*=+f =t(f-?>* 



M» 



"nie first eqimtion and tfae'fi^ formtila are sufficient for the 
whole, if p and q are supposed to be positive or negative quan- 
tities. 

., ,. '. . • 

21. There ^ are. two awnbers whose difference ii 11|, und 
whose product is equal to 4 times the lai^er wnus d. Wb^t 
are the numbers ? 

Let 07 3= the larger; 

then X — 1 1 1 £=: the smaller. 

«?• — llja? = 4x — 9 

a!*— .'!*= — 9. • 
This equation is in the foim otof-^px = -^^ j, in which 

^ 6 ' 2 lo' 4 100 ^ 

* = K =t CtW —9)* = li dp KVV)* = 7.8 dt 7.2. 
Or we may use the iBrst formula, then 

_78 i>«._7S j?*_6064 ^y^j^^^Q 
^ 5*2 lO' 4 100 ' ' 

* == f I ± aW:- »)* = ?* * ( V^V)* = T.8 ± 7,2. 
Both values of Xy being positive, will qpswer the cooditionii 

of the question. 

£m. ]Py the first value, the laijce^ number iij li and the 
smaller 3f. By the second .value of cc, the larger is |, and the 
smaller — 11. . ..> \' 

Let the learner solve soioe of the precedii^ questions by the 
formula. 

;^^V. We sh^/ pojw 4eBfi9m^te Hmt etery eqanfioii' of 
the second: degsee, n^oesiariljr adn^ of two vi^iies for the Wr 
known quantity, und only two* 



Let us take the genenl equatioD. 

0?* -f- ^ JJ = J. 

This, we have seen, may represent any equation whatever of 
the second degree, jp and q being any known quantities and 
either posttive or negatived. If |7 =r the equation becomes 

which is a pure equation or an equation with two terms. 

If we make the first member of the equation cc* -f-JP ^ = 79 
a complete second power, by the above rules, it becomes 

Make j»* =s j -^ jL 

4 

then «t = (; 4* ^r 

4 

Then we have (x +£-) = nP 

transposing wi* {x + £-) -^ m* = 0- 

The first member of this equation is the dilBerence of two 
second powers, which, Art XUI, is the same as the prodiict of 
the sum and difference of the numbers. 

The sum is X -4- -£ + m, and the difference is a? + ^ — m, 

2 2 

and their product is 

(a?+|._m) (a: + |.+ m) = 0. 

' In this equation, the first member consists of two factors, 
«Md the second is zero. Now the first member of the above 
equation will be equal to zero, if either of its factors is equal 
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to airo. For if (tay tunaher be mohiplitadltjr wrei tk»pp«i«et 
iiaero. 

Ifddi^ tbe first ftctor eqaal to zero, 
« + £.— m=.0 

p?e9 a =: .— A — ^ «. 

Either of these values of a? must answer t}ie co|ulit|oiis of lh» 
equation. 

N. B. Though either value answers the conditi<^ serarato* 
k, diey eaonot be introduced togetfaeri for being difkrettt» 
their pvoduct cann^ be a:** 

Instead of m put its value, and the values of « bec<jli|e 



=-!-({+,)♦ 



which are the values we had obtained above. (This demon* 
stration is essentially that of M. BoioddQ.) 

JXietiiEiion. 
Let us take again the general equation. 

SKnce the expression contains a radical quantiljr^ Ihat is,* a 
quandty of which the root is to be found, in or4er tci be fd>lf 
to find the value of it, we must be able to tsi4 4ie root eitber 
exactly or by approximation. Now there is one case in which 



)i. 



it if iapoMible to ind the root. It is when ; is negative and 

£-. In which case the expression <7 + ^ is 



greater than ^. In which case the expression q-h^ 

Stive ; and it has been shown above,, that it is impossible to 
d die root of a negative quantity. In all other cases the 
Value of the equation may be found. 

In all cases if j is positive, the first value will be positive, 
and answer directly to the conditions of the question proposed. 

For the radical Iq + £-1* is necessarily greater than ^ be- 
cause the root of ^ alone is ^ ; therefore the expression 

4 2- 

— * £. db 1 J + "Xf *® necessarily of the same sign as the 

radical. 
The second value is for the same reason.^ssentialiy Begat»re» 

for both ^and lq+ ^y are negative. This value, though 

it fulfils the conditions of the equation, does not answer the 
conditions of the question, fi^om wUch tihe equation was derived ; 
but it belongs to an analogous question, in which the-op must be 
put in with the sign — instead of -(-*; thus o;^ — px=:zqjyrhich 

gives a? = £. db ( J + —jTi a value, which differs Srom the 
first only by the sign before ^. 
If J IS actually negative, the equation becomes 

and the values are 

i 



*=^i±(^-.y 



In <ii4er thai it nay be possible to find the root, o must be 

less than 4-* When this is the case, the two values are real. 
4 
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Since ■£- — y I* is smaller than £-, it follows that both 

values are negative if p is positive in the equation ; that is, if 
of 4- jp J? = — J, which gives 

and both positive if ^ is negative in the equation^ that is, «^ — 
p 0? ^ — J, which gives 



2 



(£-,)*■ 



When both values are negative, neither of them answers dS>- 
rectly to the conditions of the question ; but if — a? be put into 
the ori^nal equation instead of ^, the new equation vnll show 
what alteration is to be made in the enunciation of the ques^ 
tion ; and the same values will be found for a; as b^forey with 
the exception of the signs. 

If in this equation q is greater than ^, the quantity 

4 

1 

^ becomes negative, and the extracti(Mi of the root 



(?-') 



eauiot be perfimaed. The values are then aaad to be imt^ 
nary. 

1. It is required to iind two numbers whose sum is p^ and 
whose product' is q. 

Let 0? = one of the numbers, 
then ji — X = the other. 

x{p'^x) =zq 
p X — a^=s:y; 
Changing signs 'a? — px=z — q. 

lAosezan^topfeseatstiMeasembaveiBOD^^ fat wttcb 
p and q are Doth negative. 



tao di^cink xzzv. 

ThevMiK it 

Appose jp =: 15 and ; = 54. 

_15 8^ 

2 2* 

The values are 9 and 6, both poative, and both answer the 
conditions of .the* question. And these are the two nunn 
bersM«iired,f€r9 4-6=:15, 9X 6=l54. This ought to be 
4ffJtor 0? IB the equation represents either of the nmnoers inr 
dinerfotly* Indeed whicKsoever w be put fi>r, ji — - x will re- 
ivesent the other } andpx -* op* will be their product. 

Again let jp = 16 and q =s 99. 

Here (•*— 8)^ is an imaginary quantity, therefore both vaktei 
are imaginary. 

I« ordi^r M <iiOOTer why we ciitain tlus iikiaginafy lesB^^ 
first find into what two parts a number must to divided, that tlie 
prioduct of tl^e two parts may be the greatest possible quantity* 

In the above example, p represents the sum of the two qubh 
bers or parts, let d represent their difference, then 

£.+ — =: the greater, and J^ — — =: the less. Art. IX. 
a 2 ® ' 2 2 

Their product is 

lJL+£\ (JL^±\ z^t^£ AtuiasL 

\2 ^ 2/ \2 2/ 4 4 

!iPl^ej|piMiaiiJw lem as 

^isgrealer than xero; but idien dF =& 0, the expression bteome^ 

i 
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Jl. which i» the second power of ^. Therefore the greatest 

possible product is when the two parts are equal. 
In the above example ^ == 8, and iL = 64. This is the 

greatest possible product that can be formed of two numbers 
whose sum is 16. It was therefore absurd to require the pro- 
duct to be 72 ; and the imaginary values of x arise fix>m that 
absurdity. 

2. It is required to find a number such, that if to its second 
power, 9 times itself be added, the sum will be equal to three 
times the number less 5. 

»» + 9a?=;3a? — 6. 

«* -j^ 6 a? = — 5. 

This equation is in the form of ^ + P ^ = — ?j which 
gives 

Putting in the values of jp and q 

a? = — 3di(9 — 5)^ = — 3db2* 

The values are — 1 and — 5, both negative. Consequently 
neither value will answer the conditions of the question. This 
shows also that those conditions cannot be answered. 

But if we change the sign of x in the equation, that 19, put 
in — X instead of x, it becomes 

OS*— 9x = — 2x — 5* 

Changing all the ngns * 

9a? — a:« = 3a;4-6. 1 

This shows that the questioii should be expressed thus : 

It is required to find a number,, such,, that if fix>m, ft lonaes: 
Uelf, its second power be subtracted;, the j^emainder; will be 
equal to 3 times the number plus 5. 

16 



I 
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The values will both be positive in this, and both answer Ibi 
conditions. 

a?* — 9a? = — 3a? — 5 

a?* — 6a? = — 6 

a: = 3±(9 — 5)*=3±2. 

The values are 5 and 1 as before, but now both are poBitivei 
and both answer the ccmditionsof the question. 

3. There are two numbers whose sum is a, and the sum of 
whose second powers is 6. It is required to find the numbers. 

Examine the various cases which arise from giving different 
values to a and (. Also how the negative value is to be inter- 
preted. Do the same with the following examples. 

4. There are two numbers whose difference is a, and the 
sum of whose second powers is b. Required the numbers. 

5. There are two numbers whose difference is a, and the 
difference of whose third powers is 6. Required the numbers. 

6. A man bought a number of sheep for a number a or del* 
lars ; and o!n counting them he found that if there had been a 
number b more of them, the price of each would have been less 
by a sum c. How many did he buy f 

7. A grazier bought as many sheep as cost him a sum a, out 
of which he reserved a number 6, and sold the remainder for a 
sum c, saining a sum d per head by them. How many sheep 
did he buy, and what was the price of each f 



8. A merchant sold a quantity of brandy for a sum a, 

Sained as much per cent, as the brandy cost him. What was 
le price of the brandy } 



XXXVT. Cf Potvers and Roots in General. 

Some explanation of powers both of numeral and literal 
quantities was given Art. X. The method of finding the roots 
of the second and third powers, that is, of finding the second 
and third roots of numeral quantities, has also been explained ; 
and their application to the solution of equations. JBut it is 



f 
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fequently necessary to find the roots of other powers, as well 
as of the second and third, and of literal, as well as of numeral 
quantities. Preparatory to this, it is necessary to attend a 
little more particularly to the formation of powers. 

The second power of a is a X a = cf. 

The fifth power of a is a X a X a X a x a =: a*. 

If a quantity as a is multiplied into itself until it enters m 
times as a factw, it is said to be raised to the mth power, and is 
expressed a*. This is done by m — 1 multiplicp.tions } for one 
multiplication as a X ^ produces a* the second power, two 
multiplicadons produce the third power, &c. 

We have seen above Art. X. that when the quantities to be 
multiplied are alike, the multiplication is performed by adding 
the exponents. By this jSrinciple it is easy to find any power 
of a quantity which is already a power. Thus 

The second power of a' ia a' X a^ = a^ = a*. 

The third power of a* is a*Xa* Xa''^ ««+•+• =za\ 

The second power of cr* is a* x «"* = a"^ = «**• 

The third power of a* isa* X rt* X a* = a**^**^ = a^. 

The iwth power of a* is a* x a' X «* X a* X . . ^ . . 

= a*+*+*+*+ , until o* is taken m times as a factor, that 

is, until the exponent 2 has been taken m times. Hence it is 
tSfiesseA a**. 

The nth power of a* is a* X a* X «*•••• = 0*+*+*+ • • • 
mtil m is taken n:4imes, and the power is expressed ct**. 

N. B. The dots in the two last examples are used to 

express the continuation of the multiplication or addition, be- 
cause it cannot come to an end until m in the first case, and n 
in the second, receive a determinate value. 

In looking over the above examples we observe ; 

1st. That the second power of a' is the same as the third 
power of a*, and so of all others. 
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2. That in finding a power of a letter the exponent is added 
until it is taken as many times as there are units in the expo^ 
nent of the required power. HeTice any quantity may be raised 
to any power ly multiplying its exponent by the exponent of the 
power to which it is to be raised^ 

The 6th powpr of a' is a'^* = a", [ 

The 34 power of a^ is a^^^ = q^^ |fec. 

The power of a product is the same as the product of that 
power of all its factors. 

The 2d power of 3 a 6 is 3 ai X j3 a6 = 9 a* i*. 

The 3d power of 2a*6'is 20*6* X 2a'i' X 2a«6'= 8a* &•. 

Hpn^e^ toi&e^ a qtianiity consists of several letters, it may be rais^ 
td to anypqwer by mifiUipyif^ the exponents <f emh letter by the 
exponent rfthe power regjdrm; and if the qmrUity has a numeral 
foegicienty that muti be raised to the p&wer required. 



K.r'i 



The powers of a fraction are found by raising both numera- 
tor and denominator to the power required ; for that is equiva- 
lent to th9 eontmued multiplication of the fraction by itself. 

1 Whai ia the 5th power i)f 3 a* ft' m .? 

2 What is the 3d power of |^ f 

Powers of compound quantities are found like those of sim- 
ple quantities, by the continued multiplication of the quantity 
into itself. The second power is foimd by multiplying Ae 
quantity once by itself. The third power is found by two mul- 
tiplications, S^Cf 

The powers of compound quantities are expressed by enclos- 
ing the quantities in a parenthesis, or by drawfaig a vinculum 
over them, and giving them the exponent of the power. The 
third power of a -|- 2ft — c is expressed (a + 2 ft — c)' ; or 



I t ' ■*; 



fl + 2 ft — c. ^ 

The powers are found by multiplication as follows ; 
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a + 26 — c 
a-f 26 — e 

{f '\'2ah — ac 

2a6 + 46« — 26c 

— ac — 26c-{-c* 



a» + 4a6 + 46» — 2 ac— 46c + c' = (a + 26 — c)* 
«-|-26 — c 

fl» + 4rt'6+4fl6'— 2aV — 4a6c + ac* 

2a*6 + 8a6«+86' _4a6c— 86*c + 26c* 

— a»c — 4a6c— 46*c-f2ac*+46c*— <* 

a* + 6 a* 6 + 12 a 6» +86'— 3a*c— 12a6c— 126'c 

+ Sac* + 66c' — c» = (a+ 26— c)*. 

If the third power be multiplied by a + 2 6 — c, it will pro- 
duce the fourth power. 

3. What is the second power of 3 c + 2 d ? 

4, What is the third power of 4 a — 6c? 

5, What is the fifth power of a — 6 ? 

6. What is the fourth power of 2 a* c — c* ? 

In practice it is generally more convenient to express the 
powers of compound quantities, than actually to find them by 
multiplication. And operations may frequently be more easily 
Derformed on them when they are only expressed. 

(a + 6)»x(a + 6)' = (a + 6)»+« = (a + 6)» 

(3a_5c)* X (3a — 6cV=(3a— 5cr. 
16» 
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That is, token ontp&wer of a convpound qtmntUy is to be fjmlii- 
plied by any power of the same quantity^ it may be expressed by add^ 
vng the exponents^ in the same manner as simple quantities. 

The 2d power of (a + 6)' is (a + by X{a + by 
= (a +6)^3 :^^a + by^' = (a + by. 

The 3d power of (2 a — d)Ms 

(2a — ei)*+*+* =(2a — d)*x' = (2a — rfy*. 

That is, any quantity, which is already a power of a compound 
quantity, may be raised to any power by multiplying its exponent 

by the exponent of the power to which it is to be raised, 

* 

7. Express the 2d power of (3 J — c)^ 

8. Express the 3d power of (a — c + 2 d)'. 

9. Express the 7 th power of (2 a* — 4 c')'. 

Division may also be performed by subtracting the exponents 
as in simple quantities. 

(3 (T — by divided by (3 a — by is 

(3a_j)*-3 = (3a— 6)* 

10. Divide (7 m + 2 c)' by (7 to -i- 2 c)'. 

If (a + by is to be multiplied by any quantity c, it may be 
expressed thus : c (a + ^Y' But in order to perform the ope- 
ration, the 2d power of o + i must first be found. 

c{a+by=:c{a* + 2ab + b')=a'c+5labc + b'e 

If the operation were performed previously, a very erroneous 
result would be obtained ; for c {a-j^ by is very different from 

{ac + b c)*. The value of the latter expression is a* c* + 2 a4 

11. What is the value of 2 (a + 3 by developed as above ? 

12. What is the value of 3 & c (2 a — c)* ? 

13. What is the value of (a + 3 c') (3 a — 2 by ? 

14. What is the value of (2 a — by (a» + bcy^ 
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We huve had occasion in the preceding pages to retom fn»n 
the second and third powers to their roots. We have shown 
how this can be done in numeral quantities ; it remains to be 
shown how it may be effected in literal quantities. It is fre- 
quently necessary to find the roots of other powers as well as 
of the second and third. 

The power of a literal quantity, we have just seen, is found 
by multiplying its exponent by the exponent of the power to 
which it is to be raised. 

The second power of a' is a' ^ ' = a* ; consequently the ae- 

6 

cond root of a* is a^ = a*. 

The third power of a* is a** ; hence the third root of a*" 
must be a ^ = a* . 

The second root of a*, then must be a^. 

Proof, The second power of a^ is a ^ = a*. 

In general, the root of a literal quantity may be found by divid' 
ing its exponent by the number expressing the root ; thai is^ by 
dividing by 2 for the second root, by 3 fir the third root^ &c. 
This is the reverse of the method of finding p0W€r8. 

It was shown above, that any power of a quantity consisting 
of several fectors is the same as the product of the powers of 
the several factors. From this it follows, that any root of a 
quantity consisting of several factors is the same as the pro- 
duct of the roots of all the factors. 

The third power of a* 6 c* is a* i' c* 5 the third root of o' b* 
if must therefore be a* i c*. 

Numeral coefficients are factors, and in finding powen* 
they are raised to the power ; consequently in finding roots^ 
the root of the coefficient must be taken. 

The^nd root of 16 «* J* is 4 a* b. 
Proof. 4 a«* X 4 0*6 = 16 a* 6*. 
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When the exponent of a quantity is divisible by the number 
expressing the degree of the root, the root can be found exactly ; 
but when it is not, the exponent of the root will be a fraction. 

3 X 

The second root of a' is a^. The second root of a is a^. 
The third root of a is or. The nth root of a is a »• The nth 
root of a^ is a*. 

The root of a fraction is found by taking the root of its nu- 
merator and of its denominator. This is evident from the me- 
thod of finding the powers effractions. 

The root of any quantity may be expressed by enclosing it in 
a parenthesis or drawing a vinculum over it, and writing a frac- 
tional exponent over it, expressive of the root. Thus 

The 3d root of 8 a' J is expressed 

(8 a' ft)* or 8^*, 

The root of a compound quantity may be expressed in the 
same way. 

The 4tb root of a' + 5 a 6 is expressed 

(a'+5ai)*or a* + 6a6^. 

When a compound quantity has an exponent, its root may 
be found in the same manner as that of a ample quantity. 

The 3d root of (2 b — ay is {2 b — a)^ = {2b— a)'. 

With regard to the signs of roots it may be observed, that all 
even roots must have the double sign ± ; for since all even 
powers are necessarily positive, it is impossible to tell whether 
the power was derived from a positive or negative root, unless 
something in the conditions of the question shows it. An even 
root of a negative quantity is impossible. All odd roots will 
have the same sign as the power. 

15. What is the second root of 9 a* 6* ? 

16. What is the third root of— 125 o* V e ? 

17. What is the fifth root^of 32 a'^af^ti 
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18. What is the third root of ^^,/ 

27c»iP 

19. What is the fourth root of ^]f^? 

20. What is the second root of (2 tn — a?)' ? 

21. What is the 6th root of (3 a + x)* ? 

XXXVn. Roots of Congffound Quanikie$» 

Wlien a compound quantity is a perfect power, its n^ot hiat 
be found ; and when it is not a perfect power, its root may be^ 
found by approximation, by a method similar to that r jmplayed^ 
for finding the roots of numeral quantities. 

First we may observe, that no quantity consisting of only two 
terms can he a complete power ; for the second pc ,wer of a bi- 
nomial consists of three terms ; that of a -j- ^» lo r example, ia^ 
a* -f- 2 a a? 4* ^- The quantity a* + 6* is not a complete se- 
ccmd power. 

Let it be required to find the second root of 

9 a?* a» + 4 «• 6* + 1 2 a?* o^ 6*. . 

The root of this will consist of at least tw^ o te rms. The- se- 
cond power of the binomial a + i is a* -[• • 2^4 J -|-5V This 
shows that the quantity must be arranged. ar;oording to the 
powers of some letter as in division, for th,e s^acond power of 
either term of the root will produce the haghc;st power of the 
letters in that term. 

Arrange the above according to tHe powors of a?. 

The formula cr* + 2 a 6 + i' shot /a that we should find the 
first term a of the root by taking 1} le. root of the Stat term ; the 
same must be the case in the givf ,a exan^[>le. 

The root of 9 a?* a* is 3 ar' a'. Tv'^rite this in the place of a 
quotient, and subtract its second power. Then multiply Sa^ «^ 
by 2 for a divisor, aoswering to ! ^ a of the fornwJa^ 
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9af*a* 






Divide the next teim by the divisor. This gives 2ab* for 
the next term of the root. Raise the whole root then to the 
second power and subtract it. Or, which is the same thing, 
cdnce the second power of the first tenn has iaiready been sub- 
tracted, write liie quantity 2 a &' at the right of the divisor as 
wcdl as in the root. Multiply the whole divisor as it then stands 
by the last tenn of the root. This produces the tenns corre^ 
sponding to 2 ai + 6*, = 6 (2 a + 6) of the formula. This pro- 
duces 12ii;!^ia*6*4-4a'6^which being subtracted, there is no 
remainider. Co^sequently the root is 3 a?* a' + 2 a i* or — 
3i»a»_2 A6'/ The tecond powfer of both is the same. If 
the double sign had been given to the first term of the root, the 
second would have had it also, and the positive and negative 
roots would have been obtained together. 

Let it be required to find the 2d root of 

36 a* w* — 60 a i m* + 25 6*. 

36a*m^~ 6O/16 wi« -f 25 J* (6 aw' — 6 6 
36 a* m^ 



~60a6m« + 256» {I2am*—5b 
— 60a6«i« + 25 6* 



The process in this case is the same as in the last example. 
The second term of the root has the sign — in consequence of 
the term 60 a & m' of the dividend being affected with that sign. 
If the quantity had been arranged according to the powers of 
the letter J, thus, 25 ft* — 60 a 6 m' 4- 36 a* m*, the root would 
have been 5 6 — 6 a «i« instead of 6 a m* — 5 6. Both roots 
are right, for the second powers of the two quantities are the 



XXXVII. Roots of Compound Qmnikies. 191 

saine. The second power a — & is the same as that of & -^ a. 
One is the positive and the other the negative root. If the dou- 
ble sign be given to the first term of the root, both results will 
be produced at the same time in either arrangement 

256* 



* _60a6»i* + 36 a»m* (=t:10i=F 6am* 
— 60a6m' + 36o'm^ 



In dividing — 60 a bm^ by rh 106, both signs are changed, 
the + to — , and the — to -[-• This gives to the second term 
the sign =T=- The first value is 5 & — 6am', and the second is 
6a7w^ — 5 6. 

When the quantity whose second root is to be found, con- 
sists of mor^ than three terms, it is not the second power of a 
binomial, but of a quantity consisting of more than two terms. 
Suppose the root to consist of the three terms m -)- n + P' If 
we represent the two first terms m -{- n by /, the expression be- 
comes l+Pi the second power of which is 

l2^2lp+p^. 

Developing the second power l^ of the binomial m -)- »} it 
becomes m^ -f- ^ ^ ^ + ^' • This sho^^^at when the quantity 
is arranged according to the powers of some letter, the second 
root of me first term will be the first term m of the root. If m' be 
subtracted, and the next term be divided by 2 m, the next teim 
n of the root will be obtained. If the second power of m -f- n 
or l^ be subtracted, the remainder will be 2 Zp 4"i''« I^ the 
next term 2 Z p be divided by 2 Z equal to twice m -{- n, the 
quotient will bejp, the third term of the root. The same priD- 
ciple will extend to any number of terms. 

It is required to find the second root of 

4 a* + 12 a' 0? -f 13 a* a?» -f 6 a a;' + x\ 
Let this be disposed according to the powers of a or of dr. 
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4?* + 6 fl cc* + 13 aV + 12 a' a? -f 4o* (a;» + 3oa? + 2a* loot 



«* 



1st dividend. 
♦ 6aa!^ -f ISa'a?" (2 a?' + 3 a a? 1st divisor. 
6aaj'+ 9a'a^ 



Sddivid. * 4a*a;'+ 12a'a? + 4a* (2a;^ + 6ax + 2fl»2d.di- 
4a»a:*+12a'aj + 4a* 



1 



The process is so similar to that of numeral quantities that 
ft fieedJs no farther explanation. 

The doubie sign need not be given to the terms dunng the 
operation. All the signs may be changed when the work is 
done, if the other root is wanted. This will seldom be the 
case when all the terms are positive \ but when some of the 
terns are negative, if it is not known which quantities are the 
largest^ the negative root is as likely to be found first as the 
positive. When this happens the positive will be found by 
changing all the signs. 

1. What is the seonnd xooX. of 

2. What is the second root of 

2 2 16 ^ 

3. What is the second root of 

— 4ai* + 4a?» -f 12ai' — 6af + j!^ + 9.^ 

4. What is the second root of 

a/* + 20 a?* + 26a?* + 16 + 4a^ +10«* + 24«» 



^ 
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XXXVni. HxitucUdn of the Roots of Compound Quantities 

of any Degree. 

By examining the several powers of a binomial, and observing 
that the principle may be extended to roots consisting of more 
than two terms, we may derive a general rule for extracting 
roots of any degree whatever* 

ft 

(a + a?)* p a + x 

tt + d? 



ax-^a^ 
{a + xy=z c^ + iax + a^ 



{a+xY = a* + 3a*a? + 3oa?' + a?' 
a -^x 



d'+Sa^x + ^a^x' + as^ 

a* a? + 3 a V + 3 o a?* + 0?* 

(tf+a?)* :±= a^^4a'x + 6a*x*+4ax^ + x^ 

a -}- X 

- 

a' + 4a* a: + 6 a' a?* +4^*** + ^"^* 

a* a? + 4 a' a?" 4- 6 a* a?' + 4oa?^-(-a?* 



^■••A^^ 



(a + a:)» = a* + 5 a* a? + 10 a'a?» + iO a« a?' + 5 a a?^ + a* 

By examining these powers, we find that the first term is the 
first teim of the binomial, raised to the power to which the bi- 
nomial is raised. The second term consists of the first term 
•odhe binomial one degree lower than in the first term, multi- 

17 
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plied by the number expressing the power of the binomial, and 
also by the second term of the binomial. This will hereafter 
' be shown to be true in all cases. 

The application will be most easily understood by a particu- 
lar example. 

Let it be required to extract the 5th root of the quantity 

32 o»o_80a'*ft'+ 80 a' J'— 40 a* t' + 10 a* J'* — ft" (2 c? —ft* 

32 a'* 

Dividend. ♦ 

♦ _ 80a' ft' 80a' divisor. 

The quantity being arranged according to the powers of a, I 
seek the fifth root of the first term 32 a'^ It is 2 a'. This I 
write in the place of the quotient in division. I subtract tlie 
fifth power of 2 a\ which is 32 a*°, firom the whole quantity. 
The remainder is 

— 80a' ft» + 80 a' ft' — (tc. 

The second term of the fifth power of the binomial a + a? 
being b a* x shows that if the second term in this case be di- 
vided by five times the 4th power of 2 a', the quotient will be 
the next term of the root. The 4th power of 2 a' is 16 a* ahd 
5 times this 80 a'. Now — 80 a' ft' being divided by 80 a' 
gives — ft* for the next term of the root. Raising 2 a* — ft' 
to the fifth power, it produces the quantity given. If the root 
contained more than two terms it would be necessary to sub- 
tract the 5th power of 2 a' -— ft' fi-om the whole quantity ; and 
then to find the next term of the root, divide the first term of 
the remainder by five times the 4th power of 2 a* — ft'. The 
first term only however would be used which would be the 
same divisor that was used the first time. 

When the number expressing the root has divisors, the roots 
may be found more easily than to extract them directly. The 
second root of a* is a', the second root of which is a. Hence 
the 4th root may be found by two extractions of the second 
root. The second root of a' is a', or the 3d root of a' is a". 
Hence the 6th root may be found by extracting the 2d and 3d 
roots. The 8th root is found by three extractions of the 2d 
root, &c. 
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Examples. 

1. What is the 3d root of 

6a?» + a?* — 40x» -f 96cr— 64? 

2. What is the third root of 

15 a.* — 6 a: +a?' — 6 a?* — 20a?* +15^ + 1? 

3. What is the 4th root of 

216 a« cc* — 216 aa?' + 81 a?* + 16a*— 96 «*«? 

4. What is the 5 th root of 

80ar»— 40a:^ + 32a?^ — 80 a?*— 1 + lOar? 

XXXIX. Extraction of the Roots of Numeral Qmntkies of ang 

Degree. 

By the above expression of the several powers, we maj ex- 
tract any root of a numeral qjaantity. Let us take a particular 
example. 

What is the 5lii root of 5,443,532,400,000 ? 

In the first place we observe that the 5th power of 10 is 
100000, and the 5th power of 100 is 10000000000. Therefore 
if the root contains a figure in the ten's place, it must be sought 
among the figures at the left of the first five places countmg 
fix>m the right. Also if the root contains a figure in the hun- 
dred's place, it must be sought at the left of the first ten figures. 
This shows that the number may be divided into periods of 
five figures each, beginning at the right. The number so pre- 
pared will stand 

544,35324,00000 (340 
243 



Dividend. 3013 (405 Divisor. 

544 35324 

* 00000 . 



i 
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In the first place I find the greatest 5th power in 544. It is 
243, the root of which is 3. I write 3 in the rool, and subtract 
243, the 5th power of 3, from 244. The remainder must con- 
tain 5 a* a? -f- 10 a'lT* +» &.c- The 3, that part of the root al- 
ready found, and which, by the number of periods, must be 
300, answers to a in the formula. 5 a^, that is, five times the 
fourth power of 300 will fonn only an approximate divisor, 
since the remainder consists of several terms besides 5 a* a? ; 
still it will enable us to judge very nearly, and we shall find 
the right number after one or two trials. As the fourth power 
of 30 will have no significant figure below 10000, (we may 
consider 3 to be in the ten's place, with regard to the next 
figure to be found,) we may bring down only one figure of the 
next period to the remainder for the dividend, and use 5 times 
the fourth power of 3 for the divisor. The dividend is 3013 
and the divisor 405. The dividend contains the divisor at 
letwt 6. times, but probably 6 is too large for the root. Try 6. 
This gives for the first two figures 35. Raise 35 to the 5th 
power and see if it is equal to 544,25324. It will exceed it. 
Therefore try 4. The fifth power of 34 is 544,35324. Hence 
34 is right. Subtract this from the number, there is no re- 
mainder. There is still another period, but it contains no sig- 
nificant figure, therefore the next figure is 0, and the root is 
340. The 5th power of 340 is 5,443,532,400,000. If there 
had been a reniainder after subtracting the 5th power of 34, it 
would have been necessary to bring down the next figure of 
the number to it to form a dividend, and then to divide it by 5 
times the 4th power of 34 ; and to proceed in all respects as 
before. 

The process of extracting roots above the second is very te- 
dious. A method of doing it by logaritlims will hereafter be 
shown, by which it may be much more expeditiously per- 
formed. 

Examples. 

1. What is the 5th root of 15937022465957 i 

2. What is the 4th root of 36469158961 ? 

For this, the fourth root may be extracted directly, or it may 
be done by two extractions of the second root. Let the learner 
do it both ways. 
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3. What is the 6th root of 481890304 ? 

This may be done by extracting the 6th root directly, or by 
extracting first the second and then the third root. Let it be 
done both ways. 

4. What is the 7th root of 13492928515 i 

XL. Fractional Eooponents and Irrational Quantities. 

The method explained above, Art. XXXVI, for extracting 
the roots of literal quantities, gives rise to fractional exponents^ 
when they cannot be exactly divided by the number expressing 
the root. Since quantities of thi^ kind frequently occur, ma- 
thematicians have invented methods of performing the differ- 
ent operations upon them in the same manner as if the roots 
could be found exactly ; and thus putting off the actual ex- 
tracting of the root until the last, if it happens to be most con- 
venient. The expressions also may often be reduced to others 
much more simple, and whose roots may be more easily found. 

It has been already observed that the root of a quantity con* 
sisting of several factors, is the same as the product of the 
roots of the several factors. 

Hence (a«6')* = («•)*. (6»)* =/»» i. 

(a')* = (a«)*. (a)* =z.{a)t (a)*, (a)* 

= a*, a*, a* z=: a. a^ =i a^* = a^. 

We see that the same expression may be written in a great 
many different forms. The most remarkable of the above are 

# U 1 + * i 

a^ = a^ = a ~^ =: a.a^ 

On this principle we may actually take the root of a part of 
the factors of a quantity when they have roots, and leave the 
roots of the others to be taken by approximation at a conve* 
nient time. 

The quantity (72 a' 6* c)* may be resolved into factors thtw. 

(2 X 36a*a6*frc)* = {26a'b*)^.{2abc)^. 

17* 
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The root of the first fiictor 36 a* b^ can be foand exactly, 
and the expression becomes 

^ ah' {2 ah c)*. 

This expression is much more simple than the other, for now 
it is necessary to find the root of only 2 ah c. 
The expression might have been put in this form, 

(72)* a^h^ c^ = (36.2)* o^* 6^* c* == 6-2* a a* V J* c* 

=:= 6 a 6* (2 a i c)*- 

Examples. 

1. Reduce (16 a* 6*)* to its simplest form. 

Ans.2ah (2 a* 6)*. 

i 

2. Reduce (ii4 a x^)^ to its simplest form. 

3. Reduce I - — ^3- i ^ to its simplest form. 

\147 0* c/ 

Ans. l^ i^V. 
T&\36c/ 

4. Reduce (16 a' J' + 32 a^6' my to its simplest form- 
(16 tf* y + 32a*6^m1^ = (16 a* 6*)* {aV + 25m)* 

.4»w. 4a6(aJ» + 26m>* 

5. Reduce I zLZ ii^JLz — | to its simplest fonn. 

V 64m'«* . / ^ 

Sometimes it is convenient ta multiply a root by another 
quantity, or one root by another. 

If it is required to multiply (3 a* hy by a J, it may be express- 

ed thus : a 5 (3 a* hy. But if it is required actually to unite 
tbem^ a b must first be raised to the second power, and the pro-' 
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duct becomes {^a*b^y. This will appear more plain in the 
following manner, 

This multiplied by a i is 

3* a 6* X a 6 = 3* a* J^* = 3* a* i* =(3a* J')* 

If instead of enclosing tlie quantity in the parenthesis and 
writing the exponent ofthe root ove^ it, we divide the expo- 
nent ot all the factors by the exponent ofthe root, all the ope- 
rations will be very simple. 

Let or be multiplied by a^ . 

a^ X a = ar~^ = a. 

a^ X aJ ==^ a*"^^ z=za^ izicf. 

* ,3 A ,* 2.4- « ,14-* 1 ,1 

That is, multiplication is performed on similar quantities by 
adding the exponents, as when the exponents arc whole num- 
bers. In like manner division is performed by subtracting the 

exponents. 

* 

It must be observed that a^ may be read, the third root ofthe 
second power cfa, or the second potoer ofthe third root of a. For 

the 3d root of a' is a^ ; and 

a* X a* = a*"^* =: a^. 

The 3d power of aJ ia 

That is, a power of a root may be found by multiply- 
mg the fractional exponent by the exponent* of the power* 
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Consequently a root of a root may be found by dividing the 
finctional index by the exponent of the root. In multi;uying 
and dividing the fractional exponents, we must apply the samo 
rules that we apply to common fi actions. 

The 3d root of a^ is a^. 

The 3d root of a* is a*. * 

The 5th root of a^ i? is aJ^ 6^'^. 

If the numerator and denominator both be multiplied or di- 
Tided by the same number, the value of the quantity will not 
be altered ; for that is the same as raising it to a power, and 
then extracting the root. 

If it is required to multipl]^ a^ by a^, the fractions may be 
reduced to a common denominator and added : tiius, 

a* X a* = a* X a^ =ia^ =• a^* = a a*. 

The same may be done in division and the exponents sub- 
tracted. 

or a* 



= «'» "=o 



t 9.3. 11 

In fact, quantities with fractional expopents are subject to 
precisely the same rules, as when the exponents are whole 
numbers ; but the rules must be applied as to fractions. The 
fractions may be reduced to decimals without altering the 
value ; thus 

= a X ajy X aT*T. 
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a* X a* = fl X a^ = a^"^^ = a^ X a^^ X a^^^" 

It is very important to remember how these quantities may 
be separated into factors. Since multiplication is performed 
by adding the exponents, and division by subtracting them, any 
quantity may be separated into as many factors as we please, 
by separating the exponent into parts. Thus, 

fl* = a' X a' = a X a* = a X a* X a* 

a i 112 3 

= a* X a^ X fl^ X a" X a^ X a* X a^- 

The sum of all the exponents in the last expression is 5. Lo- 
garithms are of the same nature as these exponents, and afford 
as great a facility in operating upon numbers, as these do upon 
letters. And the operations are performed in the same way, 
as will be explained hereafter. 

If the learner should ever have occasion to read other trea- 
tises on mathematics, he will generally find the roots express- 
ed by what are called radical signs. The second root is ex- 

3 

pressed with the sign \/ , the third root ^ the i^me sign 
with the index of the root over it. The 4th root is 4^ , &c. 

a^ =z j^ a 

1 3 

a^ = x/ a 

14 

a^ -=. i^ a 

3 5 

a^ = V«' 



2* a^ b^ = A/2a'&*, &€•- 

They will be easily understood if the radical sign be removed, 
and the exponents divided by the index of the root or the quan- 
tity enclosed in a parenthesis, and the root written over it. 

The expression \/5a'b* becomes 

5* a^ b^ = (6 a' S')*. 
The expression j\/ cf -j- b* is equivalent to (a* + '*) 
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XLI. Binomial Theorem. 

It has already been remarked that the powers of any qnanti- 
tv are found by multiplying the quantity into itself as nuiny 
tiroes, less one, as is expressed by the exponent of the power. 
Sir Isaac Newton discovered a method, by which any quantity 
consisting of more than one term may be raised to any power 
whatever, without going through the process of multiplication. 

The principle on which this method is founded is called the 
Binomial Theorem, Its use is very important and extensive in 
algebraic operations. 

Next to quantities consisting of only one term, binomials, or 
quantities consisting of two terms, are the most simple. 

Let a few of the powers of a -I- ^ ^^ found and their forma-* 
lion attended tq. 

{a + 0?)* = a -f a? 

a* -{-ax 

Oi2? -f- a?* 



fa + a?)'= o* + 2aa? + ^ 
a'\' X 



a' + 2 0*0? -f- aoT* 

0*0? +2tfa:* -j-a:* 



(u+xy= a^ + Sa'x + Saa^ + xy 
a + x 



^ o'a? + 3a*ir» + 3aaf' + a?* 

«• + 4 a* a? + 6 o* 05* + 4 0*0?' + a a:* 
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The laifT of the fortnaition of the literal part is sufficiently 
manifest* 

In each power there is one term more than the number dcK 
noting the po#er to which it is raised. The first power con- 
sists of two terms, the second power of three tenns, the third 
power of foUr terms, &c. 

In every power a is found in every tenn except the last, and 
X is found in every term except the first. The exponent of tf in 
the first term is the same as the exponent of the power to 
which the binomial is raised, aftd it dinninishes by one in each 
succeeding term. 

The exponent of a? in the ^cond term is 1, and it increases 
by onfe in each succeeding term, until in the last tenn it is the 
same as that of a in the first term. , 

The law of the coefficients is not so simple, though it is not 
less remarkable. 

The coefficients of the first power, viz. a 4* x, are 1, 1 ; those 
of the secorfd power are 1, 2, 1. These are formed from the 
first as follows. When a is multiplied by a, it produces «*, 
and no other term being produced like it, there is nothing add- 
ed to it, and it remains with the same coefficient as th^ a in the 
multiplicand. In multiplying x\ by a and afterward a by ^, 
two simikr terms are produced^ having the coefficients of the 
a and x in the multiplicand, viz. 1 and 1 ; and the addition of 
these forms the 2. The other 1 is produced like the first. 

The coefficients of the third, power are 1, 3, 3, 1. The Is 
are produced fix>m the second power, as those of the second 
power are produced from the first. In multiplying 2 a jt by a, 
the term produced is 2 a* Xj having the coefficient of the se- 
cond term of the multiplicand ; and in multiplying a' by a?, the 
term produced is a* x, similar to the last, and having the coeffi- 
cient 1 of the first tenn of the multiplicand. The addition of 
the coefficients of these two terms produces the 3 before a* x. 
That is, the coefficient of the second term of the third power is 
formed by adding together the coefficients of the first and se- 
cond terms of the second power. In the same manner it may 
be shown, that the coefficient 3 of the third term of the third 
power is formed by adding together the coefficients of the se- 
cond and third terms of the second power. 

The following law will be found on examination to be ge» 
neral. 
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The coefficient of the first term of every poWef is L ^ The 
coefficient of the second term of every power is formed by add« 
ing together the coefficients of the first and second terms of 
the preceding power. The coefficient of the third term of 
every power is formed by adding together the coefficients of 
the second and third terms of the preceding poyi^er. The co- 
efficient of the fourth term of every power is fomid by adding 
together the coefficients of the third and fourth terms of the 
preceding power. And so of the rest. 

This law, though perhaps sufficiently evident by inspection, 
may be easily demonstrated. 

Suppose the above law to hold true as far as some power 
which we may designate by n. The literal part of the nth 
power will be formed thus. 

We cannot write all the terms without assigning a particular 
value to n. We can write a few of the first and last. The 
points between show that the number of terms is indeterminate } 
there may or may not be more than are written. 

Suppose that A is the coefficient of the second term, B that 
of the third, &c, and let the whole be multiplied by a + Xy 
which will produce the next higher power, or the (n-f- l)th 
power. 
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In tills result we observe that the exponents of both a and % 
arc increased by 1 in each term, and there is still one term 
without X and another without a. Before the terms of the pro- 
duct were added, there were twice as many terms in the pro- 
duct as in the multiplicand, but they have all united *two by 
two except the first and last. The terms C a*^ a?* and Fa* 
ac*~' have not united with any others, but it is evident that they 
would have done so, if all the terms could have been written. 
There is then one more term in this power than in the last 

The coefficient of the first term is still 1. That of the se- 
cond is the sum of the coefficients of the first iemd second terms 
of the multiplicand, viz. 1 -}~ A. That of the third is the sum 
of the coefficients of the second and third terms of the multi- 
plicand, viz. A -|- B ; &c. 

The above formula shows that if the law above mentioned is 
true for one power, it will be so for the next higher power. 
We have seen that it is true for the 5th power, therefore it will 
be true for the 6th ; being true for the 6th, it will be so for the 
7th, &c. 

Let the coefficients of several of the first powers be written 
without the letters, forming them by the above principle. 

First observe that (o -f- a?)* = 1. 

Adding to this 1 gives 1, and then again on the other 
side gives 1. Hence we have 1, 1 for the coefficients of the 
first power. 

Adding to the first 1 gives 1 ; adding 1 and 1 gives 2, and 
then 1 and are 1. Hence the coefficients of the second pow- 
er are 1, 2, 1. 

Again, + 1 = 1; 1 -f-2=3;2+lz33; 1+0=1. 
Hence 1, 3, 3, 1 are the coefficients of the third power. 

Again, 0+1 = 1; l + 3 = 4;3 + 3 = 6;3 + l=4; 
and 1 + 0=1. Hence 1, 4, 6, 4, 1 are the coefficients of the 
fourth power. 

Again, 0+1=1; 1 +4 = 6; 4 + 6 = 10; 6 + 4 = 10; 
4 + 1 = 5; and 1 + = 1. Hence 1, 5, 10^ 10, 5, 1 are the 
coefficients of the 5th power, &c. 
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The Coefficients of the first Ten Pow&r$. 

1 
1 1 
12 1 
1 3 3 1 
14 6 4 1 
1 5 10 10 5 1 
I 6 15 20 15 6 1 
1 7 21 35 35 21 7 1 
1 8 28 56 70 56 28 8 1 
1 9 36 84 126 126 84 36 9 1 
1 10 45 120 210 252 210 120 45 10 1 

Here we observe that the first row of figures taken obliquel j 
downward is the series of numbers 1, 1, l,&c. 

The second row is the series of natural numbers, 1, 2, 3, 4» 
5, &c. whose differences are 1. 

The third row is the series 1, 3, 6, 10, 15, &c. whose diflfer- 
ences are the last series, viz. 1, 2, 3, 4, &c. 

The fourth row is the series 1, 4, 10, 20, 35, &.c. whose di& 
ierences are the last series, viz. 1 , 3, 6, ] 0, &c. Each succeo*- 
sive row in a series, whose differences form the preceding row. 

We may observe farther that the coefRcient of the second 
term of any power is the term of the series 1, 2, 3, 4, &c. de- 
noted by the exponent of the power. That of the second pow- 
er, IS the second term ; that of the third power, the third term ; 
that of the nth power, the nth term. But this being the series 
of natural numbers, the number which denotes the place of the 
term is equal to the term itself, so that the coefficient of the 
second term will always be equal to the exponent of the 
power. 

The coefficient of the third term of any power is the tenn of 
the series 1, 3, 6, 10, &c. denoted by the exponent of the pow- 
er diminished by 1 • That of th^ third power is the second 



teim, that of the firarth power the thiid tein^ that of the ntb 
power the (n — l)th term, &c. 

Tlie coefficient of th*^ fourth tenn of any power is the term 
of the series 1, 4, 10, 20, &c. denoted by the exponent of the 
power diminished by 2. That of the fourth power is the se- 
cond term, that <^the fifth power is the third term, that of the 
nth power is the (n — 2)th term. And so on as we fMroceed to 
the right, the place of the term in the series is diminished 
by 1. 

We may observe another remarkable fact, the reason of which 
will be manifest on recurring to the formation of these series. 
We shall take the 7th power for an example, though it is equal- 
ly true of any other. 

The coefficient of the second term, viz. 7, is the sum of 7 
terms of the preceding series 1, 1, 1, &c» and was in fact form* 
ed by adding them. 

Hie coefficient of the third term, 21, is the sum of the first 
six terms of the preceding series, 1, 2, 3, &c. and was actually 
formed by adding them, as may be se^i by referring to the for- 
mation. 

The coefficient of the fourth term, 35, is the sum of the first 
five terms of the preceding series, 1, 3, 6, 10, &.c. and was 
formed by adding them. 

The same law ccnutinues through the whole. If now we can 
discover a simple method of finding the sums of these series 
without actually forming the series themselves, it will be easy 
to find the coefficients of any pow^r without forming the pre- 
ceding powers. This will be our next inquiry. 

XLII. Sumimaiian afSeriet by Differences. 

It is not my purpose at present to enter ve^ minutely into 
the theory of series. I shall examine only a lew of the most 
simple of them, and those principally with a view of demon- 
strating the htnomidl theorem. 

A series by difierences is several numbers arranged together, 
the successive terms of which differ fix)m each other by som^ 



■wv. 
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I call a series of the first order that, in which all the terms 
are alike, as 1, 1, 1, 1, &c. 3, 3, 3,^, <&c. a, a, a, a, &.c. In 
these the difference is zero. 

The sum of all the terms of such a series is evidently found 
by multiplying one of the terms by the number of terms in the 
series. Every case of multiplication is an example of finding 
the sum of such a series. 

The sum « of a number n of terms of any series a, a, a, &c, 
is expressed 

na 
1 

_ ^^^ 

When a = 1, it becomes « = _. 

1 

A series in which the terms increase or diminish by a con- 
stant difierence, is called a series of the second order. As 1,2, 
3, 4, 5, ifcc. 3, 6, 9, 12, &c. or 12, 9, 6, 3. A series of this 
kind is formed from a series of the first order. The cfifTerences 
between the successive terms form the series from which it is 
derived. 

At present I shall examine only the series of natural num- 
bers 1, 2, 3, 4, n. 

This series is formed as follows : 

+ 1 = 1 

1 + 1=2 

1+1+1=3 
1 + 1 + 1-1-1=4 

1 + 1 + 1 + 1 + 1 = 5, &c. 

The sum of any number n of terms of the series 1,1,1,1, &c. 
is equal to the nth term of the series 1, 2, 3, 4, &c. 

Write down two of these series as follows and add tbe cor- 
responding tenns of the two together. 

1, 2, 3, 4, 6 
6, 4, 3, 2, 1 

• * f 111 

6, 6, 6, 6, 6 
18* 
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1, 2, 3, 4, ... (ii— 3), (i>-2), («-*-!,) n 
n, (n^-l ),(»— 2), («— 3) . . . ; 4, 3, 3, 1 



(ii+l),(n+l),(n+l),(ii+l)...(n+l),(n+l),(n+l),(n+l) 

The 6th term of the series is 6, and it appears that 5 times 
6 will be twice the sum of 5 terms of the series. 

The (n-{- l)th term of the series 1, 2, 3, 4, &c. is n-^ 1. It 
appears that n times (n + 1) will be twice the sum of n terms of 
the series. 

The sum / of any number n of ternos may be expressed 
thus. 

V=:»L(!L±i). 

1.2 

It is frequently convenient to use the same letter in similar 
situations to express different values. In order to cfistinguish 
it in different places, it may be marked thus, «, s', s'^s'^^j which 
may be read «, s prime, s second, s third, &c. 

How many times does the hammer of a elock strike in 12 
hours f 

In this example n = 12 n -f- 1 = I3r 

H2L1? == 78. Jtn9. 78 times. 

1 X 2 

The rule expressed in words is } Tojlnd the attm tfany num^ 
her of terms of the series 1, 2, 3, 4, &c. find the next 9ucceedin0 
term in the series f and mnUiply it hy ike number of terms in tM 
seriesj and divide the product by 2. 

The same thing may be proved in another form which is 
more conformable to the method that will lie used for the series 
of the higher orders. 

Suppose it is reqmied to find the sura of the fii3t five terms 
of the series. 

The sixth term of the series is the sum of 6 terms of the se- 
ries, Ij ly 1, &c. thus 



XUI. 
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Left this series be written down fife times, one und^ the 
other, thus. 









• f 













































If this series be divided by a line passing diagonally through 
it, so that the part below and at the left of the line may con* 
lain one teim of the first series, two of the second, three of the 
third, four of the fourth, and five of the fifth ; the' terms so se- 
parated will form the first five terms of the series 1, 2, 3, <&c. 
There will be the ^same number of terms above and at the right 
of the line, which will form the same series, if the terms be 
added vertically instead of horizontally. 

1,\1, 1, 1, 1, 1 

1, l\l, 1, 1, 1 

1, I, l\l, 1, 1 

1, 1, 1, l\l, 1 

1, 1, 1, 1, iNl 

tt is easy to see that this series continued to any number of 
terms will be formed twice over in this way, if the number of 
series written under each other is equal to the number of terms 
required and the number of terms in each series exceed the 
number of terms by one. And the reason of it is manifest from 
the mannw in which the two series are formed. 

Hence n times the series consisting of n-{- 1 terms of the 
series 1, 1, 1, 1, &c. will be twice the sum ^ of n terms of the 
series 1, 2, 3, 4, &c. 

That is, 2 • == n (n + 1 ) and • = ^J^Ltll. 
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A series of iht third order is one, the diference oS the succes- 
sive tenns of which is a series of the second order. I shall 
consider only the series formed from the series 1, 2, 3 &c« 

Formation. 

0+1 =0 + 1=1 

1 +2 = 1 + 2= 3 

1-^2 + 3 = 3 + 3= 6 

1-^2-^3-1-4 = 6+4 = 10 

1+2 + 3 + 4 + 5 =10+5= 15 
1+2 + 3+4 + 5 + 6= 15 + 6 = 21, &c. 

The first term of the series 1, 2, 3, &c. forms the first term ; 
the sum of the first two terms forms the second ; the sum of 
the first three forms tlie third term, <&c. and the sum of n teims 
will foim the nth term of the series 1, 3, 6, 10, &c. 

Let it be required to find the sum of the first five terms of 
the series 1, 3, 6, 10, 15, 21, &.c. 

The sixth term of this series is the sum of the first 6 terms 
of the series 1, 2, 3, &c. 

1+2 + 3+4 + 5+6 = ^I = 21 = 6th term. 

Write this series five times one under the other, and draw a 
line diagonally so as to leave on the left and below, the first 
term of the first, the first two of the second, the first three of 
the third, &c. and the first five of the fifth. 

1,\2, 3, 4, 5, 6 
h 2\3, 4, 5, 6 
1, 2, 3\4, 6, 6 
i, 2, 3, 4\5, 6 
1, 2, 3, 4, 5\6 
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The figures so cut off Ibim the first five leraas of the series 
J, 3, 6, 10, 15, &c. the sum of which we wish to find. It will 
now be shown that the sum of the terms on the risht and 
above the line, is equal to twice ihe sum of those below and 
at the left. 

By the rule given above for finding the sum of tbe series 1, 
2, 3, &c. 



The sum of 1 tenn, or 1 



2 



The sum of 2 terms, or 1 +2 = ^21^. 

' ^ 2 



The sum of 3 terms, or 1 4* 2 -{- 3 



_ 3X4 

2 



The sum of 4 terms, or 1+2 + 3 + 4 =2: liL^. 

The sum of 6 terais, or 1 + 2 + 3 + 4 + 5 = ^-^* 

Hence 2 (1) =1X2 

2 (1 + 2) =2X3 

2(1+2 + 3) =3X4 

2(1+2+3 + 4) =4X5 

2(1+2 + 3 + 4 + 5) =5X6 • 

That is, the 2 is twice the 1, 

The two threes are twice (1+2), 

The three fours are twice (1+2 + 3), 

The four fives are twice (1+2 + 3 + 4), and 

The five sixes are twice (1 + 2 + 3 + 4 + 5)« 

Since the part below the line forms the series idiose sum is 
required, and the part above the line is equal to twice that be- 
low, both parts together are equal to three times the series 1, 
3, 6, 10, 15. Therefore if 21, which is the next term in the 
series, and which is also the sum of the series 1, 2, 3, 4, 5, 6, 
be multiplied by 5, the number of terms to be summed, and 
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divided by 3, the quotient will be the syhq of the series re- 
quired. 

It is easy to see that if the series 1, 2, 3, . . . (n -f- I) '^® writ- 
ten n times and divided by a line like the above, the part be- 
low the line will form n terms of the series 1, 3, 6, 10, &.c. 
And the part above the line will be equal to twice the part be- 
low, because the sum of n terms of the series !> 2, 3, &c. is 

n(n + l) 
1X2 

Therefore to find the sum of n terms of the series 1, 3, 6, 10, 
multiply the (n + l)th term of that series by n and divide by 
3, and the quotient will be the sum required. 

But the (n -f- l)th term of the series is equal to the sum of 
( n + I) terms of the series 1, 2, 3, 4, &c. The nth term of 

this series being !Li^+JL), the (n + l)th term will be 

(n + l)(n + 2) 
1 X 2 

This being multiplied by n, the number of terms, and divided 
by 3, gives 

n{n+ l)(n+2) 
1X2X3 

Hence the sum if' of n terms of the series will be expressed 
thus, 

1X2X3 

A series of the fourth order is one, the difference of whose 
terms is a series of the third order. 

I shall at present consider only the one formed from the 
series 1, 3, 6, 10, 15, d^c. 
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i^amuUion. 



0-f 1 

1 +3 

1+3+6 

1+3 + 6+10 

1^.3-1-6+10+15 



0+1=1 
= 1+3=4 
= 4+ 6 = 10 
= 10+10 = 20 
= 20+16=35 



1+3 + 6 + 10 + 15+21 =35+21=56 

The first term of the series 1, 3, 6, &.c. is the first term of the 
new series ; the sum of the first two terms forms the second ; 
&c. the sum of n terms will foma the nth term of the new 
series* 

It is required to find the sum of five terms of this series. 

The sixth terili of this series is equal to the sum of the first 
six terms of the preceding. 

1 4-3+ 6 +10 + 15 +21 =^-2LliU. = 56. 

Write this series five times, one under the other, and sepa- 
rate it into two parts by a line drawn diagonally in the same 
manner as was done with the last series. The terms below the 
line will form the series whose sum is required, and the terms 
above the line will be equal to three times those below. That 
iS) the whole will be four times the sum required. 

3, 6, 10, 15, 21 



, 3,\ 6, 10, 15, 21 



, 3, 6,\l0, 15, 21 



, 3, 6, I0,\l5, 21 



3, 6, 10, 15,^21 



c;4 



It win be the 1 



I of the series re- 



bwaaftaweeAalifAeaenea 1,3, 3, ...(n + 1) be writ- 
Ms ■ tiBcs ami ifirided hj a be like tbe above, the part be- 
kw *e fae wfl im a temv (rf* the series 1, S, 6, 10, &c. 
jIW Ae pHt ibaw the fiae will be equal 10 tmce the part be- 
li«,hecaMelheMHofslenntoftbeseries 1,2,3, &c. is 

1 X2 

flrwfcw » fad Ae w of ■ teimBoftbe series 1,3,6, 10, 
aarii^ilj Ae (s -)- l)th tens of that series bj n and divide by 
3;ib1 ihe^nlicBtmO be the som required. 

■h the (■ -|- 1)A lena of tbe Kiies is equal (o the sum of 
(■+l)tBBMarihenrieal,2,3,4,i&c. The nth tenn of 

lb MBS bcH *t»+t) the (a + l)th tenn vriit be 
*1 X 2 • ^ ^ ' 

(» + l)(« + 2) 

1 X 2 

This bdag nntepbed by n. the number of terms, and dividec/ 

«(, + !)(, -^2) 
1X2X3 
Hence the aon i" oTs tens of the series will be expressed 






A series of Aef 
terms ismseiiesa 



ftmn^ 



StmmaiiMt^ammifD^mma. 



0+1 

1+3 

1+3+6 

1+3 + 6 + 10 

1+3 + 6+10 + 15 

1+3 + 6 + 10 + JS + 21 



= 0+ 1= 1 
= 1+ »= 4 

= «+ *=M 
=:10+1« = I» 

-»+u=s 



The '=— ' *••*• ^- ' ' ' ' ■ iAiUM iim irfcr 

new series ; the sum of die inttwo teoH fnaM Ae irirwj 
&c. the sum of ■ lefBH wiH fdf^ Ifae aA te^ «f ifat flcv 
aeries. 

It is requited to ficd thr w iif in tiiais iff\m sisi.ii 

The sixth tend of this series is eqnl to Ibe mhs </ Ae Am 



six terms of the pteccdiiig. 
1+3+0 +10+ 15 +21 



- *X 7y 9 
"l X JX Ji^ 



= M. 




Write this series file times, one 

rale it into two pans by a Iju": drdwii ^ ^ ^ _ ^ ^_^^ 

manner as waf done with th^ ]ait w^rv:<, TtKHsiMMMrii« 
line will form the series whose sum t« rttfm*^ mU 1m 
abovethelinewillbe equal yt three tiws ^mi M*w. 
i^.tbe whole will be four times the pjiA te^/mtA, 
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By the rule given above for finding the sum of the series I» 

The sum of one teim, or 1 >— =:1» 

3 

The sum of two terms, or 1 + 3 = -^ = 4. 

S 

The sum of three terms, or 1 + 3 + 6 = l?li?=: 10. 
The8umoffourterms,orl + 3-f 6+10= liii^ = 20. 

The sum of five terms, or 1+3+6+10+15 =: L51?l = 35. 

The five 21s aie 3 times i 4. 3 ^ 6 + 10 + 15« 

The four 15s are 3 times 1+3 + 6 + 10 

and so of the rest. 

It is easy to see that this principle will extend to any number 
of terms. 

Therefore to find the sum of n terms of the series 1, 4, 10, 
20, &c., multiply the (n + l)th term of the series by n, and 
divide the product by 4, and the quotient will be the sum re* 
quired. 

But the (n + l)th term of tliis series is equal to the sum of 
(n + 1) terms of the preceding series. 
The nth temi of the preceding series being 

n(n + l)(n + 2) 
1X2X3 * 

the (n + l)th term will be 

(n + l)(n + 2)(n + 3) 
1X2X3 

This being multiplied by n and divided by 4, gives 

^/;,^ n(ii+l)(n + 2)(n + 3) 
1X2X8X4 
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XLIII. The principle of summing these series may be 
proved generally 9ik foUowilr: 

Let IjO^bjCyd { be a series of any order, such that 

the sum of n tertns lliay be fbimd by multiplying the (n -f* l)th 
term by n, and dividing the product by m. If {is the (n -|- 1) 
th term, and s the sum of alt the teritts, we shall have by hy- 
pothesis 



^=:^ted«l4=:n2. 



That is, ti 2 will be m times the sum of the series. The next 
higher series will be formed front this as follows : 



I 


= 1st term. 


1 -j- fl . • « « 


= 2d " 


1 +a + * 


= Sd « 


l+a + b-^t • • 


= 4A ** 


l+ij^ij^c + d • , 


= 5th " 



1 +a + b + c + d + ....k =nth " 
1 +a + 6 + c-f-d + ..,.*? + /= (n+ l)th. 

The first term 1 of the original series 1, a, &, &c., forms the 
lirst ienn of the new series ; the sum of th^ first two fartoA the 
second .term ; the sum of the first three forms the third teiB9« 
&c., and the sum of (n + 1) terms fom^s the (n + l)th tem. 

Let the series forming the (n + l)th term, be vmtten n 
times, one under the other, term for term. And let a lifie be 
dratvii dnsonally, so tha€ the jfirit term of th& firi^ ^W, the 
first two of the second row, and n terms of the nth row may be 
mt Ite left, and below the line* 
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MgAra. 
1, \a, i, c, d, i, I 



XLIU. 



1, a, \6f c, i, . 4| J 



If fl> i>\^ rf, . *i / 



, 1, a, 6, c, \d% . iy / 



1) Of &l Cy 1^ \ • i} I 



1, a, 5, c, dj .\kf I 



1, a, &, c, c{, • A;,\ Z 



Tlie terms below and at the left of the line, form n terms of 
the new series. It is now to be shown that the terms above, 
imd at the right of the line, are equal to m times those below, 
and, consequently, that the whole together are equal to m -|- 
1 times n terms of the new series. 



By the hypothesis 

The sum of one term, or 1 

Tb^ sum of two terms, or 1 -|- ^ 

The sum of three terms, or 1 4* << + ^ 



The sum of four teims, orl-|-« + * + c 



The sum of n terms, orl+«+i+c + <'+*-'^ = 



1 a 
m 

2b 

m 

3e 

m 

4rf 
m 

nl 
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Multiplying both members of the above equations by m: 

m. 1 = 1 a 

m{i +a) = 2 i 

III (1 + a -I- J) = 3 c 

m{l +a + b + c) =z4d 

Hence it appears, that a is m times 1 ; 2bi»m times (1 -f- a) 
&c. ; and nlism times (1 -j-a-|-i + ^ + ^H"'*"^)r ^** 
is, the part above and at the right of the line, is m times the 
part at the left and below ; consequently the whole, or n times 
the (n + l)th term of , the new series, will be (m -|- 1) times 
the sum of n terms of the same series. 

We have already examined all the series as far as the fourth 
order, and have found the above hypothesis true so far. Let 
us suppose the series l^a^b, d^c. to be a series of the fourth 
order, in which we have found that the sum of n teims may be 
obtained by multiplying the (n -|~ ^)^ ^^^^ ''^7 ^9 <^<1 dividing 
the product by 4 ; in this case m is equal to 4. The series 
formed from this will be a series of the 5th order, and m -{- 1 
= 4 + 1 = &• Therefore by the above demonstration it ap- 

Eears that the sum of n terms of a series of the 5th order may 
e obtained by multiplying the (n 4~ l)th term by n, and 
dividing the product by 5. 

If now the series, 1, a, i, &c., be considered a series of the 
5th order, m = 5 and m -{• i = 6. Hence the same princi- 
ple extends to the 6th order. 

If then we continue to make 1 , a, &, &c., represent one se- 
ries after another in this way, we shall see that the principle 
will extend to any order whatever of this kind of series. 

We have then this general rule ; 

To find the sum of n terms of a series of the order denoted 
by r, derived from the series 1,1,1, &c., multiply the (n -|- Ijth 
term of the series by n and divide the product by r. 

Also, the nth term of the series of the order r, is equal to the 
sum of n terms of the series of the order r — 1. 
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Wh^n the series is of the first order, the sum of » tenos is 

1 1 

The sum of (« -j- 1) terms of this series is — X._. This is 

1 

the (9» rf- l)th term of tlie series of the second ord^r. This 
multiplied by n and divided by 2 gives ^he sum of n terms of 
the series of the second order: 

n{n -{- 1) 



1 X 2 

The sum of (n -{- 1) terms of the same series is 

(n+l)(n+2 ) 
1 X 2 

This is tbe.(^ t}- l)th term of the series of the third ot^er. 
This multiplied by n.ffpd divided by 3,giyieg tJiQ §wi of n ^||^|p 
pf^^es: 

n(n4-l)(n + 2) 
1 X 2 X 3 

> 

'Pie sum of (n + 1) terms of the last series is 

<n+l)(n + 2)(tt + 3) 
1X2X3 

This is the (n -f- l)th term of the series of die fourth order. 
This multiplied by n and divided by 4 gives tiie sum of i» terms 
of the .series of the fourth order : 

n(n + l) (n + 2) (n + 3) 
1X2X3X4' 

Hence for the series of the order r we have this formula : 

n (n + 1) (n + 2) (n + 3) (n + r — 1) 

aX2x3x4X r 

r 

We have examined only the series formed from the series 1, 
1, 1, .1, &C.9 which are sufficient for our present purpose. The 
principle may be generalized so as to find the sum of Any series 
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of the kind, whatever be the original series, and whatever be 
the first terms of those formed from it. 

XLIV. Binomial Theorem. 

Before reading this article, it is recommended to the learner 
to review article XLI. 

Let it now be required to find the 7th power of a -|- a?. The 
letters without the coefficients stand thus ; 

a', a* x, a* cc*, a* j?*, a' cr*, a* a?*, a a;', x'. 

The coefficient of the first term we observed Art. XLI, is 
always 1. That of the second term is 7, the exponent of the 
power, or the 7th term of the series 1, 2, 3, &c. 

The coefficient of the third term is the sixth term of the 
series of the third order 1, 3, 6, 10, &c. which is the sum of six 
terms of the series 1, 2, 3, &c. This sum is found by muIU- 
plying the 7th term of the series by 6 and dividing the product 
by 2. But the 7th term is 7, the coefficient last round. 

L><J = 21. 

2 

The coefficient is 21. 

The coefficient of the fourth term is the 5th term of the 
series 1,4, 10, &c., or it is the sum of five terms of the preced* 
ing series. The sum of five terms of the series 1, 3, 6, &c., ui 
found by multiplying the 6th term by 5 and dividing the pro- 
duct by 3. The 6th term is the coefficient last found, viz. 31. 

l>i^ = 35. 
3 

The coefficient is 35. 

The coefficient of the fiflh term is the fourth term of the 
series of the fiflh order 1, 5, 15, &c., or it is the sum of 4 terms 
of the preceding series. The sum oif 4 terms of the series 1, 
4, 10, &c. is found by multiplying the fiflh term of the series 
by 4 and dividing the product by 4. The fiflh term is the co- 
efficient last found, viz. 35. 

19* 
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4X35 



4 
The coefficient is 35. 



= 35. 



The coefficient of the 6th tenn is the 3d term of the series 
of the sixth order, which is the sum of 3 terms of the series of 
the 5th order. The sum of 3 terms of this series is found by 
multiplying the 4th term by 3 and dividing the product by 5. 
The 4tn term is the coefficient last found, viz. 35 

^21^ = 21. 
5 

The coeffici^it is 21 . 

The coefficient of the 7th term is the 2d term of the series 
of the 7th order, which is the suin of two terms of the series of 
the 6th order. The 3d term of this series is the coefficient last 
found, \\z, 21. 

The coefficient is 7. 

The coefficient of the last term is 1, though it may be found 
by the rule 

L><-^ = i. 

7 

Hence the 7ih power of a + x is 

It' +7/i«a?+gl.aV ■|-35aV + 35o'a?'rH21a'a?'+7ax*+*' 

Examining the formation of the jabove coefficients, we ob- 
serve, that each coefficient was found by multiplying the coef- 
ficient of the preceding term by the exponent of the leading 
quantity a in that term, and dividing the product by the num- 




fd diyidmg the product rby 2, jthe numb^ wi^ich jnar^ the 
apq.of Ine sec^d t^rm. This will be true for all crises, be- 
cause that exponent must necessarily show the npniber of tenns 
of which the sum is to be found ; Jt)ie coefficient will always be 
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the term to be multiplied, 1)ecause the number of tenns al- 
ways diminishes by 1 for the successive coefficients, and the 
place of the term always marks the orderof the series of which 
the sum is to be found. 

Hence is obtained the following general rule. 

Knomn^ the coefficient of any term in the ptnioer^ the €Offficient of 
the succeedtTiff term is found by multiplying the coefficient of the 
known term by the eocponent ofihe leaking quantity in that tenOf 
and dividing the product by the number wmm marks the place of 
that term from the first. 

The coefficient of the first term, being always 1, is always 
known. Therefore, beginning with this, all the others may be 
found by the rule. 

It may be farther observed, that the coefficients of the last 
half of the terms, are the same as' those of the first half in an 
inverted order. This is evident by looking at the coefficients, 
page 275, and observing that the series are the same, whether 
taken obliquely to the left or to the right. 

It is also evident from this, that a -|- a? is the some as a; -f- a, 
and that, taken fi-om right to left, x is the leading quantity in 
the same manner as a is the leading quantity fi-om left to 
right. 

Hence it is sufficient to find coefficients of one half of the 
terms when the number of terms is even, and of one more than 
half when the number is odd. The same coefficients may then 
be written before the corresponding terms counted fironi the 
right. 

In the above example of the 6th power, the coefficients of 
the first four terms being found, we may begin on the right 
and put 6 before the second, and 15 before the third, and t£eii 
the p^wer is.coii^ile^. 

Ijxafmplea. 
1. What is the 7th power of tf +a>.^ 
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2. What is the 10th power of a + a? ? 

Aw. a*' + lOa'a? + 45a' a* + 120oV + 210 a* j?* -f . . . 
252a»a?' + 210 a^x* + 120 a'a?' + 46 a* a^ + 10a a?» 4- a?". 

3. What is the 9th power of a + * ? 
4* What is the 13th power of m + ^ ? 
6. What is the 2d power of 2 a c + d ? 
Make 2 a c = i. 

The 2d power of 6 +rf is J* + 26(/ + (P. 

Putting 2 ac the value oib into this^ instead of 6, observing 
that 6* = 4 a* c*, and it becomes 

4o*c* + 4acd + cP. 

6. What is the 3d power of 3 c*+ 2 6 d? 
Make a := 3 c' and a^ = 2 6 ^. 

The 3d power of a-|-a? isa' + 3a*j?-f-3ax*-|-a7'» 
Put into this the values of a and x and it becomes 
37 c* + 5 4 c* 6 d + 36 c* 6* (P + 8 6* (P, 
which is the od power of 3 c* + 2 i d. 

7. What is the 3d power of a — 6 ? 

Make a? = — 6, then having found the 3d power of a -f- ' 
put — 6 in the place o(x and it becomes 

a».-.3a*6 + 3a6' — 6% 

which is the 3d power of a — 6. 

In fact it is evident that the powers of a — 6 will be the 
same as the powers of a + 5, with the exception of the signs. 
It is also evident that every term which contains an odd power 
of the term affected with the sign — must have the sign — , 
and every term which contains an even power of the same 
quantity must have the sign -|-« 

8. What is the 7th power of w — n ? 

9. What is the 4th power of 2 a — b(?i 

10. What is the 6th power of a' c — 2 c* ? 
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11. What is the 3d power ofa + b + ef 
Make m = 6 +. c. Then a+fli = a-f-i-4-c. 

The 3d power of a + m is a' + 3 n" m -|- 3 a m* + m*. 

But 971 == $ -f- c, m* = 6'-f-26c + c*,and 

m'=6* + 36'c + 3 6c* + c'. 

Substituting these values of m, the Uiird power o{a + p^c 
will be 

«»4-3a«i+3a*c+3ai*+6aic+3ac*+y+34f«c+36u«+<iP. 

12. What is the 3d power of a — i + cf 

Make a — i = tn, raise «i -j- c to ihe IM power, and tihqn sufa« 
ititnte the value of m. 

Alls. (i* — 3<fh + 3a*c + 2ab* — 6a6c— .?ac* — 6".... 
+ 3i«c — 36c* + c»; 

which is the same as ^e last, except diat the lerauswfaidb con- 
tain the odd powers of 6 have the sign — . 

Hence }l \s evident that the powers of any compound quanf 
tity whatever, may be found by the binomial theorem, n the 
quantity be first changed to a binomial with two simple teims, 
one letter bein^ made equal to several, that binomial raised to 
the power required, and thenihe proper letters restored in their 
places. 

13. What is ti^e 2d ffm^ of a +^ + c — cI9 

Jins.a* + 2ah + b'' + 2ac+2hc — 2ad — 2bd+(:^ 

" —2cd + d'. 

14. What is the 3d power of 2 a — 6 + c" 9 

15. What is the 7th power of 3 «• — 2 a' d? 

16. What is the 4th power ofT V + 2 c — d!'^ 

17. What is the 13th power of a» — 2 ** ? 

18. What is the 6th power of a" — ^ _ 2 rf? 

19. What is the 3d power of a — 2 rf + c* rf? 

20. What is the 3d power of a — i — 2 c* — <P? 

21 . What is the 5th power of 7 a» 6* — 10 «• c* 9 



* 
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XLV. The role for finding the coefficients of the powers of 
binomials may be derived and expressed more generally as 
follows : 

It is required to find the coefficients of the nih power of 

It has already been observed, Art. XLI., that tlie coefficient 
of the second term of the nth power is the nth term of the se- 
ries of the second order, 1, 2, 3, &c., or, the sum of n terms 
of the series 1, 1, 1, &c. ; that the coefficient of the third 
term is the sum of (n — 1) terms of the series of the second 
Older ; that the coefficient of the fourth term is the sum of 
(n — 2) terms of the series of the third order, &c. So that 
the coefficient of each term is the sum of a number of terms 
of the series of the order less by one, than is expressed by the 

Elace of the term ; and the number of terms to be used is less 
y one for each succeeding series. 

By Art. XLII. the sum of n terms of the series 1, 1, 1, is 

I The sum of (n — 1) terms of the series of the second 
order is 

n (n — 1) 
1X2 

The sum of (n — 2) terms of the series of the third order is 

n(n— l)(n — 2 ) 
1X2 X 3 ~* 

Hence (a + a?)» = a« + 2 a^' x + Hl^LZlD i 

n(n-l)(n-2)^^,^3,^^^, 
1X2X3 ^ 

It may be observed that n is the exponent of a in the first 

term, and that n or its equal - forms the coefficient of the se- 
cond term. I 



« 

V 
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The coefficient of the third term is ~ multiplied by !^^, of 

4naltiplied by (» — I) and divided by 2. But (» — 1) is the 

exponent of a in the 2d term, and 2 marks the place of the 
second term from the left. Therefore the coefficient of the 
diird tenn is found by multiplying the coefficient of the second 
term by the exponent of a in that term, and dividing the pro- 
duct by the number which markfi the place of that term from 
the left. 

By examining the other terms, the following general rule 
will be found true. 

Multiply the coefficient of any term by the exponent of the leaSr 
hg quantity in that term^ and divide the product by the number that 
marks the place of that term from the teftj and you unU obtain the 
coefficient of the next succeeding term. Then diminish the exponent 
of the leadmg quantity by 1 and increase that of the other by 1 and 
the term is complete. 

By this rule only the requisite number of terms can be ob- 
tained. For x*j which is properly the I^st term of (a -f- «)*, 
is the same as a* x^. If we attempt by the rule to obtain ano- 
ther term from this, it becomes X a""' a? •+' which is equal to 
zero. 

It has been remarked aboye, that the coefficients of the last 
half of the terms of any power, are the same as those of the 
first reversed. This may be seen from the general expression ; 

jc w*u« 7 n — 1 6n — 2 '^ 

If n = 7, then - = - ; 



9 S "" « > 



112 2' 3 3 



n — 3 4 , n — 4 3 n — 5 2 



= 4 = 15 






4 4 ' 5 5' 6 6 

» — 6 _1 
7 T 

This fiirnishes the following fractions, viz. 

T> T> 8> t> T> e> T* 
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The first of these is t$ie coefficient of the second term ; the 
coefficient of the second multiplied by | forms the cocfficiesl 
of the third term, Sic. , 

f X f = 21. 21 X f = 36. 

Now 3d li^ultipGed by ^ s= 1 will not be altered ; hence two 
sacoesrirre coefficients will be alike. 21 multiplied by 4 pio- 
dnced 35 ; so 35 multiplied by | must reproduce 21. In tUui 
way all the terms will be reproduced ; for the last half of the 
fractions are the first half inverted. 

This demonstration might be made more general, but it is 
not necessary. 



XLVI. Prt^resMum by Difference, or Arithmetical Progression* 

' A ietied of numbers increasing or decreasing by a constant 
diffisrence, is called a progression by difference^ and sometimes 
an atithmeticd progressum. 

Th^ first of the two following series is an example of a& in- 
creasii^f anid th0 second of a decreasing, progression by dif^ 
ference. 

6, 8, 11, 14, 17, 20, 23 

50, 45, 40, 35, 30, 26, 20 

h ie easy to find any t^m in the series without calculating 
tiie inteNnediiate terra^^ if We know the first term, the commoa 
difference, and the number of that term in the series reckoned 
from the first. 

Let a be the first term, r the common difference, and it the 
number of terms. The series is 

a, a -}- r^ a -f- 2r, a 4" 3r . . * . a + (il-«-2) rjd + {n — 1) r. 

The points are used to show that some terms are left 

out of tne expression, as it is impossible to express the whole 
until a particular value is given to n. 

Let I be the term required^ dien 

Z = a + (n— l)r. 
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Hence, any term may be found by adding the product of the 
ciwmion difference by the number of terms less one, to the first 
term. 

Example. 

What is the 10th term of the series 3, 5, 7, 9, &c. 
In this a = 3, r = 2, and n — 1=9. 

/ = 3 + 9 X2 = 21. 
In a decreasing series, r is negative. 

Example. 



What is the 13th term of the series 48, 45, 42, &c. f 
a=:485r = — 3,andn— 1 =12. 
i= 48 -f (12 X — 3) = 48 — 36 = 12. 

Let (x, i> c, be any three successive terms in a progression by 
I difference. 

I By the definition, 

^ &-^a=rc — b 

\ 2 4 = « + c 

2 , 

That is, if three successive terms in a progression by differ- 
ence be taken, the sum of the extremes is equal to twice the 
mean. 

Exon^k* 

» 
Let the three terms be 3, 5, and 7. 

2x5 = 7+3= 10. 

Example 2d. Let 7 and 17 be the first and last term, what 
b the mean ? 

20 
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2 

Let ay hjC ifhe four successive terms of a progression by 
diflference. 

6 — a^=^d — c 
6 + c = a + rf. 

That is, the sum of the two extremes is equal to the sum of 
the two means. 

Exampk. 

Let 5, 9y 13y 17, be four successive terms. 

9 + 13 = 17 + 6=22. 

Let aybyCydyS ... A, t,2;, 7, be any number of terms in a 
. progression by differences ; by the definition we have 

i — a = c — 6 = df— c = c — i = f— A = A— i = ?— i. 

6-^a = Z — A: 
c — 6 = 1 — t 

d-— C=:ft — Ay &c. 

which by transposition give 

a + I = 6 + *5 

6 + A = c + t. 
c + 1 = d + A, &c. 

That is, if the first and last be added together, the second 
and the last but one, the third and the last but two, the sums 
will all be equal. 

Exan^h. 
Let 3, 5,, 7, 9, 11, 13, be such a series. 
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3,* 6, ' 7, 9, 11, 13, 
13, 11, 9, 7, 5, 3, 



16, 16, 16, 16, 16, 16. 



It will now be easy to find the sum of all the terms in any 
prc^ression by diffeience, and that even when but part of the 
terms are known. 

Let jS represent the sum of the series, then we have 

S = a4"^ + ^ + ^ + *'-'* + * + * + '• 
Also jS = Z + A: + » +A4-....d + c + 6 + ^* 
Adding these term to term as they stand, 

But it has just been shown that 

That is, all the terms are now equal, and one of them be- 
ing multiplied by the whole number of terms will give the 
whole sum : thus 

2S = n(a + /) 

2 

Hence, the mm of a series of numbers in progremon by differ^' 
ence is one hc^ of me product of the number of terms by the sum of 
the first and last terms. 

Example. 

How many strokes does the hammer of a clock strike in 12 
hours ? 

a = 1, Z = 12, and n =: 12. 

S == lliL+i^ == 78. j3iw. 78 strokes. 

2 

In the formula I =z a + {n — l)r; substitute d instead of 
r to represent the difference ; thus 

J=:a + {n — l\d. 
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This formula and the following 

y _ n (g + /) 

2 ' 

contain five different things, viz. a, 2, n, </, and S; any three 
of which being given, the other two may be found, by combin- 
ing the two equations. I shall leave the learner to trace these 
himself as occasion may require. 

Examples in Progression by Difference. 

1. How many strokes do the clocks of Venice, which go on 

to 24 o'clock, strike in a day ? 

2. Suppose 100 stones to be placed in a straight line 3 yards 
asunder ; how far would a person travel who should set a bas- 
ket 3 yards from the first, and then go and pick them up one 
by one, and put them into the basket ? 

3. After A, who travelled at the rate of 4 miles an hour, had 
been set out 2f hours, B set out to overtake him, and iit 
order thereto went four miles and a half the first hour, four and 
three fourths the second, five the third, and so on, increasing 
his rate one fourth of a mile each hour. In how many hours 
will he overtake A ? 

The above example is solved by using both the above for- 
mulas. The known quantities are the first term, the difference, 
and the sum of all the terms. The unknown are the last term, 
and the number of terms. It involves an equation of the se- 
cond degree. It is most convenient to use a?, y, &c. for the 
unknown quantities. 

4. A and B set out from London to go round the world, 
(24990 miles,) one going East and the other West. A goes 
one mile the first day, two the second, three the third, and so 
on, increasing his rate one mile per day. 6 goes 20 miles a 
day. In how many days will they meet, and how many miles 
will each travel ? 

5. A traveller sets out for a certain place, and travels I mile 
the first day, 2 the second, and so on. In 5 days afterwards 
another sets out, and travels 12 miles a day. How long and 

»w far must he travel to overtake the first ? 
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6. A and B 165 miles distant from each other set out with a 
design to meet ; A travels 1 mile the first day, 2 the second, 
3 the third, and so on. B travels 20 miles the first day; 18 the 
second, 16 the third, and so on. How soon will they meet ? 

Ans. They will be together on the 10th day, and continumg 
that rate of travelling, they may be together again on the 33d 
day. Let the learner explain how this can take place. 

7. A person makes a mixture of 51 gallons, consisting of 
brandy, rum, and water ; the quantities of whibh are in arith- 
metical progression. The number of gallons of brandy and 
rum together, is to the number of gallons of rum and water 
together as 8 to 9. Required the quantities of each. 

Let a: = the number of gallons of rum 

and y = the common difference. 

Then x — y, a:, and x + y will express the three quantities. 

S. A number consisting of three digits which are in arith- 
metical progression, being divided by the sum of its digits, gives 
a quotient 48; and if 198 be subtracted from the number, the 
digits will be inverted. Required the number. 

9. A person employed 3 workmen, whose daily wages were 
in arithmetical progression. The number of days they worked 
was equal to the number of shillings that the second received 
per day. The whole amount of their wages was 7 guineas, and 
the best workman received 28 shillings more than the worst. 
What were their daily wages ? 

. Progression by difference is only a particular case of the 
series by difference, explained Arts. XL. and XLL All the 
principles and rules of it may be derived from the formulas 
obtained there. It would be a good exercise for the learner 
to deduce these rules fix)m those fonnulas. 



XLVIL Progression by Quotientj or Geometrical Progression. 

Progression by quotient is a series of numbers such, that if 
any term be divided by the one which precedes it, the quotient 
is the same in whatever part the two terms be taken. If the 

20* 
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series is increasiiigi the quotient will be greater than unity, if 
decreasing, the quotient will be less than unity. 

The following series are examples of this kind of progres- 
sion. 

3, 6, 12, 24, 48 dx. 

72, 24, 8, I, I, ^V- 

In the first the quotient (or rctfto, as it is generally called,) is 
2, in the second it is i. 

Let a, i, c <{,....&, /, be a series of this kind, and let q re- 
present the quotient 

Then we have by the definition, 

b c d e I 



. • • ■=-• 



'" a b c d k 

From these equations we derive 

b z=^aq, c^zbq^ d^^cq^ e =zdq l=ikq. 

Putting successively the value of i into that of c, and that of 
c into that ofd^ &c., they become 

b zziaq^ c=^a^j d=za^^ c=:aq*y .. . ,lr=aq "~*, 

designating by n, the rank of the term Z, or the number of terms 
in the proposed progression. 

Any term whatever in the series may be found without find- 
mg the intermediate terms, by the formula 

Excnnple» 

What is the 7th term of the series 3, 6, 12, dkc. f 
Here a = 3, g = 2, and n — 1=6. 

i = 3 X 2* = 192. Ans. 192. 
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We may also find the sum of any number of termB of the 
profl[ression 

a, by c, dy &c. 

If we add the equations 

b z=zaq, c=:bqj d^zcq^ e^=-dq l=zkq, 

we obtain 

6-}-c+d + c+..../=(a + 6+c + c? + c + .,..A:)y. 

Observe that the first member is the sum of all the terms of 
the progression except the first, a, and the part of the second 
member enclosed in the parenthesis, is the sum of all the terms 
except the last, / ; and this, multiplied by qj is equal to the 
first member. 

Now putting S for the sum of all the terms, we have 

b + c + d+e + 1 = 8 — a 

a + b + c + d + e + * = S — /. 

Hence we conclude that 

S-a = (8-l)q, 



which gives 



q-1 



Example. 

What is the sum of seven terms of the series 

5, 15, 45, &c. 

/=5X3» = 3645 

S = i><i645-5^54g5 
3—1 

Th6 two equations 

I = ao»-SandS = llzi!?, 

a — 1 
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contain all the relations of the five quantities a, /, q, n, and S; 
any three of which being given, the other two may be fouad. 
It would however be difficult to find n, without the aid of lo- 
garithms, which will be explained hereafter; Indeed loga- 
rithms will greatly facilitate the calculations in most cases of 
geometrical progression. Therefore we shall give but few ex- 
amples, until we have explained them. 

If we substitute a 5*""* in place of/, in the expression of S, it 
becomes 

v- a(g*-l) 

q — l' 

When q is greater than unity, the quantity g" will become 
greater as n is made greater, and 5 may be made to exceed 
any quantity we please, by giving n a suitable value ; that is, 
by taking a suIHcient number of terms. But if j is a fraction 
less than unity, the greater the quantity n, the smaller will be 

the quantity 5*. Suppose 5 = — , m being a number greater 



than unity, then 



m 






Substituting — in place of q^ in the expression of S, and it 



becomes 



s = -\ • 



1-1 

m 

Changing the signs of the numerator and denominator, and 
multiplying both by m, 

am{\ — }\ am — ^J!L am^JL^ 
_ \ m*/ = m^ ^ «^ ' 

"" m — 1 m — 1 III— 1 • 

It is evident that the larger n is or the more terms we take 
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in the progression, the smaller will be the qttantity — f..., and 

consequently the nearer the value of S wtll approach ^^ , 

m — 1 

from which it differs only by the quantity 



{m—l)mr" 

But it can never, strictly shaking, be equal to it, for the 

quantity will always have some value, however 

(m — l)m*^* 

large n may be ; yet no quantity can be assumed, but this ex- 
pression may be rendered smaller than it. 

The quantity is therefore the limit which the sum 

m — 1 

of a decreasing progression can never surpass, but 4o 'wittch 

the value continually approximates, as we take more lerms in 

the series. 

In the progression 

1> h h h tV> ^^' 

a= 1 L=zi. 
tn 

_ 1 X2 



Hence S = Ji.^lJl — JL ^ = 2 — 



1 (2 — 1) X2»-* 1 X fi»-* 

In this example the more terms we take, the nearer the sum 
of the series will approach to 2, but it can never be strictly 
equal to it. Now if we consider the number of terms infinites 

the quantity ^ will be so small that it may be omitted 

1 X '^ 
without any sensible error, and the sum of the series may be 
said to be equal to 2. , 

By taking more and move terms we a^pfoaeh 8 thus, 
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1 =2*1 

1+i =2^4 

1+i + i =2— i, 

i+i + i + * =2 — * 

Examples. 

What is the sum of the aeries 1, i» i^ ^V' ^c* continued t9 
in infinite number of tenns ? 

,11 
a=l,.— =:- 

ifi 3 

% 

3—1 2 

2. What 18 the sum of the series, 5, f, f, ^^^ &c. continued 
to an infinite number of terms ? 

3. What is the sum of the following series continued to in- 
finitr? 

36,7, ^,tV,&c. 

4. What is the sum of the following series continued to in 
finitj? 

308, 26, 31, if, d&c. 

5. What is the sum of the following series continued to ior 
finitjr I 

38, 4f, IH, H, &c. . ' 

6. What is the 10th term of the series 

5, 15, 45, Slc. ? 

7. What is the sum of 8 terms of the series 

35, 175, 875, &c. ? 

When three numbers are in geometrical progression, the* 
middle term is called a mean proportional between the other 
two. 



TEiD 
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Let three numlms, a, &, c, be in gecmetrical progresricm, a9 
that 

a _ b 

We have V z=zac 

and br:z(^ac)^» 

8 Hnd a mean proportional between 4 and 9. 

4 _^ 0? 

0^ = 36 

07 = 6. .^n^. 6. 

9. Find a mean proportional between 7 and 10. 
10 rind a mean proportional between 2 and 3. 

XL VIII. Logarithms. 



We have seen, Art. XXXVIII, with what facility multiplica* 
tion, division, the raising of powers, and the extraction otroots 
may be performed on literal quantities consisting of the same 
letter, by operating on the expcments. We propose now to 
apply the same principle, though in a way a little different, to 
numbers. 

Multiplication, we observed, is performed by addii^ the ez-' 
ponents, and division by subtracting the exponent of the divisor 
from that of the dividend. ^ 

» Thusa'Xfl^isaH^ca*. And ^ is a*"* = a«. 

In the same manner V X 2* = 2H^ = S", 

and £ = 2"^ = 2«. 

2* 

Let us make a table consisting of two columns, the first Gon-« 
taining the different powers of 2, and the second the exponehtH 
of those powers. 



240 
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Observe first that a' = 1, so also 2« = 1|;. 2* =: 2, 2* = 4, 
2»=: 8, 2* = 16, 2*zi: 82, 2* = 64, 2^ = 128,&c. 



TABLE. 



Poweri. 


Ezpon. 


Powers. 


E^cpon. 


1 





128 


7 


2 


1 


256 


8 


4 


2 


512 


9 


8 


3 


1024 


10 


16 


4 


2048 


11 


32 


5 


4096 


12 


64 


6 


8192 


13 



Powers. 


Ezpoii 


16,384 14 


32,768 


15 


65,536 


16 


131,072 


17 


262,144 


18 


524,288 


19 


1,048,576 


20 



Suppose now it is required to multiply 256 by 64. We find 
by the table that 256 is the 8th power of 2, that is 2*, and that 
64 18 2*. Now 2* X 2* = 2H' = 2". Returning to the table 
again and looking for 14 in the column of exponents, against 
it we find 16384 for the 14th power of 2. Therefore the pro- 
duct of 256 by 64 is 16384. 

This we may easily prove* 

256 
64 



1024 
1536 

16384 



Multiply 256 by 128. 

.. Finding these numbers in the table in the colottn of powers^ 
and looking in the other column for the exponents, we find 
that 256 is the 8th power of 2, and 128 the 7th power. Add- 
ing the exponents 8 and 7, we have 15 for the exponent of 
the product. Now looking for 15 in the column of exponents, 
we find wainst it iu the cdumn of powers, 32768 for tlie 15di 
power of 2, which is the product of 256 by 128. Let the 
learner prove this by multiplying 256 by 128. 

Divide 8192 by 32. 

Lookmg fox these numbers in the column of powers^ and ibr 
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the corresponding Exponents, we iind 8192 is the 13th pow^ 
of 2, and 32 is the 5th power. 

213 
_-. 2*' " * =2* 

2* 

Looking for S in the column of exponents, and for its corre- 
sponding number, we find 256 for the 8th power of 2, or the 
quotient of8192 by 32. 

Divide 327^ by 512. 

The exponents corresponding to these numbers in the table 
are 15 and 9. 15 — 9 = 6. Ift.the column of exponents, 6 
corresponds to 64, which is the true quotient of 32768 by 512 

What is the 3d power of 32 ? 

The exponent correspondmg to 32 is 5. Now to find the 
3d power of a* we should multiply the exponent by 3, thus 
«« X 3 = a**. So the third power of 2» is 2 * >« ^ = 2**. Agamst 
15 in the column of exponents we find 32768 for the 15th 
power of 2. Therefore the 3d power of 32 is 32768. 

What is the 2d power of 128 ? 

The exponent corresponding to this number is 7. 7x2 = 
14. The number corresponding to the exponent 14 is 16384| 
which is the seccmd power of 128. 

What is the 3d root of 4096 .? 
^ ' Ibe expomat corres^ndtfig to this number is 12. 

The 3d root of 2" is 2 '^ = 2^ 

The number leonse^poiiding to the exponeat 4 is 16, which 
is the 3d root of 4096. 

Wliat is the fourth root of 65^536 ^ 

The exponent corresponding to this number is 16, which 
divided by 4 gives for the exponent of the root 4, the number 
corresponding to which is 16. ITie answer is 16. 

21 



S42 MgAra. 

Examples* 

1. Multiply 512 by 256. 

2. Multiply 8192 by 128. 

3. Multiply 2048 by 266. 

4. Divide 262,144 by 128. 

5. Divide 1,048,576 by 512. 

6. Divide 524,288 by 131,072. 

7. What is the 2d power of 1024f 

8. What is the 3d power of 64 ? 

9. What is the 5th power of 16 ? 

10. What is the 2nd root of 262,144 ? 

11. What is the 3d root of 262,144 f 

12. What is the 4th root of 1,048,576 f 

13. What is the 5th root of 1,048,676 ? 

14. What is the 6th root of 262,144 ? 

The operations of multiplication, division, and the extrac- 
tion of rootsarevery easy by means of this table. This table 
however contains but very few numbers. But aa exponent of 
2 may be found for all numbers from 1 as high as we p io iii s. 
For 2* = 2, and 2^ = 4. Hence the exponent of 2 answering 
to the number 3 will be between 1 and 2 ; that is, 1 and a 
fraction. So the expcMients answering to 5^ 6, and 7, will be 2 
and a fraction, &c. 

V 

\ 

XLIX. A table may also be made of the powers of 3, or of 

4, or any other number except 1, whieh riiall have the tMme 
properties. Exponents might be found answering to every 
number from 1 upwards. 

3^ = 1, 3* = 3, 3* = 9, 3' = 27,&c. 

Tlie column of powers will always consist of the numbers 1, 

5, 3, <&c. but the column of expohents will be different aceoid- 
ing as the numbers are considered powers of a different num- 

'r. 
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The formula a* :=zy mil apply to every table of this kind. 

If any number except 1 be put in the place of a, and y be^ 
made successively 1, 2, 3, 4, a suitable value may be founa for 
Xj which shall answer the conditions. 

If a be made 1, y will always be 1, whatever value be given 
to a; ; for all powers, as well as all roots of 1, are 1. 

hat if any number greater than 1 be put in the place of a, y 
may equal any number whatever, by givmg x a suitable value. 

Giving a value to a then, we begin and make y successively 
1, 3, 3, 4, dDC. and these numbers will form the first column or 
columns of powers in the table. Then we find the values of 
X corresponding to these values of y, and write them in the se* 
cond column against the values of y, and these form the colmAn 
of exponents. These exponents are called logarithms. The 
first column is usually called the column of numbers, and the 
second, the column of logarithms. The number put in the 
place of a, is called the base of the table. Whatever number 
is made base at first, must be continued through the table. 

Observe that a^ = 1 ; therefore whatever base be used^ the 
logarithm of 1 is zero. And 1 will be the logarithm of the base, 
for a* = «. « 

The most convenient number for the base, and the one ge- 
nerally used in the tables, is 10. 

W sr 1, W=z 10, 1^ = 100, l(f = 1000, 10* = 10000, 
1^ ^ 100000, 10^ =: 1000000, &CC. 

Now to find the logarithm of 2, 3, 4, &c. 

BlUke 10*;^ 2, 10* ==3, l(r = 4, &c. 

For all numbers between 1 and 10, a? must be a fraction, be- 
cause 10® = 1 and 10* = 10. 

Make a? = — , then it becomes 

z 

10* =2. 

As the process for finding the value of 2r in th^ equation is 
long and rather too difficult for young learners, we will suppoie 
it already found. 
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— = .30103 very nesfflj. 

z 

Hence 10 » '^^^^ = 2 very nearly. 

To understand this, we must suppose 10 raised to the 30103d 
power, and then the 100000th root of it taken, and this will 
diifer very little from 2. The number .30103 is the logarithm 
of 2. The fractional part of logarithms is always expressed in 
decimals. 

Having the logarithm of 2, we may find the logarithm of 4 
by doubluig it, for 2' == 4. That of 8 =: 2' is found by tri- 
pling it, aiiid 80 on. 

The logarithm of 4 is .30103 X 2 = .602f?)6. 

The logarithm of 8 i^..30103 X 3 s .9030^. 

The logarithm of 16 is .30103 X 4 = 1.20412, &c. 

4 7 7 18 13 

Again io^^^tttw ^- 3 y^yy nearly. 
Hence the logarithih of 3 is .4771213. 

Since 2 X 3 =1 6, the logarithm of 6 is fomid by adding the 
logarithm of 2 and 3 together. 

.30103 + .4771213 = .7781613 = logarithm of 6. 

Since 3' ^ 9, the logarithm of 9 is found by multiplying that 
of 3 by 2. With the logariUims of 2 and 3 the logarithms of all 
the powers of each, and of all the multiples of the two may be 
found. 

The logarithm of 5 may be found by subtracting that of 2 
from that of 10, Mnce 6 = y. . The logarithm of 10 is 1. 

1 — .301 03 = .69897 = log. of 5. 

Now ail the logarithms of all the multiples of 2, 3, 5, and 10 
may be found. Hence it appears that it is necessary to find 
the logarithms of the prime numbers, or such as have no divi- 
sor except unity, by trial ; and then the logarithms of all the 
compound numbers may be found from them. 

The decimal parts of the logarithms of 20, 30, &c. are the 
same as those of 2, 3, 4, &c. For, since the logarithm of 10 is 
I ; that of 100, 2 ; that of 1000, 3, &c., it is evident that add- 
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ins these logarithms to the logarithms of any oth^ numbers, 
will not alter the decimal part. Hence 1 added to the loga- 
rithm of 2 forms that of 30, and 2 added to the logarithm of 2 
forms that of 200, &c. 

Log. 2 =1 .30103, log. 20 = 1.30103, log. 200 =2.30103, 
log. 2000 = 3.30103. 

The logarithm of 25 is 1.39794 ; that of 250 = 25 x 10 is 
1 + 1,39794 = 2.39794 ; that of 2500 = 25 X 100 is 2 + 
1.39794 = 3.39794. 

The logarithms of all nti^mbers below 10 are fractions, those 
of all the numbers between 10 and 100 are 1 and a fracti<H) ; 
those of all numbers between 100 and 1000 are 2 and a frac- 
tion ; those of all numbers between 1000 and 10000 are 3 and a 
fraction. That is, the whole number which precedes the fraction 
in the logarithm is always equal to the number of figures in the 
number less one. This whole number is called the index or 
cfuaracterisiic of the logarithm. Thus in the logarithm 2.3576 423, 
the figure 2 is the characteristic showing that it is the loga- 
rithm of a number consisting of three figures or between 100 
and 1000* 

As the characteristic may always be known by the number, 
and the number of figures in a number may be known by the 
characteristic, it is usual to omit the characteristic in the table, 
to save the room. It is useful to omit it too, because the same 
fractional part, with difierent characteristics, forms the loga- 
rithms of several difierent numbers. 

The logarithm of 37 is 1.568202. 

«• nm A^ 1 Q.M8t09. 

To"" * ""To " 

The logarithm of 3.7 is .568202, which is the same as that 
of 37, with the exception of the index. 

liri = 37.62 = tr = 10* ""»• 

100 10* 

?!^ = 3.762 = 12!!!!!!!! = io-«««^ 

1000 10' 

21* 
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That is, ail numbers which are tenfold^ ikhe one of the other, 

have the same logarithm. 

376200 has for its logarithm 5.6'754I9. 

37620 " " 4.575419. 

3762 " " 3.575419. 

376.2 « 2.575419* 

37.62 " 1.575419. 

3.762 ** 0.575419. 

When a number consists of whole numbers and decimal 
parts, we find the fractional part of the logarithm in the same 
manner as if all the figures of the number belonged to. the 
whole number, but we give it the index corresponding to the 
whole number only. 

In most tables of logarithms tl^ey are carried as far as seven 
decimal places. Some however are only carried to five or six. 
The disposition of the tables is something different in difierent 
sets, but they are generally accompanied with an explana- 
tion. When one set of tables is well understood, all others will 
be easily learned. The logarithms for the following examples 
may be found in any table of logarithms. They are used here 
as far as six places. 



Examples. 



1. Multiply 43 by 25. 



Find 43 in the column of numbers, and against it in the co- 
lumn of logarithms you will find 1.633468, and against 25 you 
will find 1.397940. Add these two logarithms together and 
their sum is the logarithm of the product. 

log. 43 ... . 1.633468 

'' 25 ... 1.397940 



" 1075 . . . ' . 3/)31408 

Find this^logarithm in the column of logarithm^ and against 
it in the column of numbers you find 1075 which is the product 
of 43 multiplied by 25. Hie index, 3, shows that the number 
must consist of four places. 
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Let the learner p;'ove the results at first by acti^al multipli* 
cation. 

2. Multiply 2520 by 300. 

By what was remarked above, the logarithm of 2520 is the 
same as that of 252 with the exception of the index, and that 
of 300 is the same as that of 3 except the index. 

Find the number 252 in the left hand column, and against it 
in the second column you find .401401. The number 2520 con- 
sists of four places, therefore the index of its logarithm must be 
(4 — 1) or 3. The logarithm corresponding to 300 is .477121, 
and its index must be 2, because 300 consists of three places. 



log. 


2520 . . 
300 

756000 . . 


. . 3.401401 
. . 2.477121 


II 


. . 5.878522 



Find this logarithm, and against it in the column of numbers 
you will find 756; but the index 5 shows that the number 
most consist of 6 places ; therefore three zeros must be annex* 
ed to the right, which makes the number 756000, which is the 
product of 2520 by 300. 

3. Multiply 2756 by 20. 

*To find the logarithm of 2756, find in the column of num- 
bers 279, and at the top of the table look for 6. In the co- 
lumn under 6 and opposite 275 you find .440279 for the deci- 
mal part of the logarithm of 2756. The characteristic will 
be 3. 

log. 2756 • . . 3.440279. 
"20 . . . 1.301030 



« 55120 • • . 4.741309 

Looking in the table for this logarithm, against 551 you will 
find .741152 and against 552 you will find .741939. The lo- 
garithm .741309 is between these two. Against 551, look 
along in the other colimins. In the column under 2 vou find, 
the logarithm required. The figures of Uie number, then, ara 

* In some tables the whole number 2756 may be fo(ind ih the left lianS co- 
lumn. 
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5512y but the characteristic being 4, the number muE(t consist 
of five places ; hence annexing a zero, you have 55120 for the 
product of 2756 by 20. 

4. Divide 756342 by 27867. 

Both these numbers exceed the numbers in the tables, still 
we shall be able to find them with great accuracy. First find 
the logarithm of 756300, which is 5.878694. The difference 
between this logarithm and that of 756400 is 58. The differ- 
ence between 756300 and 756400 is 100, and the difference 
between 756300 and 756342 is 42. Therefore, if jVt = -42 
of 58 be added to the logarithm of 756300, it will give the lo- 
garithm of 756342 sufficiently exact, 58 X -42' = 24, reject- 
ing the decimals. 5.878694 + 24 = 5.878718. The 68, 
and consequently the 24, are decimals of the order of the two 
last places of the logarithm, but this circumstance need not be 
regarded in taking these parts. It is sufficient to add them to 
their proper place. 

The table generally furnishes means of taking out this loga- 
rithm more easily. As the differences do not ofien vary an 
unit for considerable distance among the higher numbers, the 
difference is divided into ten equal parts, (that is, as equal as 
possible, the nearest number being used, rejecting the decimal 
parts) and one part is set against 1, two parts agamst 2, &c. in 
a column at the right of the table. 

In the present case, then, for the 4 (for which we are to take 
tV of 58,) we look at these parts and against it we find 23, and 
for die 2^ (for which we must take ^f^ of 58,) we find 11. But 
11 is r\, consequently to obtain yf^ we must take ^V of 11 
which is 1, omitting the decimal. The operation may stand 
thus: 

log. 756300 5.878694 

yVofdiff. 23 



TTT 



I 



log. 756342 5.878718 

V 

To find the logarithm of 27867, proceed in the same manner, 
first finding that of 27860, and then adding ^ of the differencCi 
which will be found at the right hand, as above. 



L. 
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loff. 27860 4.444981 



349 






109 



log. 27867 

From log. dividend 
Subt. log. of divisor 



4.445090 

5.878718 
4.445090 



log. of quotient 27.141 1.433628 

We find the decimal part of this logarithm is between 
.433610 and .433770, the former of which belongs to the num- 
ber 2714, and the latter to 2715. Subtract 433610 from 
433628, the remainder is 18. Looking in the column of parts, 
the number next below 18 is 17, which stands against 1 or j\ 
of the whole difference. 

Put this 1 at the right of 2714, which makes 27141. The 
characteristic 1 shows that the number is between 10 aod 100. 
Therefore the quotient is 27.141. This quotient is correct to 

three decimal places. 

. , . ■ . « 

If the table has no colonm of differences, take the whole 
difference between .433610 and .433770, which is 160 for a 
divisor, the 18 for a dividend, annexing one or more zeros. 
One place must be given to the quotient for each zero. 



180 
160 



160 



.1 



5. What is the 3d power of 26.7 ? 

log. 25.7 
Multiply by 3 



log. 



16974.6 



6. What is the 3d root of 15 .^ 
log. 15 

kg. 2.46021 



1.409933 

3 

■' ■• ■ 

4.229799 
Ans. 16974.6—. 

1.176091 (3 

.392030 
Ans, 2.4662+. 



L. Since a fraction consists of two numbers, one for the nu- 
merator and the other for the denominator, the logarithm of a 
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ftaGtion must consist of two logarithms ; and as a frttction ez« 
presses the division of the numerator by the denonunator, to 
express this operation on the logarithms, that of the denomina- 
tor must be represented as to be subtracted from the nume- 
rator. 

The logarithm of | is expressed thus : 

log. 3 — log. 6 = 0.477131 — O.G98970. 

The logarithm of a fraction whc^e numerator is 1, may be 

expressed by a single logarithm. For -^ is the same as a~^. 
If we would express the logarithm of J for example , 
10-*^»t = 3, consequently 1 ^„^,, = IQ--*""' = J. 

That is, the logarithm of ^ is the same as the logarithm of 3, 
^Ecept die sign, which iot the fracticHi b negative. Any frae^ 

tioh may be reduced to the form — , but the denominator will 
consist of decimals or still contain a fraction* 

^ If 1.666 + 

If the subtraction be actually perfibrmed, on the expression of 
this fraction given above, it will be reduced to the logarithm 
of a fraction of this form. 

0.477121 — 0.698970 = — 0.221849. 

The number corresponding to the logarithm 0.221849 is 1.666 
-f-, but the sign being negative, shows that the number is 



1.666 + 

The logttrithnis of all ccMnmon fractions may be obtuned in 
either of the atK>ve forms, but they are extremely inconvenient 
in practice. The first on account of its consistmg of two loga- 
rithms would be useless as well as inconvenient; because 
though we might find a logarithm corresponding to any frac- 
tion, yet in performing operations, a logarithm would never be 
feund in that form when it was required to find its number. 
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The second form is inco&venie&t because it is negifttive, and 
also because in seeking the number correspondkifg to the loga- 
rithm, a fraction would frequently be founa with (decimals in 
the denominator. It would be much better that the whole 
ftaetion should be expressed in deciinals. If the iractiim is 
used in the decimal form, the logaritfanur may be used for them 
almost as easily as ibr whole numbers. 

Suppose it is required to find the logarithm of «6 or tV« 

log. 5 ~ log. 10 = 0.698970 — l . = _ l + .698970. 

Suppose it is required to find the logarithm of .05 or tI^. 

^*^ = I0« "^^ 
log. 5 — log. 100 = 0.698970—2 = — 2 -|i-.eft8970. 

The logarithms of lOt^MO) 1000, &c. always being whole 
numbers, we have the two parts distinct. The logambm of .5 
is the same as that of 5 except that it has the number 1 joined 
to it with the sign — , which is sufficient to distinguish it, and 
show it to be a fraction. The logarithm of .05 also is the same, 
except that — 2 is joined to it. That is, tjie logarithm of the 
numerator is positive, and that of the denominator negative. 

This negative number joined to the positive fi'aetional part, 
serves' as a characteristic, and is a continuation of the principle 
shown above ; thus 



The log. 


500 is 


2.698970 


« ii 


50 


1.698970 


u a 


5' 


0.698970 


a a 


.5 


r.698970 


a » 


.05 


T.698970 



( 

The logarithm of a decimal is the same as thai of a whole 
number expressed by the same figures, with the exception of 
the characteristioi which is negative for the ft»Dlim$ Imuig — 
1 when the first figure on the left is tenths, — 2 when the first 
is hundredths, &c. It is convenient to wriie the sign' ^et the 
characteristic thus, i , s, &c. It is not necessary to put the 
sign 4- before the firactional part, for this wiU always be ym- 
derstood to be positive. 
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In operating upon these numbers, the same rales most be ob- 
served as in omer cases where numbers are found connected 
with the signs -f- and — . 

- When the first figure of the fi-action is tenths, the character- 
istic is 1, when the first is hundredths^ the characteristic is "% 
&c. 

The log. of .25 is log. 25 — log. 100 

= 1.397940—2 = — 2 + 1.397940 =T3!)7940. 

This is the same as the logarithm of 25, except that the cha- 
racteristic T shows that its first figure on the left is lOths, or 
one place to the right of units. 

Multiply 325 hy.23. 

log. 325 . . . 2.511883 
log. .43 ... "T361728 

log. 14.76 Ans. . . 1.873611 

Multiply 872 by .097. 

log. 872 . . . 2.940516 
log. .097 . . "51986772 

log. 84.584 Ans. . . 1.927288 

In adding the lorarithms, there is 1 to carry fi'om the deci- 
mal to the units. This one is positive, because the decimal 
part is so. 

Multiply .857 by .0093 

log. .857 . . . T.932981 
log. .0093 . . "3'.96B483 

log. X)OT9701 Ans. . . "T901464 

. Divide 75 by .02». 

I6g. 75 . . . 1.875061 

"■ log. .625 . . T397940 



log. 3000 ^jw. . • • 2.477121 



LoganAm. 353 

In flUbtefethy, Ae negative quantity i^ to be added, as in 
'i^i^eBfittc qitttmitieBtf 

log. 275 . . . 2.439333 

log. BSnm Am. . .3.7«72S§ 

SMde .07« b; 890. 

log. :076 1:880814 si'X + 1.880614 
log. 830 . ^ 2.919078 

log. .0000915662 An$. . T96n36 

In order to be able to take the second from the first, I change 
die cluaracteriatic T into T + 1 which has the aame value, 
^ia enables me to take 9 from 18, that is, it furnishes a ten to 
borrow fix the last subtraction of the poaitive |wit b sub- 
tracting, the characteristic 2 of the second logarithm becomes 
negative and of ceiuiaft MM hff arfiA^df to the other ai^alm. 

IHvide ,735byi)38. 

log. .735 • . T866287 

lo(^.038 . . 2.579784 

log. 19.3422 Ans. ,. 1.286503 

What is the 3d power of .25 ? 
log. .25 . . n:39r940 



log^. 0.015625 Aw. T + 1.193820 = '2:19S82a 

What is the third root of 0.015625 i 



The logarithm of this number is '^daBM. Itiis oiiaiMter^ 
istic T cannot be divided by 3, neither can it be joined with 
the first decimal %ure in the logarithm, because of the £^r- 
ent sign. But if we observe the operation above in finding the 
power, we shall see, that in multiplying the decimal part dieie 
was 1 to carry, which was positive, and after Ae multiplication 
was completed, the characteristic stood thus, T 4- ^ which was 

32 
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ftfterwavds reduced to % Now if we add i -}• 1 to tbe.Tin 
the present instance, it will bec(»ne T* + ^i &i^d at the- ame 
time its value will not be altered. Tlie negative part of the 
characteristic will then be divinble by 3, and iie 1 bmig posi- 
tive may be joined to the fractional pert. 

log. .015«25 i:i93820 = "T + 1.193820(3 

log. .25vfiur. 1397940 

In aU cases of extracHng roots offractionSf ^ {he n^a&oe char 
aeteritiie is not dwisible by the number expressing the root^ it must 
be made so in a similar manner. 

If the characteristic were T and it were required to find the 
fifth root, we must add "s" + 2 and it will become "F + ^• 

What is the 4th root of .357 ? 

log. .357 T.562668 = T+ 3.5*2668(4 

log. .7T994 Ans. T888147 

Any common fracticm may be chaoged to a decimal by its 
logarithms, so that when the logarithm of a common fraction is 
required, it is not necessary to change the firaction to a decimal 
previous to taking it. 

It is required to find the logarithm of i correspondmg to i 
expressed in decimals. 

The logarithm of 2 being 0.30103, that of ^ will be —0.30103. 

Now —0.30103=^ — 1 + 1 — .30103 . 

= — 1 4- (1 _ .30103) ="69897, 

The decimal part .69897 is the log. of 5, and -^ 1 is the log. 
of 10 as a denominator. Therefore T69897 is the log. of 
.5 = i. 

Reduce f to a decimal. 

log. 5 0.69897 = — 1 + 1.698970 

^ log. 8 0.903090 

/ log. 0.625 = I .in*. T.795880 



When there are several niultipIicati<His and divisioiis Id be 
performed together, it is rather more convenient to perform the 
whole by multiplication, that is, by adding the logarithms 
This may be effected on the following principle. . To divide 
by 2 is the same as to multiply by i^ or .5. Dividing by 5 is 
the same as multiplying by j or .2, &c. 

• • • 

Suppose then it is required to divide 435 by 15. Instead of 
divMing by 15 let us propose to multiply by ^^. First find the 
'ogarithm of ^ reduced to a decimal. 

log. 1 ' isO = — 2+2.00000a 

log. 15 ' subtract 1.176091 



log. tV u> ^i^i™ ^ ^ decimal 8.^3909 

log. 435 add 2.63d489 

log. 2d = quotiept of 435 by 15 ^ 1.462398 



The log. of tV viz. 1:823909 is called tbe^riOmetic Qmgk' 
mmt of the log. of 15. 

l%e ariihmettc comphmeni is found bv subtracting the h^ofMm 
cfthe number from the logarithm of 1, tmick is zeroj but whck mmf 
always be represented &y T + 1, T + ^> f^- ^ must always be 
rqfresented by suek a mmAer thai ^ kgarUfm of tke niMiiierifi«y 
be subtracted from &e jf^ositive part. TTuU is^ it miui alwajfs ie 
equal to the characteristic of the logarithm to be subtracted^ phs I ; 
fir I must^idways be borrowed from «^, from which to sfidftraei Ae 
fradtioiudpM. 

It is required to find the value of x in the following equa- 
tion. 



X = / ^5 X 28 X 56.78 \ 
V 387 X 2.896 / 



* 
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Jog. 35 1.544068 

log. 38 1^7158 

log. 56.76 1.754195 

log. 387 3.587711 Aridi. Con. '3:412289 

log. 2.896 a461799 " « T538301 



1.695911 

S 

e.Q677S3(5 



leg. 10.4128 very nearly answer 1.017546 

I multiply by 3 to find the 3d power, and divide by 5 to de- 
tain the 5th root. 

LI. There is an expedient generally adojlted to aveid tte 
ne ga t i re cfaaracxteristics in the K>garithms of decimals. I shall 
e«plain it and leave the learner to use the method he liltes ll^e 
best. 

1. Multiply 253 by .37. 

log. .37 T.568202 



wtmmimfm^ 



log, 93^1 nearly answer 1.971383 

Instead of using the lo^garithm T.^68903 in ijteMdsent fbmit 
add 10 to its chftraeteristic and it becomes 9»566S0t. 

log. 253 . ^408iai 

Subtract 10. 



log. 93.61 as above. 1.971^3 

In this case 10 was added to one of the nqmbers and after- 
wards subtracted from the result ; of course the answer must 
be the same. 

2. Multiplv .023 by .976. 
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Take out the logarithms of these nuinbero and add 10 to 
each characteristic. 

log. .023 s.seitas 

log. .976 9.989450 



18.351178 
Subtract 20 



log. .0224473 nearly ans. 2.35 1 1 78 

We may observe that, in this way, when the first left hand 
figure is tenths, the characteristic, instead of being T is 9, and 
when the first figure is hundredths, the characteristic is 8, &c. 
That is, the place of the first figure of the number reckoned 
fi'om the decimal pomt corresponds to what the characteristic 
falls short of 10. Whenever m adding, the characteristic ex- 
ceeds 10, the ten or tens may be omitted and the unit figure 
only retained. 

In the first example, one number only was a firaction, viz. 
•37. In adding, the characteristic became 11, and omitting 
the 10 it became 1, which shows that the product is a number 
exceeding 10. 

In the second example both numbers were firactions, of course 
each characteristic was 10 too large. In adding, the charac- 
teristic became 18. Now instead of subtracting both tens or 
20, it is sufficient to subtract one of them, and me characteris- 
tic 8, which is 2 less than 10, shows as well as F woukl do, 
that the product is a fraction, and that its first figure must be 
in the second place of firactions or himdredth's place. 

If three fractions were to be multiplied together, there would 
be three tens too much used, and the characteristic would be 
bettveen 20 and 30 ; but rejecting two of the tens, or 20, the 
remaining figure would show the product to be a fi^ti^n, and 
show the place of its first figure. ' 

3. What is the 3d power of .378 f 

log. .378 ' . . . . 9.577492 
Multiply by 3 

28.732476 
* log. .05401 neariy ans. 8.732476 

22* 



258 AJgAra. U. 

MultiplYinff by 3 is the same as adding the aumber twice to 
itself. The characteristic becomes 28, but omitting two of the 
tens or 20, it becomes 8, which shows it to be the logaridmi of 
a fraction whose first place is hundredths. 

If it is required to find the 3d root of a firaction, it is easy to 
see, that having taken out the logarithm of the firaction, it will 
be necessary to add two tens to £e characteriyBtic, for it is then 
considered the third power of some other fiiu^tion, and in rais- 
ing the firaction to that power, two tens wpuld be subtracted. 

In the last example the logarithm of the power is &732476^ 
but in order to take its 3d root, it will be necessaiy to add the 
two tens which were omitted. 

For the second root one ten must be previously added, and 
for the fourth root, three tens, dkc 

4. What is the 3d root of .027 > 

log. .027 .... 8.431364 
or considered as a 3d power 28.431364 (3 

log. .3. Arts. . . 9.477121 

5. What is the 2d root of .0016 ? 

log. .0016 7.204120 

or considered a second power 17.204120 (2 

log. .04. Ms. 8.602060 

In dividing, a whole number by a firacti(Hi, if 10 be added to 
the characteristic of the dividend, it cancels the 10 supposed 
to be added to the divisor. If both are firactioos the ten m the 
one cancels it in the other ; and if the dividend only ia a firac- 
tiou; t|j||e answer will of course bea les&t firaction. Consequent* 
ly in division the results will require no alteration. 

6. l)ivide 67 by .018. 

log. 57 . • 1.755875 

log. .018 . . 8^55272 

log. 3166.7 nearly ans. . 3.500603 
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m 

Heie in subtracting I suppose 10 to be added to the first 
cbaracteristie, and aliy 8 from 11, iic. 

7. Divide ^172 by .006. 

log. .2172 . , • . 9.3S6860 

log. .006 . . . 7.778151 

log; 36.2 wfitf. / . 1.558709 

» 

la taking the arithmetical complement, the logarithm of the 
ttomber may be subtracted immediately from 10. The loga- 
rithm of 2 being .801080, its arithmetical complement is 
T698970. Adding 10 it becomes 9.698970. It would be the 
«ame if subtracted immediately from 10 thus 10 — »301030 
= 9.698970. 

8. It is required to find the yidue of x in the following ex- 
pression : 

oj = H / ^3.73 X .070 6\* 
112 V .263 / 

1(^.13.73 1.13*^670 

log. m^ d«8488a5 

leg* .2^3 9.403121 Arith. Com. €uM«87& * 

Sum 0.583354 

3 



Phxluct by 3 1.750062 (2- 



*iiM.*i 



Quotient by 2 0.875031 

log. 17 1.230449 

log. 112 2.049318 Aiilh.Com. 7.»d01«2 

log. X ^ 1.13835 nearly 0.0A(S|62 

Fiiid the viAud of j? in tha foUowuig e viaticw^ 



9. ^ ^ /38 ^ X .463 V* 



360 A^Ara. 111. 

_ 345 /978 X -0065^* 



10. « = 



11. x=i 



( 978 X -0065 y 
.038 X 4685 / 

25 / 873 \ ' / 278 \^ 

,476* V956/ \1§73/ 



12. 38* = 583. , 

Observe that the 2d power of 38 is found by multiplying the 
logarithm of 38 by 2, the 3d power by multiplying it by 3, <&c. 
wmch will give the logarithm of the result. Hence we have 
the following equation ; the logarithm of 38 being 1.579784 
and that of 583 being 2.765609. 

' ' a? X 1.579784 = 2.765669 

2.765669 , -,^- . 
0? = » = 1.75000 + 

1.579784 

The value of x is found by dividing one logaritlmi by the 
other in the same manner as other numbers. It might be done 
by logarithms if ;the tables were sufficiently extensive to take 
out the numbers.' By a table with six places an answer cor- 
rect to four decimal places may be obtained. 

In taidng out the logarithms the right hand figure may be 
omitted without affecting the result in the first four decimals. 

log. 2.76567 . . 0.441794 

log. 1.57978 . . . 0.198588 

log. X = 1.75064 + . 0.243206 

13. What is the value of a? in the equation 1537* == 52? 
This gives first 1537 = 52*. 

This may now be solved like the last. 

4 

LII. Questions relaiing to Compound hiterest* 

It 18 teqtkeA to find what any ^v^i principal p will amount 
to in a number n of years, at a given rate per cent, r, at com- 
pound interest 

Suppose first, that Ok principal is $1, or £1, fx one unit of 
money of any kind. 



/ 



LII. Cmpaund hierest. MI 

Vhe mMratt of 1 Ibr Oitfe ;f«tf b iill, <Mr rittj^y f«, If ^ is 

coosideied a decimal. The amount of 1 for one year thra, 
will be 1 -j-* ^* '^^ amoont of |7 dollars mil be jp (I -f- r). 

For the second year, p (I -{-'r) will be the principal, and the 
amount of 1 bdng (i + ^y ^ amount of p{l -^r) will be p 
{l+r)(l+r)otp{l+ry. 

For the third year p (1 + r)' being the principaL the amount 
wfll be p (1 + r)' (1 + r) or p (1 + r)'. 

For n years then, the amount will be jp (I + '')*• 

Putting Jl for the amount, we have 

This equation contains four quantities, wf , jd, r, and n, any 
three of .which being given, the oth^ m»y be iwad. 

lif^aritbms will save ouich labour in call 
kind. 



I » 



EoMimpkt, 



X- What will ^753.37 amount to in 5| years, at 6 per cent 
compound interest ? 

Here p = 753.37, r = .06, and n = b\. 

log. 1 -{- r = 1.06 . . 0.<)Se306 

n= 5f 

4>.008l43i ' 
8 

4kM04M 
O.126530 

log. (1 + r)** .... O.1860S» 

log. 753.37 • • . . S.8T7O0B 

log. #1030.467 Mm, 9Xn9QI& 



SOS MgAra. " BIT. 

%. What prineipal put int intfliegl will qpftoiiBl to $500t in 
13 jean at 5 per cent compound interest ? 

By the above formula 

_ A 

' (1+r)- 

log. 1 + r := 1.05 0.021189 

n= 13 



.063567 
21189 



Subtract .275457 

log»^ = 5000 From 3.698970 



* ■ ■■* 



log. p — $i65l .60 nearly Ans. 3.^3513 

' 3. At what rate per cent. mUst ^78.57 be put at compound 
interest, that it may amount to $500 in 5 years ? 

Solving the equation A=zp{l^rY making r the unknown 
quantity, it becomes 

. \pJ 

log. ^=s 500 .... 2.698970 

log. jp = 378.57 .... 2.578146 

Si'ridiBg by fi = 5 0.120824 (5 

log, (r + 1) ^ 1.05722 0.0241 65 

Crasequenlly r = 0.05722 Am. 

4. In what time will $384.37 omount to 750 at 7 per cent..^ 

Making n the unknown quantity, the equati(m.«A =p (1 -)* ^Y 
becomes 

logJ — = .11 X log. (1 + r), and 
p 






'^«- (I) 

log.(l+r) 

Iog..A=7«0 8.876061 

log. p = 384.37 . . . S.45S881 . 

log, ^ ' . . Oi^llSO 

P 

k^. 1 + r = 1.07, is 0,029384 

log. 0,421180 . . . . . d.624467 

log. 0.029384 . ... . 8.468111 



•*•"— •■*i 



log. n = 14.334 nearly Ans. 1.156356 

5. Wbat will be the compoiind interest of $947 for 4 years 
and 3 months at 5^ per cent. ? 

6. What Mi^U 4^1 57.63 amount to in 17 years at 4| per oent.1^ 

7. A note was given the 15th of March 1804, for 4^68.46, at 
the rate of 6 per cent, compound interest ; and it was paid the 
t9th <df Oct 1823. To how much had it amoimted ? 

8. A note was given the 13th of Nov. 1807, for $456.33, and 
was paid the 23d of Sept. 1819. The sttm paid was $894*40. 
What per cent, was allowed at compound interest f 

9. In what time will the principal p be d6ubled, or become 
2 ji, at 6 per cent compound interest ? In what time will it 
be tripled? 

Note. In order to solve the above question, pot 2 • in ithe 
place of .4 for the first, 3 j> for the seccmd, and fiad tne valoe 
of n. * 

The principles of compound interest will apply to tiielbflow* 
ing questions concerning the inorease of population. 

10. The number of the inhabitants of the Unhed States ia 
A. D. 1790 was 3,929,000, and in 1800, 5,306,000. What rate 
per cent for the whole time was the increase f What per 

cent, per yew ^ . 



1 



11. Suppose the rale of iiueredio to remain the same tot the 
next 10 years, what would be the number of inhabitants in 
1810 ? 

121. At the same rate, in what time would tiie mndber of in* 
habitaoMv W doubled after 1800 ? 

13. The number of inhabitants in 1810 by the census was 
7,240)000; What was the annual rate of increase ? 

14. At the above rate, what would be the number in^ MSO ? 

1& At the above rate, in what time would the number in 
1810 bo doubled? 

16. The number of inhabitants by the census of 1820, was 
9^638,000. What was* the annual rate of inowase ftem 1810 
to 1820 i 

17. At the same rdte, what is the number in 1835 i 

18; At ftit tmnA i^te, ^httt Mill be the number in 18S0? 

19. At the same rate, in what time will the number ia IffiK) 
be doubled ? 

ff 

20. bi whal time wiU the number in 1820 be tiipled ? 

21. When will the number of inhabitants, by the rate of the 
last oetisMs, be 50^000,009 i 

LIII. 1. Suppose a man puts $10 a year into the savings 
hank for 15 yearn, awl thai the site of mierest which the bank 
ia dble. to divide amMNtliy ia 5 pes cent. How nwch sMoay 
will he have in the bank at the end of the 15th year ? 

flhi^pslie a :» th^'snm puk in annuaUjr) 

f sm life rale of iiitaresl« 

isv th^liaie, 
•i 3x the aoMNBit^ 

According to the above rule of compound mterest, the soai 
a at first deponted will amount to a (r + 1)'; that deposited 
the second year will amount to a (r -f- 1)^' I that deposited 
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the thiid y^ar will amount to a{r + 1V~* ; that deposited the 
last year will amount to a-{r -}- !)*• Hence we have 

^=:a(r+iy +a(r+l)*-" + flf(r+l)^....a(r+l).... 
= «[(r + l)' + (r+ir"+(r + l)*-....(r+l)J 

But {r 4- 1)*) (r + 1)*^S <Slc. is a geometrical progression, 
x^ose largest term is (r -}- 1)*> the smallest r + 1, and the 
ratio r + 1. The sum of this progression, Art. XLVII. is 

(r+l)[(r + l)'-l] 



Hence A = « (>" + 1) [(r + D' - 1] 

r 

The same result may be obtained by another course of rea- 
soning. 

The amount of the sum a for one year is a -f- a r. Adding 
a to this, it becomes 2 a + a r. 

The amount of this at the end of another year is Za-^- ar 
-^ 2 ar -}- ar*, or 2 a + 3 a r -j- a r*-. Adding a to this it 
becomes 

3a-l-3ar + ar*, 
The amount of this for I year is 

3a4-3ar-{-or' + 3ar+3ar* + a r», 

= 3a-f-6ar-|-4ar' + ar', 

= a (3 + 6 r + 4 r» + r'). 

This is the amount at the end of tliG third year before the 
addition is made to the capital. The law is now sufficiently 
manifest. With a little alteration, the quantity 3 -f- 6 r -|- 4 r* 
+ r* may be rendered the 4th power of 1 + r. The three last 
coefficients are already right. If we add 1 to the quantity it 
becomes 

4 + 6r + 4r*-|-r'. 

Multiply diis by r and it becomes 

4r + 6r' + 4 r\+ t^. 
23 



% 
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Add 1 again and it becomes 

This is now the 4th power of 1 + ^> and it may be written 

(1 + rr. 

Subtract the 1 which was added last, and it becomes 

(l+r)«-l. 

Divide this by r, becaiise it was multiplied by r, and it be- 
comes 

(i + o'-i 

r 

Subtract 1 again, because 1 was added previous to multii^y- 
ing by r; and it becomes 

(l+rr- l _i _ (l+r)«-(l+r) _ (1 +r) [(l+ry—l] 
r . r ' r 

Substitute ^ in place of the ejtponent 3, and multiply by a^ 
and it becomes 

r 
which is the same as before. 

The particular question given above may now be solved by 
logarithms, using this formula. ^ 

log. (1 + r) = 1.06 . . . 0.021189 
Multiply by ^ = 15 . • 15 

105945 
.21189 



' log. (1 + r )" == 2.079 . • .317835 

Subtract 1 1 



log. 1.079 . • . 0.033021 

log. (1 + r) . . . . 0.021189 

log. a = 10 . . . • 1.000000 

Arith. Com. log. r = .05 . . 1.301080 

.4n«. $226.59 .... 2.355240 
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2. A man deposited annually $50 in a bank from the time 
his son was born, until he was 20 years of age ; and it was 
taken out, together with compound interest on each deposit at 
3 per cent., when his son was 21 years of age, and given to him. 
How much did the son receive ? 

3. How much did the bankers gain by receiving the money, 
supposing they were able to. employ it all the time at 6 per 
cent, compound interest? * 

4. A man has a son 7 years old) and he wishes to give him 
4^000 when he is 21 years old ; how much must he deposit 
annually at 4 per cent, compound interest, to be able to do it f 

5. If a man deposits in a bank annually $35, in how long a 
time will ii amount to $500 *at 6 per cent, compound interest ? 

6. The first slaves were brought into the American Colonies 
in the year 1685. Suppose the first number to have been 50,. 
and that 50 had been brougl^t each year for 100 years, and the 
rate of increase 3 per cent How many would there have been 
in the country at die end of the hundred years ? 

IflV. Annuities. 

1. A man died leaving a legacy to a friend in the following 
manner ; a sum jpf money was to be put at interest, such that, 
the person drawing 10 dollars a year, at the end of 15 years 
the principal and interest should both be exhausted. What 
sum must be put at interest at 6 per cent, to fulfil the above 
condition ? 

Let the learner generalize this example and fonn a rule ; and 
then solve the following examples by it. 

2. A man wishes to purchase an annuity which shall aflbrd 
him $300 a year so long as he shall live. It is considered 
probable that he will live 30 years. What sum must he de- 
posit in the annuity ofliice to produce this sum, supposing he 
can be allowed 3 per cent, interest f 

Mr. B. . The principal and interest must be exhausted at the 
end of 30 years 
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3. If the man mentioned in the last example should die at 
the end of 18 years, how mmch would the annuity company 
gain ? 

4. If he were to live 43 years, how much would the company 
lose? 

5. A man purchases an annuity for life, on the supposition 
that he shall live 45 years, ibr $15000, and is allowed 4 per 
cen^t. interest. How much must he draw annually that the 
whole may be exhausted ? 

6. A man has property to the amount of $35000, which 
yields him an income of 5 per cent. His annual expenses are 
$5000. How long will his property last him ? 

7. The number of slaves in the United States in 1810 was 
1,191,000, and in 1820 the number was 1,531,000. What is 
the number at present, 1825, allowing the rate of increase to 
be the same ? 

8. There is a society established in the United States for the 
purpose of colonizing the free people of colour. Suppose the 
slaves to be emancipated as fest as this society can transport 
them away ; how many must be sent away annually, that the 
number may be neither increased nor diminished f 

9. How many must be sent away annually that the couiftry 
may be cleared in 100 y^ars.*^ 

10. If the colonization is not commenced till the year 1840, 
supposing the rate of increase to remain the same as from 1810 
to 1820, how many must then be sent away annually, that the 
number remaining may continue the same f 

1 1'. How many must then be sent away annually, that the 
country may be cleared of them in 100 years ? 

Miscellaneous Examples. 

1. An express set out to travel 240 miles in 4 days, but in 
consequence of the badness of the roads he found that he must 
go 5 miles the second day, 9 the third, and 14 the fourth^ less 
than the first. How many miles must he travel each day i 
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• 2. Two workmen received the same sum for their labour ; 
but if one had received 27 shillings more and the other 19 
shillings less, then one would have received just three times as 
much as the other. What did they receive ? 

3. Two persons, A and B worked together, A worked 15 
and B 18 days, and they received equal sums for their work. 
But if A had worked 17 ^ and B 14 days, then A would have 
received 35 shillings more than B. What was the daily wages 
of each ? 

■ 

4. Two mercliants entered into a speculation, by which one 
gained 54 dollars more than the other. The whole gain was 
49 dollars less than three times the gain of the less. What 
were the gains ? 

5. A man bought a piece of cloth for a certain sum, and on 
measuring it, found that it cost him 8 dollars, but if there had 
been 4 yards more, it would have cost him only $7 per yard. 
How many yards were there ? 

• 

6. Divide the number 46 into two such parts, that one of 
them being divided by 7, and the othdr by 3, the quotients may 
together be equal to 1 0* 

7. A farm of 864 acres is divided between 3 persons. C has 
as many acres as A and B together ; and the portions of A 
and B are in the proportion of 5 to 11. How many acres had 
each ? 

8. There are two numbers in the proportion of i to f , the 
&st of which being increased by 4 and the second by 6, they 
will be in the proportion of f to J. What are the numbers ? . 

^. A fanner has a stack of hay, from which he sells a quan- 
tity, which is to the quantity remaining in the proportion of 4 
to 5. He then uses 15 loads, and finds that he has a quantity 
left, which is to tbe quantity sold as 1 to 2. How many loads 
did the stack at Gist contain } 

10. There are 3 pieces of cloth, whose lengths are in the 
proportion of 3, 5, and 7 ; and 8 yards being cut off from each, 
the whole quantity is diminished in the proportion of 15 to 11. 
Wliat waft the length of each piece at first f 

11. The number of days that 4 workmen were employed 
were severally as the numoers 4, 5, 6,7 ; their wages were the 

23* 
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saine, vix. 3 shillings, and the sum reeeived by the first and 
second was 36 shillings less than that received by the third and 
fourth. How much did each receive f 

12. There are two numbers, the greater of which is three 
times the less ; and the sum of their second powers is five thnes 
the sum of the numbers. What are the numbers f 

13. What two numbers are those, of which the less is to the 
greater as 2 to 3 ; and whose product is six times the sum of 
tlie numbers ? 

14. There are two boys, the difference of whose ages is to 
their sum as 2 to 3, and their sum is to their product as 3 to 5 
What are their ages ? 

15. A detachment of soldiers from a regiment being ordered 
to march on a particular service, each company furnished 4 
times as many men as there were companies in the regiment ; 
but these being found insufficient, each company furnished 
three more men, when their number was found to be increased 
in the proportion of 17 to 16. How many companies were 
there in the regiment ? 

16. Find two numbers which are in the proportion of 8 to 5, 
and whose product is 360. 

17. A draper bought 2 pieces of cloth for $SlAd, one being 
50 and the other 66 cents per yard. He sold each at an ad- 
vanced price of 12 cents per yard, and gained by the whole 
$6.36. What were the lengths of the pieces f 

18. Two labourers, A and B, received $43.85 for their wages; 
A having been employed 15, and B 14 days; and A received 
for working four days $3.25 'more than B for 3 days. What 
were their daily wages ? 

19. Having bought a certain quantity of brandy at 19 shil- 
lings per gallon, and a quantity of rum exceeding that of the 
brandy by 9 gallons, at 15 shillings per gallon, I find that I 
paid one shiUmg more for the brandy than for the rum* How 
many gallons were there of each .'* 

20. Two persons, A and B, have each an annual income of 
$1200. A spends every year $120 more than B, and at the 
end of 4 years the amount of their savings is equal to one year's 
income of either. What does each spend annually ? 
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21 « Inantival engagement, the number of ships taken was 
7 more, and the number burnt was 2 fewer, than the number 
sunk ; 15 escaped, and the fleet consisted of 8 times the num* 
ber sunk. Of how many did the fleet consist ? 

22- A cistern is filled in 50 minutes by 3 pipes, one of which 
conveys 10 gallons more, and the other 8 gallons less than the 
third, per minute. The cistern holds 1820 gallons. How 
much flows through each pipe per minute ? 

23. A fami of 750 acres is divided between three persons, 
A, Bf and C. C has as much as A and B both, wanting 10 
across ; and the shares of A and B are to each other in the 
proportion of 7 to 3. How many acres has each ? 

24. A certain sum of money being put at interest for 8 
months, amounts to $772.50. The same sum put out at the 
same rate for 15 months amounts to 792.1375. Required 
the sum and the rate per cent. 

25. From two casks of equal size are drawn quantities which 
are in the proportion of 5 to 8 ; and it appears that if 20 gal- 
lons less had been drawn from the one which now contains the 
less, only | as much would have been drawn from it as from 
the other. How many gallons were drawn from each f 

26. There are two pieces of land, which are in the form of 
rectangular parallelograms. The longer sides of the two are 
in the proportion of 6 to 1 1, and the adjacent sides of the less 
are in the proportion of 3 to 2. The whole distance round the 
less is 135 yards greater than the longer side of the larger 
piece. Required the sides of the less, and the longer side of 
the greater. 

27. A person distributes forty shillings amongst fifty people, 
giving some 9d. and the rest 15d. each. How many were 
there of each ? 

28. Divide the number 49 into two such partd, that the quo- 
tient of the greater divided by the less, may be fo the quotient 
of the less divided by the greater as | to |. 

29. A person put a certain^um to interest for 5 years, at 6 
per cent, simple interest, and found that if he had put out the 
same sum for 8 years at 4i per cent, he would have received 
$60 more. What was the sum put out f 
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SO. A regiment of militia containing 830 men is to be raised 
fifiom three towns, A, B, and C. The contingents of A and B 
me in the proportion of 3 to 5 ; and of B and C in the propor- 
tion of 6 to 7. Required the numbers raised by each. 

31. At what time between 6 and 7 o^clock are the hour and 
minute hands of a watch together ? 

32. There is a number consisting of two digits, the second 
of which is greater than the first ; and if the number be divided 
by the sum of the digits, the quotient will be 4 ; but if the digits 
be inverted and that number divided by a number greater by 2 
than the difference of the digits, the quotient will be 14. Re- 
quired the number. 

33. There is a fraction whose numerator being tripled, and 
the denominator diminished by 3, the value becomes | j but if 
the denominator be doubled and the numerator increased by 
2, its value becomes |. Required the fraction. 

34. A merchant bought a hogshead of wine for $100. A 
few gallons having leaked out, he sold the remainder for the 
original sum, thus gaining a sum per cent, on the cost of it, 
equal to twice the number of gallons which leaked out. How 
many gallons did he lose i 

35. There are two pieces of cloth, differing in length 4 
yards ; the first is worth as many shillings per yard as the se- 
cond contains yards ; the second is worth as many shillings per 
yard as the first contains yards ; and both pieces are worth 
£12. 10s. How many yards does each contain f 

36. A merchant bought a piece of cloth for $180, and sell- 
ing it at an advance of $1 a yard on the cost, he gained 15 
per cent* Required the number of yards. 

37. There are two rectangular pieces of land, whose lengths 
are to each other as 3 : 2, and surfaces as 5 : 3 ; the smaller one 
is 20 rods wide. What is the width of the other ? 

38. There is a cistern to be filled with a pump, by a man 
and a boy working at it altemat|^ ; the man would do it in 
15 hours, the boy in 20. They med it in 16 hours 48 minutes. 
How long did each work f 

30. In a bag of money there is a certain number of ^eagles, 
as many quarter eagles, f the number of half eagles, together 
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with dollars mifficient to make up the number ic^ coins equal to 
i of the value of the whole in dollars ; and the number of ea- 

fles and dollars diminished by 2, is half the number of coii^s. 
l^hat is the number of coins of each sort f 

40. SuppQse a man owes $1000, what sum shall he pay 
daily so as to cancel tlie debt, principal and interest, at the end 
of a year, reckoning it at 6 per cent, simple interest f 

41 . A merchant bought two pieces of linen cloth, containing 
together .120 yards. He sold each piece for as many cents per 
yard as it contained yards, and found that one brought him ip. 
only I as much as the other. How many yards were there is. 
each piece ? 

42. A criminal having escaped from prison, travelled 10 
hours before his escape was known. He was then pursued so 
as to be gained upon 3 miles an hour. After his pursuers had 
travelled 8 hours, they met. an express going at the same rate 
as themselves, who met the criminal 2 hours and 24 min. be- 
fore. In what time bom the commencement of the pursuit will 
they overtake him ? 

43. A and B enter into partnership with a joint stock of 
$900. A's capital was employed 4 months, and B's 7 months. 
When the stock and gain were divided, A received $512, and 
B $469. What was each man^s stock ? 

44. A gentleman bought a rectangular lot of valuable land, 
giving 10 dollars for every foot in the perimeter. If the same 
quantity had been in a square, and he had bought it in the same 
way, it would have cost him $33 less ; and if he had bought a 
square piece of the same perimeter he would have had 12{ rods 
more. What were the dunensions of the piece he bought f 

45. A and B put to interest sums amounting together to*800 
dollars. A's rate of interest wa& 1 per cent, more than B's, 
his yearly interest f of B's ; and at the end of 10 years his prin- 
cipal and simple interest amounted to 4 of B's. What sum was 
put at interest by each, and at what rate ? 

46. Two messengers, A and B, were despatched at the same 
time to a place 90 miles distant ; the former of whom riding one 
mile an hour more than the other, arrived at the end of his jour- 
ney an hour before him. At what rate did each travel per hour f 

47. A and B lay out some money on speculation. A dis- 
poses of his bargain for $11, and gains as much per cent, as B 
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layt <Hit ; B's gain is ^36, and it appearfii that A ffains four 
tiiaes as much per cent, as B. Required the capital of each f 

48. A and B hired a pasture, into which A put four horses, 
and B as many as cost him IS shillings a week. Afterwards B 
put in two additional horses, and found that he must pay 20 
shillings a week. At what rate was the pasture hired f 

49. A vintner draws a certain quantity of wine out of a full 
vessel that holds 256 gallons ; -and then filling the vessel with 
water, draws off the same quantity of liquor as before, and so 
on for four draughts, when there were only 81 gallons pf pure 
whifs left. How much wine did he draw each time f 

6CU Three merchants, A, B, and C, made a joint stock, by 
which they gained a sum less than that stock by $80, ^A's 
share of the gain was $60, his contribution to the stock was $1^ 
more than Ws. B and C together contributed $325. How 
much did each contribute ? 

51. A grocer sold BOlb. of mace and 100lb» of cloves for 
£65 ; but he sold 60 pounds more of cloves for JQ20 than he 
did of mace for £10. What was the price of a pound of each ? 

52. A and B, 165 miles distant from each other, set out with 
a design to meet. A travels one mile the first day, two the 
second, three the third, and so on ; B travels 20 miles the first 
day, 18 the second, 16 the third, and so on. In how many 
days will they me^t ? 

53. A and B engage to reap a field for $20 ; and as A alone 
could reap it in 9 days, they promise to complete it in 5 days. 
They found however that they were obliged to call in C to as- 
sist them for the two last days, in consequence of which, B re- 
ceived I of a dollar less than he otherwise would have done. 
In what time could B or C alone reap the field } 

54. A mercer bought a piece of silk for $54 ; and the num- 
ber of shillings which he paid for a yard was ^ of the number 
of yards. How many yards did he buy, and what was the 
price of a yard f 

55. The fore wheel of a carriage makes 6 revolutions more 
than the hind wheel in going 120 yards ; but if the periphery 
of each wheel be increased one yard, it will make only 4 revo- 
lutions more than the htnd wheel in the same space. Requir- 
ed the eircumforeiice of each. 
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66. There are three numbers, the diflference 
' ences is 5 ; the sum of the numbers is 20, and their continual 
product 130. Required the numbers. 

57. From two towns, C and D, two tmvellers, A and B, set 
out to meet each other; and it appeared that when they met, 
B had gone S5 miles more than | of the distance that A had 
tratell^ ; but from their rate of travelling, A expected to 
reach C in 20f hourd ; and B to reach D in 30 hoursw Re- 
quired the distance from C to D. 

58. Two men, A and B, entered into a speculation, to which 
B contributed $15 more than A. After four months, C was 
admitted, who added ^50 to the stock ; and at the end of 12 
months from C's admission they had gained $159; when A 
withdrawing received for principal and gain $88. What did 

. he originally subscribe ? 

59. The number of deaths in a besieged garrison amounted 
. to 6 daily ; and allowing for this diminution, their stock of pn>- 

visions was sufficient to last 8 days« But on the evening oi the 
sixth day, 100 men were lulled in a sally, and afterwards the 
mortality increased to 10 daily. Supposinff the stock of pro- 
visions unconsumcd at the end of the sixu day to support 6 
men for 61 days; it is required to find how long it would sup- 
port the garrison, and the number of men alive when the pro- 
visions were exhausted. 

60. There was a cask containing 20 gallons of brandy ; a 
certain quantity of (his was drawn off into another cask of equal 
size, and this last filled with water, and afterwards the fiist 
cask was filled with the mixture. It now appears that if 6} 
gallons of the mixture be drawn off from the first into the se- 
cond cask, there will be equal quantities of brandy in each* 
Required the quantity of brandy first drawn off. 

61. From two towns, C and D, which were at the distacnce 
of 396 miles, two persons, A and B, set out at the same timei 
and meet with each other, travelling as many days as are equal 
to the difference of the number of miles they travelled per day ; 
when it appeared that A has travelled 216 miles. How many 
fittles did each travel per day 1 

62. A tailor bought a piece of cloth for $200, from Whkh 
be cut 5 yards for his own use. and sold die renuunder for 
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4^175, gainlnff 75 cents per yard. How maAy yvitAs were 
there, and what did it cost him per yard? 

63. There is a rectangular field containing 10 acres, 1 quar- 
ter, 5 rods, and the length of it exceeds the breadth by 12 rods. 
Required the dimensions of the field. 

64. A man travelled 96 miles, and then found that if he had 
•.travelled 2 miles faster per hour, he should have been 8 hours 

less in performing tlie same journey. At what rate per hour 
did he travel ? 

65. A regiment of soldiers, consisting of 900 men, is formed 
into two squares, one of which has 6 men more in a side than 
the other. What is tlie number of men in a side of each 
square? 

66. A and B travelled on die same road and at tlie same 
rate from Huntingdon to London. At the 50th mile stone 
from London, A overtook a drove of geese which were pro- 
ceeding at the rate of three miles in two hours ; and two 
hours afterwards met a stage waggon, which was moving at 
the rate of 9 miles in 4 hours. B overtook the same drove of 
geese at the 45th mile stone, and met the same stage waggon 
exactly forty minutes before he came to the 31st mile stone. 
Where was B when A reached London ? 

67. Two men, A and B, bought a fann consisting of 200 
acres, for which they paid $200 each. On dividing the land, 
A says to B, if you will let mt have my part in the situation 
which I shall choose, you shall have so much more land than I, 
that mine shall cost 75 cents per acre more than yours. B ac- 
cepted the proposal. How much land did each have, and 
what was the price of each per acre ? 

68. A person bought two cubical stacks of hav for 4 1 JS ; each 
of them cost as many shillings per solid yard as there were yards 
in a side of the other, and the greater stood on more ground than 
the less by 9 square yards. What was the price of each? 

69. Two partners, A and B, dividing their gain $60 B 
took $20 ; A's money was in trade 4 months, and if the nunfit- 
ber 50 be divided by A's money, the quotient will give the 
number of months that B*s money, which was $100, continued 
in trade. What was A's money, and how long did B*8 con- 
tinue io trade i 

END. 
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